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A  NOTE  ON  THE  DETERMINANT  OF  CERTAIN  MATRICES 
Bt  Laubenoi  R.  Walebb 

In  the  course  of  an  investigation  on  electrical  circuit  theory  appearing 
in  this  Journal*  Dr.  C.  M.  Gewerts  stated  the  following  theorem  as 
Theorem  II,  p.  59  of  his  paper. 

“If  the  determinant  of  the  real  parts  of  the  elements  of  a  synunetrical, 
non-singular  square  matrix  of  any  order,  whose  elements  are  functions 
of  a  complex  variable,  is  >  0,  then  the  determinant  of  the  real  parts  of 
the  elements  of  its  inverse  matrix  is  also  >  0." 

Reference  was  made  to  a  proof  of  this  theorem  due  to  Dr.  P.  Franklin 
which  invoked  the  theory  of  positive  quadratic  forms.  It  is  the  first 
purpose  of  this  note  to  show  that  a  wider  theorem  dispensing  with  the 
symmetry  condition  may  be  proved  by  rather  simple  ronsiderations. 

The  theorem  to  be  proved  here  reads  as  follows: 

“The  determinant  of  the  real  parts  of  the  elements  of  a  square,  non¬ 
singular  matrix  with  complex  elements  has  the  .same  sign  as  the  deter¬ 
minant  of  the  real  parts  of  the  elements  of  its  inverse  matrix,  while 
the  determinant  of  the  complex  parts  of  the  matrix  has  the  same  or  the 
opposite  sign  to  the  deterpiinant  of  the  complex  parts  of  the  inverse 
matrix  according  as  the  degree  of  the  matrix  is  even  or  odd;  if  either 
of  the  determinants  of  the  matrix  be  lero,  so  is  the  corresponding 
determinant  of  the  inverse." 

Let 

C  -H  iD  -  (A  -f  tB)*‘ 

Then 

(C  -I-  iD)iA  -h  xB)  -  E  (1) 

where  E  will  be  used  for  the  unit  matrix. 

This  entails 

CA  -  DB  ~  E  (2) 

CB  DA  ~0  (3) 

>  C.  M.  Gewerts,  Synthesis  of  a  finite,  four-terminal  network,  Jour.  Math,  and 
Phys.,  V.  12,  p.  1. 
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From  (3),  provided  that  det  A  ^  0,  we  have 

D  -  -CBA~'  (4) 

Substituting  in  (2),  one  finds 

CA  +  CBA~^B  -  E  (5) 

CA(E  +  A~^B.A~^B)  -  E  (6) 

Thus, 

det  C.det  A  -det  {E  +  A-^B  A’^B)  -  1  (7) 

Now, 

det  {E  -f  A-^B  A'^B)  -  det  {E  +  t.4‘‘B).det  {E  -  (8) 

and  since  the  elements  of  A~^B  are  real  the  two  determinants  on  the 
right  hand  side  must  have  conjugate  complex  elements  and  thus  con¬ 


jugate  complex  values.  Thus, 

dei  (E  +  A~^B  A'^B)>0  (9) 

and  det  C.  det  A  >  0  (10) 

Similarly,  if  det  B  9*  0  , 

C  -  -DAB-'  (11) 

-DAB  ' A  -  DB  E  (12) 

-DBiB  'A  B  'A  E)  ~  E  (13) 


det  D.det  fl-det  (E  B  'A  B  'A)  -  det  {-E)  -  (-1)"  (14) 

Then,  again,  since  det  {E  -f  BT'A-B-'A)  >  0,  det  B.  det  D  has  the 
sign  of  (—1)*,  where  n  is  the  order  of  the  matrix.  The  singular  cases, 
det  A  —  0,  det  B  »  0,  can  only  lead  to  det  C  —  0,  det  D  —  0,  respec¬ 
tively,  since  the  theorem  as  proved  so  far  shows  conversely  that  if  det 
C  ^  0  or  det  D  ^  0  then  det  A  ^  0,  det  B  ^  0,  respectively. 

It  may  be  noted  that  if  det  (B  —  X,A)  —  0,  or,  equally,  if  the  X,  are 
the  characteristic  roots  of  BA“‘  or  A~'B,  when  det  A  ^  0,  we  have 

det  (E  +  A-'B‘A-'B)  -  fl  (1  +  xj) 


(16) 
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and,  evidently, 


det  C  det  i4  -  fl  (1  +  xJ)"' 


(16) 


drt  D  det  B  -  (-!)■  n  (,-^t)  (17) 

In  thia  proof,  the  fact  that  det  {E  +  X*)  >  0,  where  the  elements  of  X 
are  real,  has  been  used.  Dr.  Franklin  has  pointed  out  that  this  raises 
the  question  whether  any  similar  theorem  holds  for  the  determinants  of 
matrices  of  the  form  2  X\,  where  the  elements  of  all  X<  are  real.  It 

i 

may,  in  fact,  be  shown  that  if  the  Xi  be  a  set  of  m  square  matrices  of 
order  n,  each  of  which  commutes  with  a  matrix  X« ,  the  elements  of 

m 

all  the  matrices  being  real,  then  ^  X|  has  a  positive  determinant. 

<-e 

We  have,  by  our  hypothesis. 


x.x*  -  x,x. 


(18) 


Now,  we  know  that  there  will  exist  n  one-rowed  matrices  8,  (some  of 
which  may  be  linearly  dependent),  which  we  may  call  characteristic 
vectors  of  X*  such  that 


where  a  is  a  scalar. 
Thus, 


XeSa  “  0(S« 


X,X*S. 


aXiS. 

x,x,s. 


(19) 


(20) 


from  which  it  follows  that  X^iS.  is  a  linear  combination  of  the  8,  cor¬ 
responding  to  the  characteristic  root  a.  We  may  now  choose  linear 
combinations,  iS.i ,  of  the  8,  which  will  also  be  characteristic  vectors  of 
Xi .  We  may  continue  to  find  linear  combinations,  8^  ,  of  these  which 
will  satisfy  Xt8^  —  at8dt.  Proceeding  in  this  way  through  the  X< , 
we  finally  reach  a  set  of  n  vectors  T,  ^  R,  -k-  il, ,  where  R,  and  /,  are 
real,  which  are  simultaneously  characteristic  vectors  of  Xt  and  all  the 
Xi ,  corresponding  to  the  characteristic  roots  pg«  +  and  pw  +  Wm  , 
respectively. 

Thus,  we  have 

Xt(R,  +  il.)  »  (pu  -b  iqu)iR,  4-  il,)  »  -  0,  1,  2,  •  •  •  ,  m  (21) 
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Thit)  implies,  since  (21)  is  equivalent  to  a  set  of  linear  equations  and  the 
elements  of  the  X  are  real, 

Xi{R.  -  il.)  -  ipu  -  iqu)iR.  -  il,)  I  -  0,  1,  2,  . . .  ,  m  (22) 
If  7m  “  0,  for  any  one  of  the  i,  we  have 

Xi{R.  +  il,)  »  Pm(R.  +  il,)  (23) 

and  we  may  choose  I,  *  0.  This  plainly  gives 

7t.  -  0  j  i  (24) 

m 

Thus,  xi  F  »  Z)  »  we  have 

FT,  -  E  x!  r.  -  r.  z  (pm  +  iq^)'  (25) 

and  the  characteristic  values  of  F  will  be  E  (p**  +  t?**)*.  From  (21), 

<-• 

(22),  (24)  we  see  that  either  all  the  terms  in  one  of  these  sums  are  real, 
making  the  sum  positive  or  the  sums  may  be  grouped  in  pairs,  the 
corresponding  terms  of  the  two  sums  being  conjugate  complexes. 
Thus  the  roots  of  F  are  either  positive  or  occur  in  conjugate  complex 
pairs.  Finally,  since  the  determinant  of  F  is  the  product  of  its  char¬ 
acteristic  roots  it  must  be  always  positive. 


McGill  Univbbsitt. 


ON  THE  STEADY  TWO-DIMENSIONAL  MOTION  OF  A 
VISCOUS  LIQUID  PAST  A  FIXED 
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1.  Introduction.  The  determination  of  the  steady  flow  of  a  viscous 
liquid  past  a  fixed  solid  is  a  problem  which  has  attracted  considerable 
attention  in  hydrodynamics.  The  difficulties  encountered  in  attempting 
to  solve  such  a  problem  are  well-known  and  are  due  to  the  fact  that  the 
equations  of  motion  are  non-linear  partial  differential  equations.  Thus 
it  is  not  surprising  that  all  the  known  solutions  have  been  obtained  by 
methods  of  approximation  which  appear  to  be  justified  provided  the 
Reynolds  number  is  sufficiently  small.  In  the  present  paper  a  new 
method  of  approximation  is  proposed  in  which  the  methods  of  Stokes' 
and  Oseen*  are  combined.  The  method  may  be  applied  to  any  case 
for  which  the  Oseen  solution  is  known  but  the  analytical  details  depend 
on  the  form  of  the  solid.  Consequently,  to  avoid  confusion,  we  shall 
confine  our  attention  to  a  special  case  of  the  above  problem,  vii. :  the 
two-dimensional  flow  past  a  fixed,  right-circular  cylinder. 

*  Sir  H.  Lamb,  Hydrodynamics,  (Cambridxe,  1932),  1338. 

*  Sir  H.  Lamb,  op.  cit.,  {342 
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Referred  to  fixed  rectangular  axes  Oxy  the  exact  equations  for  the 
steady  two-dimensional  flow  of  a  viscous  liquid  under  no  body  forces  are 


(1.1) 


du  ,  du  1  * 

u  —  +  !>— -  +  rAu, 

dx  dy  p  dz 

dv  ,  dv  I  dp  .  . 

u— 

dx  dy  p  dy 


du  dv 
dx'^^ 


0, 


where  (u,  p)  are  the  velocity  components  and  p  is  the  pressure  at  a 
point  (x,  y)  in  the  plane  of  the  motion.  The  constants  p  and  r  appearing 
in  these  equations,  denote  respectively  the  density  and  the  kinematic 
coefficient  of  viscosity  of  the  liquid;  the  operator  A  is  the  usual  Laplacian 
operator  d*/dx*  d'/dy*. 

It  is  our  purpose  to  find  a  steady  motion  (that  is,  to  obtain  expressions 
for  u,  V  and  p  as  continuous  functions  of  position)  which  approximates 
to  a  solution  of  the  equations  (1.1)  and  which  satisfies  the  boundary 
conditions  required  for  flow  past  a  fixed,  right-circular  cylinder  of  radius 
a,  whose  axis  is  at  right  angles  to  the  plane  of  the  motion.  Of  course 
it  is  necessary  to  assume  that  the  cylinder  is  infinite  in  length  in  order 
that  the  motion  may  be  two-dimensional.  In  order  to  simplify  the 
boundary  conditions  we  shall  suppose  the  liquid  to  be  infinite  in  extent 
and  shall  take  special  axes  Oxy  such  that  O  lies  in  the  axis  of  the  cylinder 
and  Ox  is  parallel  to  the  constant  velocity  of  the  stream  at  infinity. 
We  may  then  write  the  boundary  conditions  of  our  problem  in  the 
following  form: 


f  u  »  p  »  0  at  r  ■  (x*  -H  y*)*^*  «■  a; 

I  lim  u  “  (/,  lim  p  «  0, 

'  r-»« 

where  V  is  the  constant  magnitude  of  the  velocity  at  infinity. 

It  has  been  stated  that  the  method  of  approximation  proposed  in  this 
paper  is  based  on  a  combination  of  the  methods  of  Stokes  and  Oseen. 
Now  the  method  of  Stokes  consists  in  ignoring  the  non-linear  terms  in 
the  exact  equations  of  motion.  Hence  the  Stokes  equations  for  the 
motion  under  consideration  are 
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(1.3) 


dx 


tiAu, 


dx  dy 


0, 


where  m(~  pO  is  the  ordinary  coefficient  of  viscosity  of  the  liquid. 

A  solution  of  these  equations  for  u,  v  and  p  may  be  said  to  approximate 
to  a  solution  of  the  exact  equations  (1.1)  at  all  points  in  the  liquid 
where  the  terms  in  (1.1),  which  are  neglected  in  arriving  at  the  equations 

(1.3) ,  are  small  in  comparison  with  the  terms  retained.  This  would 
certainly  seem  to  be  true  at  points  near  the  surface  of  the  cylinder,  on 
account  of  the  assumed  continuity  of  velocity  and  the  fact  that  u  and  v 
must  vanish  at  r  —  a.  The  approximation  is  evidently  less  satisfactory 
at  points  remote  from  the  cylinder,  but  even  for  such  points  it  might  be 
hoped  that  the  approximation  could  be  justified  provided  the  Reynolds 
number  RC*  2Uafv)  is  sufficiently  small.  Unfortunately  this  does 
not  prove  to  be  the  case  and  it  is  found  imix)ssible  to  solve  the  equations 

(1.3)  subject  to  the  boundary  conditions  (1.2)  save  in  the  trivial  case 
where  U,  and  consequently  R,  vanishes.  This  well-known  result  was 
first  obtained  by  Stokes  and  is  usually  referred  to  as  Stokes’  paradox.* 

In  1910  Oseen*  proposed  an  alternative  method  of  approximating  to 
the  exact  equations  of  motion  for  a  viscous  liquid.  For  the  problem 
under  consideration  this  method  is  equivalent  to  the  following.  Writing 


(1.4)  u  =  U  -f  u',  p  «  p  «  p'. 


we  assume  that  u',  v'  are  everywhere  small  if  A  is  small.  Squares  and 
products  of  u',  v'  and  their  derivatives  are  then  neglected  when  sub¬ 
stituting  for  u,  V  from  (1.4)  in  the  equations  (1.1).  In  this  way  we 
obtain  the  following  approximate  equations  of  Oseen: 


p  dx 


-{=  yAu\ 


(1.6) 


dx 


1  ^ 
P  dy 


^  ^ 

dx  dy 


0. 


*  Sir  H.  Lamb,  op.  cit.,  p.  614. 

*  C.  W.  Oaeen,  Veher  die  Stokee'cke  Formel,  und  dber  tine  vermandte  Aufgahe  tn 
der  Hydrodynamik,  Arkiv  f6r  matematik  och  fyaik,  6  (1910),  no.  20. 
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Tb<^  equation  are  to  be  solved  for  u\  v',  and  p'  as  functions  of  position 
subject  to  tbe  following  boundary  conditions  on  u'  and  s': 

fu'  ■*  —  f/,  r'  —  0  at  r  »  o; 

I  lim  w'  —  lim  s'  «  0. 

It  is  clear  that  for  points  remote  from  the  cylinder  the  terms  in  (1.1), 
which  are  neglected  in  arriving  at  the  equations  (1.5),  are  smaller  than 
the  terms  retained.  However,  for  points  in  the  vicinity  of  r  «  o,  u' 
approximates  to  the  value  —  U  and  consequently,  for  such  points,  the 
terms  u'du' fdx  and  u'dv' Idz,  which  are  neglected,  appear  to  be  of  the 
same  order  as  the  terms  retained  in  (1.5).  Thus  the  approximation 
appears  to  be  satisfactory  for  points  remote  from  the  cylinder  but  the 
same  cannot  be  said  for  points  in  the  immediate  neighbourhood  of 
r  —  a.  However,  in  spite  of  this  defect,  Oseen’s  method  of  approxima¬ 
tion  seems  to  be  valid  provided  R  is  sufficiently  small.  ■ 

In  1911  Lamb*  succeeded  in  finding  a  solution  of  the  equations  (1.5) 
which  satisfies  the  second  set  of  conditions  in  (1.6)  exactly,  but  which 
can  only  be  made  to  satisfy  the  first  set  if  terms  of  the  order  A*  are 
neglected.  A  more  general  solution  of  the  equations  (1.5)  was  obtained 
by  Bairstow*  in  1923.  The  expressions  for  u',  »'  and  p'  corresponding  to 
this  solution  are  infinite  series  and  if  we  retain  a  sufficient  number  of 
terms  in  these  series  it  is  possible  to  satisfy,  to  any  desired  degree  of 
approximation,  the  boundary  conditions  required  for  flow  past  a  cylinder 
of  any  cross-section.  Bairstow  applied  this  solution  to  the  case  of  a 
circular  cylinder  and  obtained  numerical  values  for  the  drag  coefficient 
corresponding  to  several  values  of  R.  These  results  were  compared 
with  the  experimental  results  found  by  Relf^  and  the  comparison  shows 
that  there  is  fairly  good  agreement  between  the  calculated  and  observed 
values  of  the  drag  for  values  of  R  leas  than  5.  As  increases  beyond 
5  the  calculated  results  deviate  from  the  observed  results  and  at  R  »  25 
Bairstow  finds  a  value  for  the  drag  which  is  70  per  cent  higher  than  the 
value  observed  by  Relf. 

*  Sir  H.  I4kmb,  On  the  Uniform  Motion  of  a  Sphere  through  a  Viacout  Fluid. 
Phil.  Mm  (6)  21  (1911),  112-121. 

*  L.  Bairstow,  Misa  B.  M.  Cave,  and  Mias  E.  D.  Lang,  The  Reaiatanee  of  a 
Cylinder  Moving  tn  a  Viacoua  Fluid,  Phil.  Trana.  Roy.  Soc.  A,  223  (1923),  383-432. 

*  E.  F.  Relf,  Diaeuaaion  of  the  Meaaurewunta  on  the  Reaiatanee  of  Wirea  ivith  aome 
Additional  Teata  on  the  Reaiatanee  of  Wirea  of  Small  Diameter.  Adv.  Comm. 
Aeronautica,  Rept.  and  Mem.  102  (1914). 
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A  aolution  of  the  equations  (1.6)  which  may  be  made  to  satisfy  the 
boundary  conditions  (1.6)  exactly  has  been  given  by  Filon*  and  also  by 
Fax^n.'  In  this  solution  the  expressions  for  u',  t'  and  p'  are  infinite 
series  whose  convergence  has  been  investigated  by  Fax4n  in  the  paper 
referred  to.  Although  these  writers  do  not  apply  this  solution  to  obtain 
numerical  results  for  the  drag  coefficient  the  results  of  such  a  calculation 
are  substantially  in  agreement  with  the  results  obtained  by  Bairstow. 

In  view  of  the  discrepancy  between  the  experimental  values  for  the 
drag  and  those  predicted  by  Oseen’s  method  when  R  exceeds  6  it  appears 
necessary  to  seek  some  means  of  improving  the  approximation.  In 
1928  Filon'**  sought  to  extend  the  Oseen  method  but  was  led  to  the 
conclusion  that  the  Oseen  solution  is  not  a  sufficiently  good  approxima¬ 
tion  to  the  solution  of  the  exact  equations  (1.1)  to  serve  as  a  basis  for  a 
method  of  successive  approximations.  Again,  in  1933  Southwell  and 
Squire"  proposed  an  alternative  method  in  which  the  convection  of 
vorticity  is  ascribed  to  an  irrotational  motion  rather  than  to  the  undis¬ 
turbed  stream  as  in  Oseen’s  method.  Their  results  for  the  drag,  while 
in  better  agreement  with  experiment  than  those  predicted  by  Oseen’s 
method  are  still  much  too  high.  In  addition  to  these  analytical  methods 
there  is  the  numerical  method  used  by  Thom,'*  which,  although  it 
leads  to  excellent  results,  is  necessarily  a  method  which  must  be  repeated 
for  each  different  value  of  the  Reynolds  number. 

The  method  introduced  in  this  paper  is  based  on  the  following  hy¬ 
pothesis:  for  points  near  the  cylinder  the  equations  (1.3)  are  a  better 
approximation  to  the  equations  (1.1)  than  are  the  equations  (1.5),  and 
the  reverse  is  the  case  for  points  remote  from  the  cylinder.  Accordingly 
we  seek:  (1)  a  solution  of  the  equations  (1.3),  valid  within  a  region 
bounded  by  the  cylinders  r  —  a  and  r  *  X,  where  X  >  a,  which  solution 
satisfies  the  first  set  of  boundary  conditions  in  (1.2);  (2)  a  solution  of  the 

*  L.  N.  G.  Filon,  The  Force  on  a  Cylinder  in  a  Stream  of  Viteoue  Fluid.  Proc. 
Roy.  Soc.  A,  113  (1926),  7-27. 

*  H.  Fax^n,  Exakte  Loeung  der  Oteenechen  DifJerenliaigUicKungen  einer  tdhen 
Fldeeigkeil  fdr  den  Fall  der  Tranalalionahevoegung  eirue  Zylindere.  Nova  Acta, 
Reg.  Soc.  Sci.  Upaaliensis,  Volumen  extra  ordinem  editum  (1927). 

**  L.  N.  Q.  Filon,  On  the  Second  Approximation  to  the  “Oteen”  Solution  for  the 
motion  of  a  Viteoue  Fluid.  Phil.  Trans.  Roy.  Soc.,  A,  227  (1928),  93-136. 

**  R.  V.  Southwell  and  H.  B.  Squire,  A  Modification  of  Oteen’ s  Approximate 
Equaiiont  for  the  Motion  tn  Two  Dimentiont  of  a  Viteoue  Incomprettible  Fluid. 
Phil.  Trans.  Roy.  Soc.  A,  232  (1933),  27-64. 

'*  A.  Thom,  Flow  Pott  Circular  Cylindert  at  Low  Speedt.  Proc.  Roy.  Soc.  A, 
141  (1933),  661-669. 
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equations  (1.5),  valid  for  all  points  outside  the  cylinder  r  ^  X  and 
satisfjring  the  second  set  of  boundary  conditions  in  (1.6).  When 
these  solutions  have  been  found  we  may  fit  them  together  over  the 
surface  r  ~  X  by  insisting  that  the  components  of  the  velocity  and 
stress  vectors  be  continuous. 

The  method  is  applied  to  find  values  for  the  drag  coefficient  corre¬ 
sponding  to  more  than  40  pairs  of  values  for  R  and  the  ratio  ((««  X/a), 
and  the  results  are  compared  with  those  predicted  by  Oseen’s  method 
and  also  with  the  experimental  values  observed  by  Wieselsberger‘*  and 
others.  Since  the  resulting  values  for  the  drag  depend  on  the  artificial 
parameter  (  in  addition  to  the  natural  parameter  R,  it  may  be  argued 
that  the  method  would  naturally  be  expected  to  give  agreement  with 
experiment  provided  a  proper  choice  of  |  is  made  corresponding  to  each 
value  of  R.  The  truth  of  this  argument  must  be  admitted.  However 
the  method  leads  to  results  for  the  drag  which  agree  with  those  predicted 
by  Oseen’s  method  when  {  1.  As  {  is  increased  beyond  unity  the 

values  of  the  drag  coefficient  decrease  and  ultimately  lie  below  the 
experimental  values.  Consequently  it  appears  that  we  should  attach 
to  the  results  obtained  by  our  method  for  a  fixed  value  of  i  just  as  much 
importance  as  we  do  to  the  results  obtained  by  Oseen’s  method  with  the 
advantage  that  when  { is  not  too  large  the  results  agree  more  closely  with 
experiment. 


2.  The  solution  of  Stokes’  equations.  In  order  to  determine  the 
motion  within  the  region  a  <  r  <  X  we  must  first  solve  the  equations 
(1.3)  subject  to  the  first  set  of  conditions  in  (1.2).  To  do  this  we 
proceed  in  the  following  manner.  Multipl3ring  the  second  equation  in 
(1.3)  by  i  »  and  adding  the  result  to  the  first  equation  we  have 

the  equation 

(2.1)  I>p  *  (iDD*w, 

where  ' 


a  .  .  3 

dx  dy 


w 


u  +  tP. 


>•  C.  WieseUberger,  Phytik.  Z.,  22  (1921),  321-328. 
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Again,  by  making  use  of  the  third  equation  in  (1.3),  we  have 

-  (A  9!  +  ^  +  , 

\dx  dy/  dx  dy  \dx  dy/ 

-B  2tw, 

where  u  Lb  the  vorticity.  Thus  the  equations 

(2.2)  D{p  —  2fiiu)  »  0,  D*xb  »  2tu, 

are  equivalent  to  the  equations  (1.3). 

The  first  equation  in  (2.2)  is  at  once  recognised  as  the  necessary  and 
sufficient  condition  that 


p  —  ■*  F{z), 

where  F(z)  is  an  analytic  function  of  *  *  x  +  iy.  Now,  since  p  and  « 
are  single-valued  functions  of  position,  we  may  write 

(2.3)  P  -  2fiUji  «  ^  On 

where  (r,  6)  are  polar  coordinates  in  the  plane  of  motion  defined  by  the 
equations 

X  —  r  cos  6,  y  ^  r  sin  6. 

The  constants  a„  which  appear  in  the  exi)ansion  on  the  right  hand  side 
of  the  equation  (2.3)  are  necessarily  real  on  account  of  the  symmetry 
of  the  problem  with  respect  to  the  line  ®  —  0. 

To  complete  the  solution  of  Stokes’  equations  we  must  determine  w  to 
satisfy  the  second  equation  in  (2.2).  In  order  to  do  this,  we  assume  the 
following  expansion,  for  w: 

(2.4)  u.  -  i; 

where  /,(r)  must  be  real  functions  on  account  of  symmetry.  It  is 
assumed  that  this  expansion  for  to  is  convergent  and  admits  term  by 
term  differentiation.  Then 
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■*  (cos  —  t  sin  6)  ^  VO 

\dr  r  d6/ 


But  from  (2.3)  we  have 
2ib) 


1  V  .  r"  .  . 

—  2^  tOn  sm  nB 

M  n—»  A"'''* 


Thus  the  value  of  to  given  by  (2.4)  satisfies  the  second  equation  in  (2.2) 
provided 

(2-5)  ^ 

By  writing  log,  r  *=  I,  we  see  that  we  may  write  the  equations  (2.5)  in 
the  following  form: 

*'  +  ’</•”  "V  [“—  V-  “  3^]’  *'■  •  •  •>• 

The  general  solution  of  these  equations  is  easUy  seen  to  be 

/•  “  («— ‘  =  0»  =*=!»  ±2, . . .), 

where  c,  are  constants.  Thus,  we  have 
$ 

(2  6) 

The  solution  of  the  equations  (2.2),  given  by  (2.3)  and  (2.4),  will 
clearly  satisfy  the  first  set  of  conditions  in  (1.2)  provided 


Mo)  «  0, 


(n  *  0,  ±1,  ±2,  .  •  •)• 
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Then  from  (2.6)  we  have 

The  required  solution  of  the  equations  (1.3)  subject  to  the  first  set  of 
conditions  in  (1.2)  is  thus  given  by 

[  IT  «  tt  +  IP  «  fniry*, 


p  -  2fiua  »  ^  On 


»  *  _  _  1  / a»-i  r*"  —  a*"  _  ai_  r*  —  a*\ 
"  2M\2n  X-  2  X»-- /' 


(n-  ±1,±2,...). 


3.  The  solution  of  Oseeh’s  equations.  The  solution  given  below  for 
Oseen's  equations  (1.5)  agrees  formally  with  that  given  by  Filon’*  and 
subsequently  by  Fax5n'*  although  the  method  by  which  it  is  obtained  is 
somewhat  different.  The  method  used  here  is,  in  fact,  a  cloee  parallel 
to  the  method  used  in  (2)  to  solve  Stokes’  equations.  Thus  we  multiply 
the  second  equation  in  (1.5)  by  t  and  add  the  result  to  the  first  equation, 
obtaining  the  equation 

(3.1)  -  -Dp’ +  i^w', 

OX 

where  ir'  —  u'  4-  iv',  and  D  is  the  operator  d/dx  +  id/dy  as  in  (2). 
Now  from  (1.5)  it  follows  that  Ap'  —  0  and  hence  we  may  write 

(3.2)  p'  -  C,  + 


**  Loc.  cit. 
**  Loc.  cit. 
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! 

( 

where  C*  is  a  constant  and  ^  is  a  solution  of  —  0.  Introducing  the 

f  function  the  harmonic  conjugate  to  so  that 

I  (3.3)  0  -  0  + 

^  is  an  analytic  function  of  z  >■  x  +  iy,  we  may  also  write 

(3.4)  U7'  -  -0*  +  w", 

< 

where  0*  denotes  the  conjugate  of  Q.  Making  the  substitution  from 
(3.2)  and  (3.4)  in  (3.1)  we  find  the  following  equation  for  w": 

(3.6)  pU  ^  -  pAw". 

oz 

Writing 

(3.6)  tc"  -  «"n>, 

where  a  »  pV lip,  we  see  from  (3.5)  that  n>  satisfies  the  equation 

,  (3.7)  (A  -  a*)®  -  0. 

Since  the  equation  (3.1)  replaces  the  first  two  equations  of  (1.5)  it 
follows  that  p'  and  tr'  »  u'  -f  iv\  as  given  by  (3.2)  and  (3.4),  constitute  a 
solution  of  Oseen’s  equations  provided  w”  has  the  value  given  by  (3.6), 
where  ®  is  a  solution  of  (3.7),  and  if  in  addition 

W  + 

(3,8)  dx  dy  dx  by  \dx  bx  f 

-  2i«', 

where  «'  is  the  vorticity.  But 

(3.9)  -  D*w''  -  e''(<rW  +  D*W), 

since  —  0.  Thus,  in  order  to  complete  the  solution  of  the  equa¬ 
tions  (1.5),  we  must  choose  Q  properly  and  determine  ®  as  a  solution  of 

(3.7)  such  that 

(3.10)  R\<tU)  +  D*W\  «  0, 

where  A|  )  denotes  the  real  part  of  the  quantity  within  the  brackets. 
On  account  of  the  boundary  conditions  at  infinity  it  may  be  seen  that 


r 
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Q  must  approach  lero  aa  r  tends  to  infinity  and  consequently  we  may 
assume  for  (2  the  expansion 

(3.11)  0  -  Z  C.X"z-  -  E  C.r'r-’e-’"', 

where  the  constants  C.  are  real.  Using  this  expansion  for  Q  we  see  that 
p'  and  0*  have  the  expansions 

p'  -  Co  -I-  pf/  Z  C.r'r""  cos  n0, 

Q*  -  Z  C.XVe*"*. 

•  "I 

In  order  to  find  a  solution  for  W  we  assume 

(3.13)  tt  -  1/  Z  gnir)e'’^, 

where,  on  account  of  symmetry,  the  functions  gn{r)  are  real.  It  will  be 
further  assumed  that  this  expansion  for  W  admits  term  by  term  differ¬ 
entiation  as  often  as  required  for  substitution  in  the  equation  (3.7). 
Carrying  out  this  substitution  we  find  the  following  equations  for  the 
functions  gn{r): 

?  s'  ■  (?  +  “  *■  ■  "■  **’  **’  ■  ■ 

If  we  introduce  the  independent  variable  vr  in  place  of  r  we  find,  for  a 
fixed  value  of  n,  that  gn  satisfies  the  modified  Bessel  equation  of  order  n. 
Seeing  that  we  require  I?  »  0  at  infinity,  the  general  solution  of  (3.14), 
suitable  for  our  purpose,  is 

(3.15)  gn  -  BnKnicr),  (n  -  0,  d=l,  ±2,  •  •  •), 

where  the  constants  B.  are  real  and  Kn(ar)  denotes  the  modified  Bessel 
function  of  the  second  kind'*  and  order  n. 

It  remains  to  show  that  this  solution  for  0  may  be  made  to  satisfy  the 
equation  (3.10).  Using  the  value  of  a  given  by  (3.13),  where  gn(r) 
have  the  values  given  by  (3.15),  we  find 

'*  Q.  N.  Watson,  Theory  of  Beaeel  Funetioiu,  (Cambridge,  1922),  p.  78. 
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aW  +  D*®  -  4-  ^  B./i:,(<rr)e‘-* 

»  ^  Bn^cKnitn)  +  +  "x.(<rr)] 

(3.16)  -  <rU^^B,Kdar)  + 

-  aU  ^(B,  -  B,^,)if,(«rr)e‘-*, 

since” 

*^^^  +  nA',(z)-  -*/C,_,(z). 

Then  equation  (3.10)  is  satisfied  by  our  solution  for  ®  provided 
(B.  -  B,^,)/C.(<rr)  +  (B-  -  B,_)/C_«(<rr)  -  0, 

(3.17) 

(n-0,  1,  2,  ...). 

If  we  make  use  of  the  fact  that 

/C,(ar)  -  K-,(ar) 

it  follows  easily  from  the  equations  (3.17)  that 

(3.18)  B_»-B^,,  (n  -  0,1,2,  ...). 

We  may  now  write  our  solution  of  the  equations  (1.5)  in  the  following 
final  form: 

u;'  -  u'  4-  tV  -  -  E  C.r'r-e’"'  4-  f/«"  E  B.Ji:.(<rr)e’"', 

•"■I  H— 

I 

p'  -  C,  4-  pf/  E  C«X"r-  cos  nP, 

I 

where  C. ,  B.  are  real  constants  satisfying  the  relations  (3.18).  It 
should  be  noted  here  that  these  expressions  only  constitute  a  solution 
of  the  equations  (1.5)  provided  the  series  involved  converge  and  admit 
the  requisite  term  by  term  differentiations.  Obviously  this  will  not  be 


O.  N.  WftUon,  op.  eit.,  p.  79. 
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true  for  all  values  of  the  constants  C. ,  In  the  next  section  a 

number  of  conditions  ait'  given  which,  together  with  (3.18),  suffice  for 
the  determination  of  Cn  ,  Bn  ,  and  also  the  constants  a,  appearing  in  the 
solution  of  Stokes’  equations.  If  we  find  that  these  conditions  give 
values  for  a.  ,  C*  ,  and  Bn  such  that  the  series  in  (2.7)  and  (3.19)  converge 
properly,  then,  and  then  only,  can  we  say  that  our  solution  is  satis¬ 
factory.  We  note  that  if  the  series  in  (3.19)  converge  properly  the 
solution  of  (1.5)  corresponds  to  a  motion,  symmetrical  about  the  line 
0  as  0,  and  satisfying  the  second  set  of  conditions  in  (1.6)  as  required. 

4.  On  the  method  of  fitting  together  the  solutions  of  Stokes*  and 
Oseen’s  equations.  It  has  been  stated  that  the  solutions  of  Stokes’ 
and  Oseen’s  equations  are  to  be  fitted  together  over  the  surface  r  ^  X 
by  insisting  that  the  velocity  and  stress  vectors  be  continuous.  Now 
by  the  term  stress  vector  we  understand  the  stress  across  a  surface  in  the 
liquid  at  a  point  of  this  surface  (in  this  case  the  surface  r  ^  X)  and  we 
must  not  confuse  this  quantity  with  the  stress  in  the  liquid  which  is  a 
tensor  whose  components  are  defined  at  a  point  and  do  not  depend  on 
any  direction  at  that  point.  The  usual  way  of  stating  the  continuity 
conditions  at  a  surface  in  a  viscous  liquid  is  to  insist  that  velocity  and 
stress  be  continuous  but  it  is  evident  that  all  the  physical  conditions 
of  the  problem  demand  is  continuity  of  the  velocity  and  stress  vectors. 
The  fact  that  these  two  statements  of  the  continuity  conditions  at  a 
surface  in  a  viscous  liquid  are  equivalent  may  be  obvious  but  the  author 
has  not  seen  this  result  explicitly  stated  in  the  literature.  At  any  rate 
this  result  is  contained  in  the  following  theorem  which  may  be  of  some 
interest. 

Theorem.  For  the  motion  of  an  incompressible  viscous  fluid  the  con¬ 
tinuity,  across  a  surface  S  in  the  fluid,  of  the  quantities  in  any  one  of  the 
following  groups:  (a)  the  components  of  the  velocity  and  stress  vectors; 
(5)  velocity,  pressure,  and  vorticity;  (c)  velocity,  pressure,  and  the  first 
partial  derivatives  of  velocity;  (d)  velocity  and  stress;  implies  the  continuity 
of  the  quantities  in  the  remaining  groups. 

In  the  following  proof  of  the  above  theorem  we  deal  with  a  liquid 
moving  in  three  dimensions.  The  corresponding  theorem  for  two- 
dimensional  motion  follows  as  a  particular  case. 

The  continuity  of  the  quantities  in  (a),  (b),  and  (d)  follows  imme¬ 
diately  from  the  continuity  of  the  quantities  in  (c).  Furthermore,  the 
continuity  of  the  quantities  in  (a)  follows  at  once  from  the  continuity 
of  those  in  (d).  Hence  the  theorem  will  be  proved  if  we  can  show  that 
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the  continuity  of  the  quantities  in  (a)  or  (b)  implies  the  continuity  of 
those  in  (c). 

In  order  to  see  that  the  continuity  of  the  quantities  in  (c)  follows 
from  the  continuity  of  those  in  (a)  we  note  that  from  the  continuity 
of  the  latter,  and  the  equation  of  continuity  for  a  liquid,  we  have  the 
continuity  of  seven  independent  quantities  vis.  the  three  components  of 
velocity,  the  three  components  of  the  stress  vector,  and  the  sum  of  three 
first  partial  derivatives  of  velocity.  In  addition,  since  the  three 
components  of  velocity  are  continuous  across  S,  it  follows  that  a  partial 
derivative  of  any  one  of  these  components  corresponding  to  a  direction 
lying  in  the  tangent  plane  to  S,  at  the  point  in  question,  is  continuous 
across  S.  This  gives  us  .six  additional  independent  continuity  condi¬ 
tions  which,  with  the  seven  mentioned  above,  are  sufficient  to  insure  the 
continuity  across  S  of  the  thirteen  quantities  in  (c). 

Similarly,  from  the  continuity  of  the  quantities  in  (b)  and  the  equation 
of  continuity  we  have  the  continuity  across  S  of  eight  independent 
quantiti(‘s.  The  continuity  of  these  quantities  together  with  that  of 
the  six  derivatives  of  velocity  corresponding  to  two  directions  at  right 
angles  in  the  tangent  plane  to  S,  at  the  |x)int  in  question,  give  altogether 
thirteen  independent  continuity  conditions  which  suflSce  to  establish 
the  continuity  of  the  quantities  in  (c).  The  theorem  is  now  completely 
established. 

From  the  alx)ve  theorem  it  follows  that  the  continuity  conditions  at 
r  “  X  are  satisfied  if  we  make  velocity,  pressure,  and  vorticity  con¬ 
tinuous  across  r  *  X.  Thus,  if  we  use  the  subscript  ‘o’,  to  denote  the 
value  of  the  corresponding  quantity  evaluated  at  a  point  on  r  **  X,  it 
follows  that  we  may  write  the  conditions  at  r  *  X  in  the  form 

[  tco  =  lio  -)-  iVo  *  icj  -j-  17  ^  U  ivo, 

[  Po  —  2/itwo  =  Po  —  2fttuo . 

It  will  subsequently  be  found  that  these  conditions  together  with  (3.18) 
suffice  for  the  determination  of  the  constants  a„  ,  ,  and  Cn  appearing 

in  our  solutions  of  Stokes’  and  Oseen’s  equations. 

5.  Deduction  of  the  fundamental  equations.  In  order  to  obtain  the 
explicit  equations  for  the  constants  ,  Bn ,  and  Cn  appearing  in  the 
solutions  (2.7)  and  (3.19),  we  must  .substitute  in  (4.1)  for  uib  ,  tco ,  po , 
Po  ,  (do  and  Wf  the  values  found  from  these  solutions.  Before  doing  this 
it  is  necessary  to  find  from  (3.19)  series  expressions  for 

to'  and  p'  —  2iiua’ 
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analogous  to  the  corresponding  series  appearing  in  (2.7).  This  is 
done. 

From  (3.8),  (3.9),  and  (3.16)  we  have 
2m'  -  e"(ffO  +  Z)*®) 

(5.0  A 

-  (rtV"  Z  (fi-  -  B..n)/f.(vr)e‘"' 

Then,  using  (3.19),  we  find 

iO 

p'  -  2^m'  -  C,  +  pU  Z  C,X"r'"  cos  nB 


-  P  y  e"  (B,  - 


It  remains  to  express  the  series 


<D  i® 

(5.3)  e"  Z  B,A’,(<rr)e'"'  and  c"  Z  B,+iX,(<rr)«*"' 
in  the  form  of  Fourier  series.  To  do  this  we  assume 

(5.4)  e"  Z  -  Z  X,(r)«-'. 


Whence,  using  the  fact  that. 


z  =  r  cos 


we  have 


X,(r)  »  ^ 

(5.5)  .  fl>/ir«(ar).l  T 

m-»— •  Air  y— » 

(n  -  0,  ±1,  ±2,  •..). 

Now  it  is  a  well-known  re.sult  in  connection  with  the  theory  of  Bessel 
functions  that” 


1  f\»co,0 
r  Jo 


COS  p$d6  »  t,{z). 


>*  G.  N.  Wataon,  op.  cit.,  p.  181  (4). 
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where  p  is  a  poaitive  integer  and  /,(z)  denotes  the  modified  Bessel 
function  of  the  first  kind  and  order  p. 

Then,  from  (5.5)  we  have 

m 

(5.6)  X,(r)  -  23  B«/C«(<rr)/»_(ffr),  (n  »  0,  ±1,  db2,  •  •  •). 
From  (5.4)  and  (5.6)  it  follows  that 

(5.7)  e"  B.K,{cr)e^^  - 

Similarly  we  have  for  the  second  series  in  (5.3) 


(5.8)  e"  E  B.^.X.(<rr)e-'  -EE  B^^,K^{ar)I^{ar)e'-. 


We  may  now  write  the  solution  (3.19)  of  the  equations  (1.5)  as 
follows; 


tc'  -  u'  +  iV  -  -E  C.X’r-e'"' 

•1-1 

+  (7  E  E  B^K^{cr)l^{cr)e*’^, 


(5.9) 


p'  -  2Mi«'  -  C.  +  E  C.X"r-"(«‘-*  +  «-"•) 

2  K-l 


1  «  • 


-  Z  Z  (fi-  -  B..+.)/C.(«rr)/._(<rr)c‘-'. 
From  these  equations  (5.9),  and  the  equations  (2.7)  and  (2.8)  we  have 

trj  -  -E  C-e’"*  +  (/  E  Z  B^K^I^ne'’^, 
pj  -  2Mt«"o  -  c.  +  P^  E  Cnie^’^  + 

i  K-l 


(5.10)  ( 


-P^*  Z, 


tPg 


-  Z  {M.on-v  +  iVai_,)e-', 


M  - 


Pi  -  2Mifaio  »  ^  ^  e‘"*, 
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where 


(5.11) 


K.  -  K.iirX),  /.  -  /.(eX), 

Af.--ilog.e,  Af. l)/4n, 

(n  -  ±1,  ±2,  ...)i 

N  -  -Af, , 

i  -x/o. 


Substituting  from  (5.10)  in  (4.1)  and  equating  coefficients  of 
we  find,  in  addition  to  (3.18),  the  following  equations  for  a,,  Bn, 
and  Cn  : 


(6.12)  { 


l(Af,a«_,  +  NauJ  -  -C.  +  1/ 

(n-2,  3,...), 

0-  -Ci  + U 

i(Af,a_i  +  Nai)  U U 

i(Af^a__,  +  JVo.;,)  -  U^Bn,Kn,In^,  (n- 1,2,3,...), 
0,  -  C.X, 

Z  (B,-B«^,)/r«/_,  (n-1,2,...). 


^  -  PyC.  -  py  ^{Bn,  - 


(n-  1,2,...). 


There  are  several  methods  of  treating  these  equations  together  with 
the  equations  (3.18)  but  it  was  found  that,  on  the  whole,  the  following 
treatment  is  the  most  satisfactory.  Making  use  of  the  equations  (3.18) 
and  the  relations 


K^^Kn, 


■ 
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we  have 


(6.13) 


Z  -  Z  +  Z 

■f  m  M^t  m— f 

-  Z  +  z 

ii»-i 

-  Z  +  K^I^) 

m 

“  Z  B^iZT-n,  in  *  0,  ±1,  ±2,  •  •  •)» 


where 

(5.14) 


ZZ  -  K^J  m+»  +  Kmim-n+l  , 

(n  »  0,  ±1,  ±2,  •  •  •  ;  m  —  0, 1,  2,  •  •  •)• 

In  particular  we  note  that** 

Z?  -  K^^iU  +  /C-/.+1  -  l/(<rX), 

(m-0,  1,2,...). 

In  a  similar  manner  we  may  show  that 


(5.15) 


(6.16)  Z  -  Z  B^iZT^,  (n  -  0,  ±1,  ±2,  ■  ■ .). 

iw  <•  iia^O 

Thus  we  may  replace  (5.12)  and  (3.18)  by  the  following  set  of  equa¬ 
tions  : 

-iMnOn-i  +  A^o,_J  -  -C,  +  f/  Z  (n  -  2,3, . . .), 

m 

0  =  —Cl-\-U  Z  Bm+lZt  , 

-(MoO_|  -t-  Noi)  =  f/^1  +  Z  Bm+lZ^, 

M  \  W-O  / 


(5.17) 


(n  »  1,2,  ...), 


-(M_*0_„_1  +  NOn+l)  =  f/  Z 

H  m-O 

do  “  CiX, 

^  =  axfc,  -  (/  Z  B«4i(Z:-  -  ^-H.)! 

M  L  J 

^  -  axfc,  -h  f/  Z  B-+»(^-.  -  (n  “  1,2,  ...). 

.  M  L  J 


(n-  1,2,...), 


**  G.  N.  Watson,  op.  cit.,  p.  90. 
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Eliminating  the  constants  a.  and  C.  from  these  equations  we  obtain 
the  following  equations  for  the  constants  , 


(5.18) 


where 


'  m 

^  Bw^+llZ^  +  f/o  —  G*  ”  cXHtZt]  4-  1-  “  0, 

■i**0 


Kfe-') 

+  G,  4-  ffi 

-0, 

so 

£  Bm+l 

OS— 0 

[(fe- 

)z7_  4-  (<rX0,  ^  4-  aXHn^ZT-n 

+  ^z:-,+ 

(n-3,4, 

•••). 

(5.19)  Gn N  +  ^  N  -  M,,  (n  =  0,  ±1,  ±2,  •  • .  )• 


The  equations  (5.18)  are  the  fundamental  equations  of  the  problem. 
An  examination  of  these  equations  shows  that  the  numerical  values  of 
the  coefficients  of  ,  (n  »  1,  2,  •  •  •  ),  in  these  equations  depend  only 
on  the  values  of  R  and  {(»  X/a).  Thus  if  we  neglect  all  save  a  finite 
number  of  the  constants  Bn  ,  numerical  values  of  the  retained  constants 
may  be  found  by  solving  a  finite  number  of  linear  equations  when  R 
and  {  are  given. 

When  a  sufficient  number  of  the  constants  Bn  have  been  determined 
in  the  manner  described  above  we  may,  by  using  the  equations  (5.17), 
calculate  the  corresponding  values  of  a.  and  C.  .  The  exact  expressions 
for  an  and  C«  ,  suitable  for  purposes  of  calculation,  are  given  in  the 
equations  below  which  follow  readily  from  (5.17): 


(5.20) 


0-1  =  Mf/I)fi«+i(2-aXZr), 

m 

Gl  *  ftUffX  Bm+lZi  , 

i:  -  2N<rX(Z7^  -  Z7_)l,  (n  -  2,3, . .  •), 

so 

fl«  =  0_,  +  2hU<tX  ^  Bm+liZT+n  ~  Zl—n),  (fl  =  2,  3,  •  •  •)> 


C,  =  (a,  +  a^yipUX) 
»  (a,  -j-  a— )/(2M<rX), 


(n=  1,2,  ...). 
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We  note  that  the  constants  at  and  Ct  remain  undetermined  but  are 
connected  by  the  relation 


a,  -  CtX. 

Thus  the  pressure  in  the  liquid  is  undetermined  to  within  an  additive 
constant,  as  it  should  be,  and  this  constant  part  of  the  pressure  is  the 
same  throughout  the  liquid. 

6.  Calculation  of  the  drag.  When  a  viscous  liquid  flows  past  a 
fixed  solid  it  is  evident  that  the  solid  experiences  some  resultant  force 
due  to  the  liquid  in  contact  with  its  surface.  In  the  present  case  let  D 
and  ly  denote  the  components  of  such  resultant  force,  per  unit  length  of 
cylinder,  in  the  directions  Ox  and  Oy  respectively.  The  component  D  is 
called  the  drag  per  unit  length  of  the  cylinder  or  briefly  the  drag.  In 
order  to  find  the  value  of  D  we  proceed  in  the  following  manner. 
Introducing  the  complex  stress  T  defined  by 

(6.1)  T  •  T.  +  iT,  , 

where  (T. ,  T,)  denote  the  components  of  stress  across  an  element  of 
r  —  o,  we  have 

(6.2)  D  +  xiy  -  ^  Tds, 

where  ds  denotes  an  element  of  arc  length  measured  along  the  section  of 
r  a  by  the  plane  of  motion  and  the  integration  extends  once  around 
the  cylinder  in  the  direction  of  d  increasing.  Now 

(6.3)  T  “  (IE„  -J-  mEa^  -J-  i{lEat  +  mEgg), 

where  E„  ,  E„  ,  and  Eyy  denote  the  three  independent  components  of 
the  stress  tensor  evaluated  at  the  particular  point  of  r  ■■  a  under  con¬ 
sideration  and  (/,  m)  are  the  direction  cosines  of  the  outward  normal  to 
r  «■  a. 

For  points  along  the  section  of  r  »  a  by  the  plane  of  motion  we  note 
that. 
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Hence,  using  (6.3)  and  the  explicit  expressions  for  E„ ,  ,  and  E„  in 

terms  of  the  pressure  and  the  derivatives  of  velocity,  we  have 

r  -  l(-  p  + 

+  <«(-p  +  2p^)__ 


-  -p.(i  +  tm)  +  M 


[-5 


I  O  •  ^  1  O  I  ^  I  o 

+  2im  —  -f  2u  —  +  2m  — 
dy  By  dx 


'*  ®  -  •V  «  +  •«•)  +  P  [  -  a  g  -  g  g  +  a* 

+  2Mt(f  -{-  tm)wa 

dz  ,  f  - .  /du  dr  ,  du  dy\ 

dyds/J,-.^  ^'ds 

.  dz  ,  „  .dw,  -  dz 

-.p.5  +  2pi^  +a«*.*, 

where  the  subscript  *a’  denotes  the  value  of  the  corresponding  quantity 
at  a  point  on  r  «  a. 

Substituting  from  (6.5)  in  (6.2)  we  have 


D  +  iiy 


(6.6) 


^  (ip,dz 
(p. 


+  2nidwa  +  2iMiitdz) 


—  2^iws)dr. 


But  from  (2.7)  we  find 

(6.7)  p.  -  2mu-.  -  L  OnZyX^K 


I 
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Thus  we  have,  finally, 

-  -2wa-i, 

D  -  -2iro_,,  D'  -  0. 

When  numerical  values  of  a  sufficient  number  of  the  constants  Bn 
have  been  found  by  solving  a  corresponding  number  of  the  equations 
(5.18),  the  values  of  R  and  (  being  assigned,  we  can  find  the  value  of 
a-i  from  the  first  equation  in  (5.20)  and  hence,  using  (6.0),  calculate  a 
value  for  D.  However,  this  value  for  D  will  depend  on  the  units 
employed  and  for  this  reason  it  is  better  to  introduce  a  dimensionless 
quantity  kp ,  called  the  drag  coefficient,  whose  value  depends  only  on 
the  quantities  R  and  In  terms  of  ko  the  value  of  the  drag  is  given 
by  the  equation 

(6.10)  D  -  2pC’*dko  . 

Actually,  we  find  by  direct  calculation  from  (6.9)  and  the  first  equation 
in  (5.20) 

(6.11)  D  -  k^U, 

where  k  has  a  definite  numerical  value  corresponding  to  each  pair  of 
values  for  R  and  The  corresponding  value  of  ko  is  given  by 

(6.12)  ko  -  k/R. 

The  following  table  shows  the  calculated  values  of  ko  corresponding 

to  a  rectangular  array  of  values  for  R  and  The  numerical  values  of 
Kn  and  /.  with  argument 

,  cX  - 

were  taken  from  the  tables  given  by  Watson**  and  by  Gray,  Mathews 
and  MacRobert**  or  were  calculated  by  means  of  recurrence  formulae 
from  the  corresponding  values  of  Kt ,  Ki ,  /•  and  Ii .  The  actual 
calculations  were  carried  out  on  an  8-figure  Monroe  machine  which 
greatly  facilitated  the  work. 

**  G.  N.  Watson,  op.  cit. 

*'  A.  Gray,  G.  B.  Mathews,  and  T.  M.  MacRobert,  A  Trealue  on  Be$$el  Fune- 
(tons  (London,  1922). 


(6.8) 

so  that 
(6.9) 


VISCOUS  FLOW  PAST  A  CYLINDER 


37 


TABLE  I 
Values  of  ko 


K 

0.8 

•  1 

l.fi 

32 

4.8 

6.4 

8.0 

20 

1 

10.67“ 

6.78“ 

4.61“ 

3.25“ 

2.72“ 

2.43“ 

2.24“ 

1.74“ 

1.1 

4.506 

3.15 

2.59 

1.2 

1.95 

1.37  (4J“ 

1.5 

6.675 

4.37 

2.94 

2.36 

2.02 

1.80 

1.6 

1.17  [41 

2.0 

10.50 

6.57 

4.22 

2.77 

2.185 

1.86 

1.65 

2.4 

2.08 

1.55 

0.97  (4) 

3 

10.37 

6.384 

3.99 

2.53 

1.96 

1.64 

1.434  [5] 

4 

10.24 

6.22 

3.81 

2.36 

1.80 

1.29** 

6 

0.99 

5.944 

3.55 

2.14 

8 

9.78 

5.73 

3.37 

10 

9.595 

12 

9.43 

5.424 

! 

Explanation  of  Table  /. — The  drag  D  per  unit  length  of  a  cylinder  of 
radius  a  in  a  viscous  liquid  of  density  p  and  viscosity  p  is  given  by 
D  »  2kopU*a,  where  U  is  the  undisturbed  velocity  of  the  stream.  The 
drag  coefficient  ko  depends  on  the  Reynolds  number  R  »  2pf 'a/p 
and  the  artificial  parameter  (  »  X/a,  where  X  is  the  radius  of  the 
cylinder  on  whose  surface  we  have  fitted  together  the  .solutions  of 
Stokes’  and  Oseen’s  equations. 

**  These  values  for  ko  are  those  obtained  from  the  exact  solution  of  Oseen’s 
equations  by  Bairstow  in  a  paper  to  which  we  have  referred  (Phil.  Trans.  Roy. 
Sm.,  a  223  (1923),  383-432).  The  values  quoted  here  were  actually  read  from  a 
smooth  curve  throuxh  Bairstow’s  results. 

**  Numbers  in  brackets  after  a  result  correspond  to  the  number  of  the  constants 
R.  ,  to  be  found  by  solving  (6.18),  which  were  retained  in  obtaining  the  result 
quoted.  For  the  majority  of  the  cases  given  in  the  above  table,  it  was  sufficient  to 
retain  two  of  the  constants  Bm  in  order  to  obtain  the  corresponding  value  of  kp 
with  the  accuracy  quoted  and  in  such  cases  no  numbers  are  shown  in  brackets. 

For  this  value  and  also  the  values  in  the  last  column,  exclusive  of  Bairstow’s 
result,  the  last  figure  is  somewhat  doubtful  on  account  of  losses  in  accuracy 
encountered  in  the  solution  of  (6.18)  when  is  large.  These  losses  may  b« 
partially  avoided  by  changing  the  unknowns  in  the  fundamental  equations  (6.18). 
Thus  we  may  write 

Dm  -  B-A.,  (m  -  0,  ±1,  ±2,  ••), 

and  from  (3.18)  we  have 

D.m  -  Dm^xKm/Km^X  ,  (si  -  0,  1,  2,  •  •  •  )• 

The  equations  (6.18)  may  now  be  used  to  obtain  a  set  of  equations  for  the  new 
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An  examination  of  the  values  for  ko  given  in  the  above  table  shows: 

(1)  For  a  fixed  value  of  R  the  value  of  ko  decreases  as  (  increases  and 
is  always  less  than  Bairstow’s  result  for  the  same  value  of  R.  This 
variation  of  ko  with  (  is  more  pronounced  for  large  values  of  R  than 
for  small. 


Fio.  1.  CuBTBs  Showino  thb  Vabiation  or  ko  with  |  roa  Ssvbbal  Valubs  or 
TBB  Rbtnolds  Numbbb  R 

I 

(2)  For  a  fixed  value  of  {  the  values  of  ko  decrease  as  R  increases. 
This  decrease  is  very  rapid  when  R  is  small  but  for  larger  values  of  R 
it  is  not  nearly  so  noticeable.  We  note  that  Bairstow’s  values  for  ko 
exhibit  a  similar  dependence  on  R  and  we  shall  see  that  the  same  is  also 
true  for  the  experimental  values  of  ko  provided  R  is  not  too  large. 


eoutanU  Bu  >  (m  «  1,  2,  •  •  •)>  and  from  the  values  of  a  sufficient  number  of  these 
constants  we  can  find  the  corresponding  value  of  the  drag  coefficient  ko  . 
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By  graphic  interpolation  from  the  results  in  Table  I,  and  extrapolation 
where  the  latter  was  justifiable,  a  number  of  additional  values  for  ko 
were  obtained  and  from  these  values  and  those  in  Table  I  the  author  was 
able  to  plot  the  curves  shown  in  Figs.  1-2. 

The  curves  in  Fig.  1  show  the  variation  of  logu  ko  with  |  for  several 
values  of  R.  From  an  examination  of  these  curv'es  it  may  be  seen  that, 
for  each  value*  of  R,  a  smooth  curve  through  the  results  of  our  cal¬ 
culations  cuts  the  axis  (  »  1  in  a  point  corresponding  to  Bairstow’s 
result.  Consequently  we  may  regard  Bairstow’s  method  as  a  particular 


I 


/  ii 


Fio.  2.  Guavas  Showing  the  VAaiATioN  or  ko  with  R  worn  DirraaxNT  Valubs  or  | 

case  of  the  method  used  in  this  paper,  namely  that  case  in  which  the 
Stokes  motion  is  ignored  altogether. 

The  curves  in  Fig.  2  show  the  variation  of  logw  ko  with  logu  R  for 
several  values  of  We  note  that  these  curves  are  very  close  together 
when  R  is  small  but  diverge  as  R  increases.  If  we  could  produce  these 
curves  indefinitely  in  the  direction  of  logu  R  decreasing,  it  appears  that 

**  The  particular  caae  R  ^  1.6  acema  to  be  an  exception.  If,  when  plotting  the 
curve  between  logi»icj>  and  (  for  thia  caae,  we  uae  a  more  extended  acale  than  that 
ahown  in  Fig.  1,  it  ia  found  that  a  amooth  curve  through  the  reaulta  of  our 
calculationa  cuta  the  axia  (  1  in  a  point  correaponding  to  a  value  for  kp  which  is 

about  one  per  cent  leaa  than  Bairatow’a  value.  However  thia  diacrepancy  may  be 
due  to  amall  errora  in  graphic  interpolation  and  extrapolation. 


I 
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these  curv’es  would  merge  into  one  another.  This  indicates  that  ko 
is  practically  independent  of  i  when  R  is  sufficiently  small,  a  result 
which  also  appears  from  the  curves  in  Fig.  1. 

It  remains  to  compare  the  results  of  our  calculations  with  the  experi¬ 
mental  data  which  is  not  very  satisfactory  for  values  of  R  in  the  range 
in  which  we  are  primarily  interested,  vii.,  0  <  <  20.  The  experi¬ 

mental  results  which  were  actually  used  in  making  this  comparison  are 
those  given  by  Wieselsberger**  but  we  shall  also  refer  to  some  other 
results  given  by  Relf  and  by  Eisner. 

The  experimental  results  for  the  drag  on  a  cylinder,  which  are  given 
by  Wieselsl)erger,  are  collected  from  the  results  of  a  number  of  experi¬ 
ments  by  Wieselsberger  and  others.  The  majority  of  these  experiments 
were  made  with  a  cylinder  in  a  stream  of  air  but  in  some  cases  oil  or 
water  was  used  instead  of  air.  Wieselsberger  exhibits  these  results  in 
the  form  of  a  curve  showing  the  variation  of  logw  c.  with  logw  R  for 
values  of  R  ranging  from  0.1  to  800,000,  where 

c,  *  2ko 

and  R  is  the  Reynolds  number  as  used  throughout  this  paper.  Ac¬ 
tually,  for  values  of  R,  less  than  20,  there  are  only  four  values  of  logiu  c» 
marked  on  this  curve — the  lowest  value  of  R  for  which  a  measurement  of 
c,  is  given  being  4.2.  However,  Wieselsberger  produces  the  smooth 
curve  through  the  experimental  results  in  sqch  away  that  it  agrees 
asymptotically  with  the  theoretical  results  obtained  by  Lamb”  for 
values  of  R  which  are  small  in  comparison  with  unity.  From  this 
curve  a  number  of  readings  for  c«  were  made  both  by  myself  and  by  my 
colleague  Mr.  Rannie.  These  readings  were  plotted  on  a  more  extended 
scale  than  is  used  by  Wieselsberger  and  a  smooth  curve  was  drawn 
through  the  corresponding  points.  From  this  curve  I  was  able  to  deduce 
the  values  of  ko  which  are  given  in  Table  II  under  the  heading,  “Ob- 
aerv'ed  results — Wieselsberger”. 

In  1914  Relf”  made  a  series  of  experiments  using  wires  of  circular  cross- 
section  in  air  and  found  values  for  ko  corresponding  to  values  of  R  in 
the  range  from  10  to  20,000.  In  his  paper,  published  in  1923,  Bairstow” 
compared  his  results  for  kp  with  the  experimental  values  found  by  Relf. 
In  order  to  make  this  comparison,  Bairstow  reproduces  a  number  of 
Relf’s  values  for  kp .  These  were  plotted  and  from  a  smooth  curve 

**  Loc.  cit. 

”  Loc.  cit. 

••  Loc.  cit. 

**  Bairstow  et  al.,  Phil.  Trans.  Roy.  Soc.  A,  223,  (1923),  383-423. 
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through  them,  were  read  the  values  given  in  Table  II  under  the  heading, 
“Observed  results — Relf”. 

In  1930  Eisner**  made  a  survey  of  the  resistance  problem  for  a  solid 
in  a  liquid  and  in  this  communication  he  shows  a  curve  similar  to  that 
given  previously  by  Wieselsberger.  In  fact  Eisner’s  curve  is  plotted 
from  Wieselsberger’s  results  together  with  some  additional  values  for 
c,  .  A  number  of  rea«lings  were  made  from  this  curv’e  but  the  results 
agree  so  closely  with  the  readings  from  Wieselsberger’s  curve  that  it  is 
felt  unnecessary  to  tabulate  these  values  here. 

TABLE  II 


Calculated  and  Observed  Values  of  ko 


C’alculated  Results 

Observed  Results 

R 

Bair=*nw 

f  -  2« 

{  -  3« 

{  -  4« 

f  -  6*‘ 

Relf 

Wiesels¬ 

berger 

0.4 

10.67 

10.50 

10.37 

9.99 

10.0 

0.6 

8.13 

7.98 

7.81 

7.65 

7.4 

0.8 

6.78 

6.57 

6.3S4 

6.22 

5.94 

6.0 

1.25 

5.26 

4.91 

4.71 

4.53 

4.46 

1.6 

4.61 

4.22 

3.99 

3.81 

3.55 

3.79 

2.2 

3.89 

3.46 

3.22 

3.05 

3.05 

3.2 

3.25 

2.77 

2.53 

2.36 

2.14 

2.43 

4.8 

2.72 

2.185 

•  1.956 

1.80 

1.94 

6.4 

2.43 

1.86 

1.64 

1.49 

1.66 

8.0 

2.24 

1.65 

1.434 

1.29 

1.49 

(  -  1.2 

{  -  1.6 

{  -  2.4 

10.0 

2.09 

1.60 

1.33 

12.0 

1.98 

1.47 

1.22 

16.0 

1.85 

1.25 

1.09 

20.0 

1.74 

1.37 

1.17 

0.97 

1.11 

1.02 

From  an  examination  of  the  values  in  the  above  table  we  are  led  to 
make  the  following  conclusions: 

(1)  Bairstow’s  values  for  ko  are  in  excess  of  the  experimental  values 
but  the  difference  is  not  great  for  values  of  R  less  than  unity.  As  we 

'*  F.  Eisner,  Proceedings  of  the  Third  International  Congress  tor  Applied 
Mechanics,  I  (1030),  23-41. 

'*  Some  of  the  values  in  these  columns  were  obtained  by  interpolation  from  the 
results  in  Table  I. 
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have  already  stated,  Bairstow  compared  his  results  with  those  of  Relf, 
which  are  evidently  somewhat  higher  than  those  of  Wieselsberger  for 
values  of  R  less  than  20.  In  this  way  Bairstow  found  that  his  results 
seemed  to  agree  with  experiment  more  closely  than  the  values  given  in 
the  above  table  would  indicate. 

(2)  For  a  fixed  value  of  R,  the  values  of  kp  ,  calculated  for  different 
values  of  decrease  as  (  increases  and  ultimately  lie  below  the  experi¬ 
mental  value.  Accordingly,  if,  for  any  value  of  R  in  the  range  con- 
sideri'd,  we  use  a  value  of  (  slightly  larger  than  unity,  we  obtain  a  value 


Fio.  3.  - ,  calculated  valuea  of  kp  for  {  —  3. - ,  Bairatow’a  values 

for  kp.  — • — • — ,  experimental  values  of  kp  according  to  Wieselsberger. 

for  kp  which  agrees  more  closely  with  the  experimental  result  than  does 
the  value  given  by  Bairstow.  In  fact,  by  a  proper  choice  of  (  cor¬ 
responding  to  each  value  of  R,  it  is  clear  that  we  can  obtain  a  result 
which  agrees  exactly  with  the  experimental  value  of  kp  .  If  we  denote 
this  value  of  (  by  the  symbol  we  note  that  decreases  as  R  increases 
and  lies  in  the  approximate  range  2  <  {s  <  6  for  values  of  R  less  than 
20  and  greater  than  0.4. 

In  Fig.  3  a  number  of  curves  have  been  plotted  using  the  data  in 
Table  II.  These  curves  substantiate  the  conclusions  given  above  and 
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Hhow  that  the  values  of  ko  for  {  »  3  are  in  good  agreement  with  the 
experimental  values  for  A  <  10.  Obviously,  a  smaller  value  of  (  than 
3  would  improve  the  agreement  with  experiment  for  larger  values  of  R 
but  the  agreement  would  be  less  satisfactory  for  small  values  of  R. 

Using  curves  similar  to  those  shown  in  Fig.  1  we  can,  by  interpolation, 
determine  a  value  for  corresponding  to  each  value  of  R  considered. 
In  this  way  we  find: 


TABLK  III 
Value$  of 


R 

is 

0.4 

6.0 

0.6 

5.7 

0.8 

5.5 

1.26 

4.4 

1.6 

4.1 

2.2 

4.0 

3.2 

3.6 

4.8 

3.0 

6.4 

2.8 

8.0 

2.7 

20 

2.2 

These  values  of  ,  with  the  exception  of  the  last  four,  are  subject  to 
rather  large  possible  errors.  This  is  due  to  the  fact  that,  when  R  is 
small  the  value  of  ko  varies  very  slowly  with  Consequently,  for  such 
values  of  R,  a  small  error  in  reading  the  experimental  value  of  kp 
changes  the  value  of  considerably.  Thus,  in  the  worst  case,  vii. 
R  «  0.4,  it  is  found  that  the  possible  error  in  the  value  of  is  about 
10  per  cent.  Fortunately  the  converse  result  is  also  true,  so  that,  when 
R  is  small  a  change  of  5  or  10  per  cent  in  the  value  of  (  does  not  alter  the 
corresponding  value  of  kp  appreciably. 

The  curve  in  Fig.  4  was  obtained  by  plotting  against  logu  R  and 
this  curve  shows  that  as  R  increases  the  decrease  in  becomes  less 
pronounced— in  fact  the  curve  tends  to  become  parallel  to  the  axis  of 
logio  R  when  R  becomes  large.  The  result  that  decreases  as  R 
increases  might  have  been  anticipated  from  general  considerations  of 
the  actual  flow  of  a  liquid  past  a  cylinder  seeing  that  we  would  expect 
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the  Onerij  n*gimo  to  extend  further  in  toward  the  cylinder  wh<*n  the 
iindiNtiirlM'd  velocity  of  the  stifam  w  inereawed. 

An  imfMirtant  question  now  ari-seH,  vix.,  “What  value  of  {  are  we  to 
uw  in  determining  the  value  of  ko  eorn‘«i>onding  to  a  given  value  of  R?" 
If  we  are  merely  interesUKl  in  predicting  a  value  for  ko  which  will  agree 
with  Wi(*>«*Lsl)erger’H  ex|M*rimental  value,  the  answer  is  clearly  . 
However,  if  we  wish  to  know  the  value  of  ko  predicted  by  hydro- 
dynami(‘al  the<»ry  alone,  there  apfM’ars  to  be  no  definite  answer,  since  { 


Fio.  4.  CcBVB  Showing  the  Variation  or  with  R 

is  an  artificial  parameter  for  which  we  may  choose  any  real  value 
greater  than  unity. 

In  order  that  our<theory  may  give  a  definite  answer  to  the  above 
question,  it  is  clear  that  we  must  adopt  some  criterion  to  determine  a 
value  {r  which,  for  theoretical  n-asons,  may  be  regarded  as  the  proper 
value  of  {  corn'sponding  to  a  given  value  of  R.  For  <‘xample,  we  might 
agnn*  to  determine  {r  by  insisting  that  the  pro|H‘r  value  of  for  a  given 
value  of  R,  is  that  value  such  that  on  the  surface  r  »  o^r  the  magnitude 
of  the  actual  velocity  (u*  4-  r*)*  and  the  magnitude  of  the  disturbance 
velocity  (u'*  +  »'*)*  have  the  same  average  value— the  average  being 
taken  with  ri'spect  to  the  arc  length  measured  along  the  section  of 
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r  »  air  by  the  plane  of  motion.  Again,  we  could  agree  that  (r  is  that 
value  of  I  for  which  a  certain  integral  over  the  plane  of  motion  is  a 
minimum,  vis.,  the  integral  of  the  magnitude  of  the  extraneous  body 
forces  required  to  make  our  solution  satisfy  the  exact  equations  (1.1). 

In  view  of  the  arbitrary  nature  of  such  a  theoretical  criterion,  and 
also  in  view  of  the  labour  involved  in  making  the  corresponding  cal¬ 
culations,  it  was  deemed  advisable  to  omit  the  detailed  consideration  of 
such  a  criterion. 

We  may  now  summarise  the  results  of  our  calculations  for  the  drag 
in  the  following  manner.  The  method  given  in  this  paper  leads  to 
values  for  the  drag  coefficient  which  depend  on  two  parameters  R  and 
The  parameter  Is  a  natural  one  while  i  is  an  artificial  parameter  whose 
value  is  arbitrary.  This  arbitrary  feature  cannot  be  avoided  since  any 
theoretical  criterion,  which  we  might  adopt  in  order  to  determine  a 
value  for  (,  corresponding  to  a  given  value  of  R,  is  in  itself  arbitrary. 
Indeed,  in  this  respect,  our  method  does  not  differ  greatly  from  that  of 
Oseen,  which,  while  apparently  quite  definiU*,  may  actually  be  regarded 
as  a  particular  case  of  the  method  used  here.”  Accordingly,  we  should 
not  attach  more  importance  to  Bairstow’s  re.sults  for  ko  than  to  the 
results  of  our  calculations  for  a  fixed  value  of  i.  Moreover,  if  we  use  a 
fixed  value  of  {  in  the  range  1  <  ^  <  4,  we  obtain  results  for  ko  which 
agree  more  closely  with  the  experimental  values,  throughout  the  range 
0  <  /2  <  20,  than  do  those  of  Bairstow. 

With  reference  to  the  artificial  parameter  i,  for  which  the  choice  of 
the  value  it  enables  us  to  obtain  a  value  fur  kp  in  agreement  with  the 
experimental  value,  the  following  remarks  may  be  of  interest.  If  we 
examine  photographs  of  the  actual  flow  of  a  liquid  past  a  fixed  cylinder, 
for  example  those  given  by  Thom”  and  by  Tietjens,”  we  see  that 
actually  the  Stokes  approximation  is  not  valid  for  a  value  of  (  as  large 
as  in .  This  does  not  invalidate  our  theory  but  simply  means  that 
when  we  use  the  value  for  {  we  are  applying  our  method  in  a  case 
where  our  basic  hypothesis  is  not  justified.  In  other  words,  we  cannot 
say  that,  for  r  <  aia  the  method  of  Stokes  is  a  better  approximation  to 

**  Professor  J.  L.  Synge  has  also  pointed  out  that  Oseen’s  method  may  be 
applied  with  U  replaced  by  eU,  where  c  is  any  constant  having  a  value  between 
zero  and  unity.  In  fact  c  —  1  gives  us  the  Oseen  solution  whereas  e  —  0  corre¬ 
sponds  to  the  method  of  Stokes. 

•*  Ix>c.  cit. 

**  L.  Prandtl  and  O.  G.  Tietjens,  Applied  Hydro-  and  Aeromechanics  (En¬ 
gineering  Societies  Monographs,  1034). 
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the  actual  flow,  or  to  the  solution  of  the  exact  equations  (1.1),  than  the 
method  of  Queen. 


7.  The  determination  of  the  atream  function.  For  a  liquid  whose 
motion  is  two-dimensional  the  stream  function  ^  is  a  function  of  position 
such  that 


(7.1) 


u 


dy’  di  ’ 


where  (u,  v)  are  the  components  of  velocity  at  a  point  (x,  y)  in  the 
liquid,  the  axes  being  rectangular.  If  we  use  polar  coordinates  (r,  0) 
and  denote  the  radial  and  transverse  components  of  velocity  by  u,  and 
u«  respectively,  the  equations  corresponding  to  (7.1)  are 


(7.2) 


Ur 


I 

r  30*  ^  dr' 


Wc  note  that,  hy  virtue  of  the  equation  of  continuity,  ^  will  always 
exist  for  the  two-dimensional  flow  of  a  liquid. 

The  equations  (7.1),  or  equivalently  (7.2),  may  be  used  to  find  ^ 
when  the  velocity  components  are  known  or  to  find  the  velocity  com- 
{K>nents  when  ^  is  known.  The  more  usual  method  of  treating  the 
two-dimensional  motion  of  a  liquid  is  to  find  ^  as  the  solution  of  a  partial 
differential  equation,  found  by  eliminating  the  pressure  from  the 
equations  of  motion,  and  then  to  use  the  equations  (7.1)  in  order  to 
caleulate  u  and  v.  However,  in  the  present  case,  we  have  already  found 
expressions  for  u  and  v  so  that  we  shall  use  (7.1)  to  find  Actually  it  is 
better  to  use  the  known  expressions  for  u  and  v  to  calculate  ti,  and  u« , 
and  then  to  use  the  equations  (7.2)  in  finding 

Since  our  method  requires  us  to  use  two  different  solutions  for  the 
velocity  components  we  must  actually  find  two  stream  functions  ^ 
and  The  function  ^  will  hereafter  denote  the  stream  function 
corresponding  to  the  solution  of  Stokes’  equations,  while  will  denote 
the  stream  function  corresponding  to  the  solution  of  Oseen’s  equations. 

To  determine  ^  we  u.se  the  equation  (7.2)  where  (ur ,  Ut)  are  calculated 
f«)ni  the  expn>ssions  for  u  and  v  given  by  (2.7).  By  resolution  of 
velocities  we  have 


(7.3)  Ur  ^  u  cos  9  -f-  V  sin  8, 


u«  —  p  cos  8  —  u  sin  8. 
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Hence,  using  (2.7)  and  (7.2),  we  find  the  following  equations  for 

M  “  L  /»(>•)  cos  (n  -  l)tf, 

(7.4)  -7- 

^  “  Z  fnir)  sin  (n  -  l)tf, 

Of 

where  /,(r)  are  given  by  (2.8).  Of  course  the  two  equations  in  (7.4) 
are  not  independent  and  are  only  compatible  on  account  of  the  fact 
that  our  solution  (2.7)  of  the  equations  (1.3)  actually  satisfies  the 
equation  of  continuity. 

From  (2.8)  we  see  that 

/i(r)  -  0 

and  hence,  integrating  the  first  equation  in  (7.4)  subject  to  the  boundary 
condition  that  ^  »  0  when  *  0,  we  find 

(7.5)  ^  =  -  21'  sin  (n  -  l)tf, 

•  n  —  1 

where  the  accent  on  ^  means  that  the  term  corresponding  to  n  =  1 
is  omitted  in  the  summation.  By  actual  differentiation  it  is  ea.sily 
verified  that  as  given  by -(7.5),  also  satisfies  the  second  equation  in 

(7.4) .  Thus  (7.5)  gives  the  proper  expression  for  ^  corresponding  to  all 
points  in  the  region  a  <  r  <  X. 

To  determine  we  must  write  in  place  of  ^  in  the  equations  (7.2) 
and  then  use  (1.4)  togt'ther  with  (7.3)  in  order  to  find  u, ,  tx«  in  terms  of 
known  expressions.  In  this  way  we  are  led  to  the  equations 

1 

- -  U  cos  d  +  u'  cos  d  +  v'  sin  6, 

r  de 

d\l/' 

—  *  —  I’  sin  d  —  m'  sin  +  v'  cos  d, 
dr 

where  (u',  v')  an*  given  by  the  solution  (3.19)  of  Oseen’s  equations 

(1.5)  or  equivalently  by  (5.9).  In  carrying  out  the  evaluation  of 
it  is  more  convenient  to  use  the  expressions  given  by  (5.9)  for  (u',  v'). 

Thus,  substituting  from  (5.9)  in  (7.6),  we  have 
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- -  =»  I’  COB  0  —  53  C,  —  COB  (n  —  l)tf 

r  d0 

+  ^  5^  BmKm{vr)Im~n(or)  cw  in  -  1)0, 

(7.7) 

Alt*  *  V" 

—  =*  —  r  Bin  0  —  ^  C„- —  Bin  in  —  l)fi 
I  nr  a-i  r* 

m  m 

I  +  23  ]L  fi«A',(<rr)/»_,(ffr)  Bin  (n  -  1)0. 

I,  rn—m 

If  wr  intr(Kliic<‘  the  funotionB  ZZinr)  dchnctl  by 

ZT(ffr)  *  Kmiii(rr)Im+ni(rr)  +  A«(<rr)/«_,4.i(ffr), 

(7.8) 

(n  =  0,  ±1,  ±2,  .  •  •  ;  m  -  0,  1,  2,  •  ■ .  ), 

we  find,  aB  in  (5.13) 

^  ^  i  «-A'-(ar)/,_.(ar)  -  f:««„Zr_.(ar), 

(7.‘0  — « 

in  •»  0,  ±1,  ±2,  •  •  •). 

We  may  now  write  the  equntionB  (7.7)  in  the  followinK  form: 

[  -  *  ^  =  f  COB  0  -  C„^ronin  -  1)0 
"  r  fnj  It  *  1  r 

i 

I  "  * 

+  ('53  53  fi-.ti^7-Hi(«rr)  COB  (n  -  1)0, 


-  -  =  —  Bin  0  —  ^  Cn- —  .Bin  in  —  1)0 
or  ._i  r" 

m  m 

I  +  (’  Z3  53  B„,iZT-,ior)  Bin  (n  -  1)0. 

I  !!•-•  in— 0 

$ 

If  we  piek  out  the  term,  on  the  right-hand  Bide  of  the  Brat  equation  in 
(7.10),  which  docB  not  involve  0,  we  6nd  the  expression 

-C,-+  f  ’  Z  A.+,Zr(«rr). 

r  m-* 

Using  (5.15)  and  the  equation  on  the  B<*eond  line  in  (5.17)  we  .s«*(*  that 
this  expn*ssion  vanishes.  Using  this  fact  and  integrating  the  first 
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equation  in  (7.10),  subject  to  the  boundary  condition  *  0  when 
*«  0,  we  find 


(7.11) 


—  (  >  sin  +  51  r, 

•-1 


A',  sin  (n  —  1)9 
r»-i  n  —  1 


m 

Bm+lZT-nicf) 


sin  (n  —  1  )tf 
n  —  1 


where,  as  in  (7.5),  the  accent  on  ^  means  that  the  term  corresponding  to 
n  »  1  is  omitted  in  the  summation. 

Again,  it  is  easily  verified  that  the  expression  for  given  by  (7.11), 
actually  satisfies  the  second  equation  in  (7.10).  In  carrying  out  the 
differentiation  involved  in  checking  this  fact  we  find  the  result 

(7.12)  ^  {  n 

(n  »  1,  2,  ...  ;m  =  0,  1,2,  ..  ). 


By  integration  we  have,  from  (7.12) 

(7  13)  f  ~  Z^n{t)\dt  =  i  [ZZO)  +  Z-niO]  +  constant, 

(n  -  1,2,  ...  ;m  -  0, 1,2,  ...). 


This  is  an  interesting  but  well-known  result  in  connection  with  Bessel 
functions.  It  is  merely  a  particular  case  of  a  general  formula  due  to 
Ix)mmel.“ 

Collecting  our  results  for  the  stream  function  w’c  have 


(7.14) 


=  _  V'  -sin  (n  —  l)g 

Va  n—m  a  I'  n  —  1 


Va 


—  sin  9-^  Z  ^ 

O  n-l  C 


sin  (n  —  l)tf 


r 

a 


m 


sin  (n  —  \)9 
n  —  1 


**  See  Q.  N.  Wateon,  op.  cit.  p.  196. 
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where 


- 1 

/«(»•)  «  \a/  _  ‘LJ  1  Imr  '■ 

U  tiV  Ae 


i 

'r\ 

*  /r' 

(7.15)  ■ 

Mr)  ni-»  \ 

- 1  (- 
o»-i  \o/ 

)  -■ 

ir  “ 

4 

(- 

(  -  X/a, 


and  ZZ(<rr)  are  Riven  liy  (7.8).  In  connection  with  the  above  expres- 
Hionn  for  the  ntream  function  we  Hhould  remark  that  they  have  been 
deduced  on  the  aHHumption  that  the  several  Hcrieft  converge  and  admit 
the  requwite  term  by  term  proceeHcn. 

We  note  that  4^/Ua  w  a  dimenMionletw  quantity  whose  numerical 
value  at  a  point,  for  which  r/a  is  less  than  depends  only  on  the  param¬ 
eters  R  and  i,  in  addition  to  the  values  of  r/a  and  9  for  the  point  in 
question.  The  same  remark  is  applicable  to  when  r/a  is  greater 

than  (.  The  truth  of  this  statement  is  evident  from  the  fact  that  the 
determination  of  any  finite  number  of  the  constants  fl,  ,  (n  *  1,2,  •  •  •  ), 
from  (5.18)  depends  only  on  R  and  (,  and  from  these  values  of  we  may 
find  the  values  of  an/tiU  and  CJV  by  means  of  (5.20). 

When  the  numerical  values  of  4>/l'a  are  known  for  a  suflScient  numl>er 
of  points  in  the  region  o  <  r  <  X,  it  is  an  easy  matter  to  plot  the  stream¬ 
lines  in  this  region.  W’e  have  merely  to  determine,  by  interpolation,  the 
locus  of  points  for  which  ^/f/a  (or  ^)  is  constant.  Similarly,  when  the 
values  of  4/' /Ua  are  known  for  a  sufficient  number  of  points  for  which  r 
exceeds  X,  we  can  plot  the  stream  lines  in  the  region  outside  r  X. 
Now,  since  the  solutions  of  Stokes’  and  Oseen’s  equations  have  been 
fitted  together  on  r  “  X  by  making  velocity  and  stress  continuous 
across  this  surface,  it  follows  that  the  partial  derivatives  of  of  the 
first  and  second  orders,  are  continuous  across  this  surface.  Moreover 
the  equations  (7.4)  and  (7.10)  determine  ^  and  to  within  an  additive 
con.Htant.  Then,  since  at  r  »  A',  —  0,  we  have 

^  -  0, 

we  see  that  the  stream-lines  must  be  a  set  of  curves  which  are  not  only 
continuous  but  are  also  such  that  the  slope  and  the  curvature  of  each 
stream-line  are  continuous  across  r  *  X. 
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8.  Conclusion.  The  equationH  of  Stokes  and  Oseen  have  been  used 
to  determine  the  distribution  of  velocity  and  pressure  in  a  liquid,  of 
viscosity  ft  and  density  p,  flowing  past  a  fixed  cylinder  of  radius  a, 
the  velocity  at  infinity  being  (U,  0)  referred  to  the  special  axes  which  we 
have  employed.  In  making  such  a  determination  we  have  assumed 
that  the  solution  of  Stokes’  equations  is  valid  inside  a  fictitious  cylinder 
of  radius  X,  concentric  with  the  fixed  cylinder,  and  that,  within  this 
region,  the  Stokes  solution  constitutes  a  better  approximation  to  the 
solution  of  the  exact  equations  (1.1)  than  the  solution  of  Oseen’s  equa¬ 
tions.  At  points  whose  distance  r  from  the  .axis  of  the  fixed  cylinder 
exceeds  X,  we  have  used  the  solution  of  Oseen’s  equations,  this  solution 
being  joined  to  the  corresponding  solution  of  Stokes’  equations  on 
the  surface  r  —  X  by  using  the  continuity  of  velocity  and  stress. 

The  expressions  obtained  for  velocity  and  pressure  are  used  to  find  a 
formula  for  the  drag  D  per  unit  length  of  the  fixed  cylinder.  It  is  found 
that  D  depends  on  two  parameters  R{»  2pUalfi)  which  is  a  natural 
parameter,  and  ((«  X/a),  which  is  an  artificial  parameter  introduced 
by  our  method  of  determining  the  motion. 

The  numerical  results  for  the  drag  are  given  in  terms  of  a  dimension¬ 
less  drag  coefficient  kp  ,  such  that 

D  -  2kopV'a. 

The  dependence  of  ko  on  the  parameters  R  and  $  is  illustrated  by  the 
values  in  Table  I  and  the  curves  plotted  in  Figs.  1-2.  These  results  are 
compared  with  the  experimental  values  of  ko  and  also  with  other 
theoretical  results  in  Table  II  and  Fig.  3.  This  comparison  shows  that, 
provided  i  is  not  too  large,  our  values  for  ko  agree  more  closely  with 
experiment  than  the  values  found  from  an  exact  solution  of  Oseen’s 
equations.  In  Table  III  are  shown  a  number  of  values  for  the  quantity 
(c  which  is  that  value  of  (,  corresponding  to  a  given  value  of  R,  such 
that  the  value  of  ko  ,  calculated  by  our  method,  agrees  with  the  experi¬ 
mental  value  given  by  Wieselsberger.  It  is  pointed  out  that  observa¬ 
tions  indicate  that  {  should  not  be  taken  to  have  a  value  as  large  as 
so  that  actually  our  method  would  lead  to  results  for  ko  which  lie 
between  the  experimental  values  and  the  theoretical  results  of  Bairstow. 

The  numerical  computation  of  Jbo  ,  when  R  and  {  are  known,  depends 
upon  the  solution  of  the  equations  (5.18)  which  involve  an  infinite 
number  of  the  unknown  constants  .  In  solving  these  equations  for 
Bn  it  was  assumed  that  we  could  neglect  all  save  the  first  few  of  these 
constants  and  solve  for  the  others  from  a  corresponding  number  of  the 
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equationn  (5.18).  The  reaulta  of  our  calculations  have  amply  justified 
the  validity  of  this  assumption. 

Finally,  expressions  for  the  stream  function  are  given  corresponding 
to  the  solutions  inside  and  outside  the  cylinder  r  >■  X.  From  these 
expressions  it  is  shown  that  we  may  plot  the  stream-lines  for  the  motion 
corresponding  to  our  solution,  when  R  and  |  are  given. 

The  present  paper  is  an  account  of  investigations  undertaken  by  the 
author  in  preparing  a  thesis  for  the  degree  of  Doctor  of  Philosophy  at 
the  University  of  Toronto.  The  problem  was  suggested  by  Professor 
J.  L.  Synge,  Sc.D.,  Head  of  the  Department  of  Applied  Mathematics 
in  the  University  of  Toronto,  who  directed  this  research  and  to  whom  I 
wish  to  take  this  opportunity  of  expressing  my  most  grateful  thanks. 

My  thanks  are  also  due  to  my  colleague,  Mr.  W.  D.  Rannie  who  made 
a  large  number  of  readings  for  the  experimental  values  of  ko  from 
Wieselsberger's  curve  in  order  to  check  the  readings  which  I  had  pre¬ 
viously  made. 
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ON  PERIODIC  ORBITS  IN  THE  EQUATORIAL  PLANE  OF  A 
MAGNETIC  DIPOLE 


Rt  C.  GBABr*  AND  8.  Kosaka 

The  periodir  circular  orbit  in  the  equatorial  plane  of  a  magnetic 
dipole  ia  well  known.  Stdrmer'  diacovered  that  in  the  meridian  plane 
there  ia  an  infinity  of  periodic  motiona,  among  which  may  be  dia- 
tinguiahed  the  pair  of  periodic  orbita  which  have  the  property  of  inter- 
aecting  the  equator  at  right  anglea  (principal  periodic  orbita).  I^emaitre 
and  Vallarta*  then  showed  that  these  do  not  exist  for  all  values  of  2yi  , 
the  axial  component  of  the  angular  momentum  of  the  particle  at  in¬ 
finity;  but  only  in  the  range  (in  appropriate  units)  0.783  <  71  <  1.  The 
lower  limit  was  later  refined  by  I.<emaitre*  to  0.78856.  The  value  71  —  1 
corresponds  to  the  periodic  circular  orbit  in  the  equatorial  plane,  while 
for  the  value  0.78856  the  two  principal  periodic  orbita  collapse  together 
and  then  vanish.  For  values  of  71  >  1  the  outer  principal  orbit 
vanishes,  but  the  inner  orbit  continues  to  exist.  It  seems  that  the 
outer  orbit  has  collapsed  into  the  equator,  but  from  general  theorems 
of  Poincar6  it  is  known  that  periodic  orbits  can  only  vanish  in  pairs, 
and  therefore  that  companioh  orbit  to  the  inner  orbit  should  still  exist. 
The  present  paper  presents  an  attempt  to  calculate  the  periodic  orbits 
in  the  equatorial  plane.  It  will  be  shown  that  there  is  a  bounded 
region  of  motion  only  for  7t  ^  1  and  that  in  the  bounded  region  closed 
periodic  orbits  exist  for  a  denumerable  set  of  values  of  71  >  1,  while 
for  all  other  values  of  71  >  1  the  motion  is  conditioned  periodic.  For 
any  value  of  71  the  motion  is  unbounded  in  the  unbounded  region  of 
motion.  Several  properties  of  these  equatorial  orbits  will  be  established 
and  the  asymptotic  motions  will  be  investigated. 

The  Equations  of  Motion  and  the  General  Integral.  The  equations 
of  motion,  in  polar  coordinates,  of  a  charged  particle  in  the  equatorial 
plane  of  a  magnetic  dipole  are 

*  Fellow  of  the  John  Simon  Gucgenheim  .Memorisl  Foundation. 

*  C.  StOrroer,  Zeite.  f.  Aetrophys.,  1,  237  (1930). 

*  G.  Lemaitre  and  M.  8.  Vallarta,  Phys.  Rev.,  45,  87  (1933). 

*  G.  I^emaitre,  Ann.  de  la  Soc.  Sci.  de  Bruxelles,  A  S4,  194  (1934). 
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m  fd*p  1  difi 

pTt 

(1) 

m  1  d  /  j  d^\  1  dp 

qM  p  dt\  dt)  p*  d< 

(2) 

where  M  is  the  moment  of  the  dipole,  q  the  charge,  and  m  the  rela¬ 
tivistic  mass  of  the  particle.  From  the  conservation  of  kinetic  energy 
we  have 

U/  '  U/  “  . 

(3) 

It  is  convenient 
StOrmer 

to  use  the  normalized  coordinates  introduced  by 

P  -  cir 

(4) 

V  dt  »  Cl  d« 

(5) 

where 

(6) 

The  phyHical  significance  of  C\  is  that  it  is  the  radius  of  the  periodic 
circular  orbit.  In  these  units  equations  (1),  (2),  and  (3)  become 


d*r  dtp  1  dtp 

dt?  ^  dt  r*  dt 

(7) 

r  dt\  dt)  r*  dt 

(8) 

(9) 

Ekiuation  (8)  can  be  integrated  immediately  to  give 

r’^£  +  l.2y, 

(10) 

where  2>i  is  a  constant  which  can  have  all  values  from 

_  00  to  -f-  *  • 

Its  meaning,  apparent  from  (10),  is  the  moment  of  momentum  of  the 
particle  in  the  equatorial  plane,  at  infinity.  From  equations  (9)  and 
(10)  we  get 

( -  1  -  ll*  4-  _  i 

\dsj  r*  r» 


(11)  ■ 
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The  differential  equation  of  the  trajectory  obtained  by  eliminating  « 
between  (10)  and  (11)  Lb 


and  thifl  gives  the  integral 


(27, 


‘s/r*  —  47fr*  +  47ir  -  1 


The  possibility  of  two  signs  shows  that  the  trajectory  is  symmetric 
about  a  certain  radial  line.  In  the  sequel  we  restrict  our  attention 
to  one  of  these  symmetrical  branches  and  shall  only  keep  the  positive 
sign.  The  integral  can  be  simplified  by  introducing  a  new  variable  y 
defined  by 


/  .  1  +  ?!■  -  i 

r  r* 


Equation  (13)  then  becomes 


^  »  sin  ‘  T  ~  -  /  -f  c 

y/2  y/2  Vl  +  7! 


'■/(/(.-JX.-rfj,) 


and  the  choice  of  the  sign  in  (15)  is  determined  by  the  choice  in 


T  =  -j - ■==== 

7i  ±  V71  +  1  —  F 
which  is  obtained  from  (14). 

The  intrinsic  equation  of  motion  has  a  particularly  simple  form. 
Since  the  force  always  acts  perpendicular  to  the  direction  of  motion, 


where  x  is  the  curvature.  In  normalized  coordinates  this  becomes 


(19) 
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Now  from  Euler’s  reUtion 


1  .  * 
-  —  ±r  ^ 
*1  op 


(20) 


where  p  is  the  perpendicular  from  the  pole  to  the  tangent  to  the  tra¬ 
jectory,  and  the  positive  (negative)  sign  is  taken  when  the  pole  and 
the  center  of  curvature  lie  on  the  same  (opposite)  side  of  the  tangent. 
Thus  we  get 

-  r'  (21) 

dp 

which  gives  the  integral 

dbp  +  -  "  c  (22) 

r 


In  order  to  relate  this  integral  to  (15)  and  (17)  we  note  from  (17)  that 

^  and  at  this  point  r  —  p  so 


the  minimum  value  of  r  is  —  , _ 

7i  +  vTT7f 

we  have  c  -■  2yi  and  (22)  becomes 

±p  +  ^  -  2^1 


(23) 


It  is  interesting  to  note  that  Weyr  has  investigated  plane  curves  with 
the  property  such  that  the  passage  of  a  unit  current  along  the  curve  of 
given  length  joining  two  given  points  will  produce  at  a  third  point  in 
the  plane  of  the  curve  a  maximum  magnetic  intensity.  He  found  that 
these  curves  have  the  property  that  the  radius  of  curvature  is  pro¬ 
portional  to  the  cube  of  the  radius  vector.  Loria*  has  called  these 
curves  the  electromagnetic  curves  of  Emil  Weyr.  We  have  seen  that 
the  trajectories  of  the  charged  particles  in  the  equatorial  plane  have 
this  property  so  that  they  are  Weyr  curves. 

First  case  71  <  1 

To  express  ^  as  an  elliptic  integral  we  must  consider  the  cases  71  <  1, 
7i  —  1,  >1  >  1  separately.  For  71  <  1  we  put 


then 


y 

vTTT! 


sin  4' 


/  -  \/l  •+•  y\F(a,  4>) 


(24) 

(25) 


*  G.  Loris,  Speiielle  Algebrsische  und  Trsnaiendente  Ebene  Kurven  II,  p.  220. 
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(26) 

(27) 

(28) 


Fio.  1.  An  Unbocndbd  Obbit  ^yi  — 


where  F(a,  f )  denotes  the  elliptic  integral  of  the  first  kind  and 
sin  a  -  *  - 

Hence  (15)  and  (17)  give 


^  -  sin  (k  sin  tf/)  ^  F(a,  4')  +  c 

V2 


and 


7i  ±  VI  +  y\  coe 


In  this  case  it  is  immaterial  which  set  of  signs  is  chosen;  we  shall  take 
the  lower  set.  Equations  (27)  and  (28)  are  the  parametric  equations 
of  the  trajectory. 

From  (28)  we  see  that  r  takes  on  all  values  greater  than - _ _ u. 

7i  -f  Vl  +  7? 

so  the  trajectories  are  unbounded.  These  trajectories  have  asymptotes 
whose  directions  are  obtained  by  putting 


cos 


vTTT? 


and  ^  “  2ir  — 


vTTT? 


in  (27),  and  whose  distance  from  the  pole  is  2yi  ,  obtained  by  putting 
r  «  ao  in  (23).  Figure  1  shows  the  form  of  the  trajectory  for  yi  —  1/  V2. 
Second  case  71  “  1 
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unit  drclt,  as  shown  in  Figure  2,  and  the  unbounded  orbit  (external  to 
the  circle  r  —  1)  is  asymptotic  to  the  unit  circle  and  to  a  straight  line. 
Third  case  Ti  >  1 
Here  we  put 

»  sin  i  (33) 

V2 

then 

I^V2Fia,i)  (34) 

where 

sin  a  =  //  (35) 

Hence 


and 


^  ^  ^  -  7.^  _  F(a,  ^)  +  c  (36) 

Vl  +  7? 


_ 1 _ 

7i  ±  \^7*  +  1  “2  sin*  ^ 


(37) 


From  (37)  we  see  that  the  allowed  values  of  r  are 

•  7i  +  V7i  +  1  ^  7i  +  V7i  —  I 

and 

r  ^ - 7=f==^ 

7i  -  V7i  -  1 

Thus  there  are  bounded  and  unbounded  orbits  given  by  the  two  sets 
of  signs. 

The  latter  consist  of  periodic  and  conditioned  periodic  orbits  and 
the  values  of  71  which  give  the  periodic  orbits  form  a  set  of  measure 
lero.  To  see  this,  we  note  that  an  orbit  will  be  periodic  if  the  periods 
of  r  and  ^  are  commensurable.  From  (36)  and  (37)  we  see  that  this 
condition  is  expressed  by  the  equation 


_ 7i _ 

vTT7? 


F(a,  t) 


r 


(38) 
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where  I  and  I  are  whole  numbers.  If  they  have  no  common  divisor, 
I  and  i  refer  to  the  number  of  loops  and  the  number  of  turns  respectively 
in  a  complete  period.  If  they  have  a  common  divisor  d,  then  t  and  I 
are  the  total  numbers  of  turns  and  loops  respectively  of  a  set  of  d 
identical  orbits.  There  is  a  one  to  one  correspondence  between  the 
values  of  t/l  and  71  since  t/l  is  a  monotonic  function  of  71 .  This  can 


i#  1/  U  U  t*  U  10  MS 

I 

Fia.  S.  Relation  between  t/l  and  71 


be  seen  from  the  graph  of  relation  (38)  in  Figure  3  or  analytically  as 
follows:  (38)  can  be  written  in  the  form 
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This  is  the  same  as 


Fio.  4.  PsaiODic  OasiT  wrra  I  «  1,  I  1  (vi  «  1.00003S) 


Hence 


~1  cos 

7i _ 

'  1 

1  +  1  COB  24) 

<  7i 


f-f 


1  COB  2^  d4> 

7i _ 

/  I 

(1  —  1  COB  2^  ) 
\  7i  / 


Now  the  integrand  of  the  first  integral  is  never  greater  than  the  inte¬ 
grand  of  the  first  so  that  d(t/l)/dyi  is  never  positive.  Thus  t/l  is  a 
monotonic  decreasing  function  of  yi .  Further,  for  any  positive  rational 
number  t/l  there  is  a  7i  satisfying  (38)  so  that  in  the  range 


7i  —  «  <  7i  <  7i  +  « 


(7.  >  I) 
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there  are  alwayn  an  infinite  number  of  value8  of  -yi  for  which  the  orbits 
are  periodic  no  matter  how  small  <  may  be.  Therefore  the  values  of  yi 
corresponding  to  the  periodic  orbits  form  a  denumerable  set.  Figures 
4  and  5  illustrate  the  orbits  with  1  loop  and  1  turn,  10  loops  and  1 
turn,  respectively.  Table  1  gives  the  values  of  yi  of  periodic  orbits 
for  a  few  values  of  l/t. 


We  can  also  show  that  the  doubly  asymptotic  orbit  for  yi  »  1  is 
the  limiting  case  of  the  periodic  orbit.  For  in  the  interval  1  to  1  +  € 
we  can  choose  at  least  one  value  of  yi  which  satisfies  (38)  for  a  given 
value  of  1.  Now  if  «  is  made  very  small,  t  must  become  very  large, 
and  in  the  limit  as  c  goes  to  aero,  t  becomes  infinite.  The  result  is 
that  we  have  I  identical  doubly  asymptotic  orbits. 


1 


TABLE  I 

Corretponding  to  Periodic  Orbits 
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FINDING  COMPLEX  ROOTS  OF  ALGEBRAIC  EQUATIONS 

Bt  Fkank  L.  HrrcacocK 


If  an  algebraic  equation  with  real  coefficients  happens  to  have  a  pair 
of  conjugate  pure  imaginary  roots  we  can  divide  through  by  a  real  factor 
X*  qi  where  qi  is  positive.  If  not,  and  if  we  call  the  real  part  of  one 
pair  of  conjugate  complex  roots  ft ,  we  can  suppose  that  by  Homer’s 
meth(xl  all  the  roots  have  their  real  parts  reduced  by  the  amount  ri . 
We  shall  need  a  test,  however,  to  know  when  this  has  been  accomplished. 

Such  a  test  is  quite  simple.  Suppose  there  actually  is  a  real  factor 
of  the  form  x*  +  q.  I>et  n  *  2m  and  write  the  equation  in  the  form 

X"  4-  On-iX""*  +  •  •  •  +  OiX  -I-  Oo  «  0.  (1) 

Divide  through  by  x*  4-  q.  The  remainder  is 
(o,  -  aiq  +  oig*  -  . . .  ±  o,_,g'"“')x 

•  -f  (oo  —  otq  -4  otq*  —  •  • .  ±  4  5"). 

If  this  remainder  is  zero  we  have  simultaneously 

at  —  Otq  +  atq*  —  ...  ±  o*.!?""*  -  0  (2) 

and 

Oo  —  Otq  Oiq*  —  ...  ±  4  9"  =•  0.  (3) 

Hence  the  equations  (2)  and  (3)  must  have  a  common  solution  q  ^  qi . 
This  is  the  same  as  saying  that  the  left  members  of  these  two  equations 
have  a  common  factor  q  —  91 ,  in  which  case  the  left  side  of  (1)  will 
have  a  factor  x*  4-  71 .  We  can  find  the  common  factor  9  —  91 ,  if  it 
exists,  by  the  usual  process  of  finding  the  greatest  common  divisor  of 
two  polynomials. 

If,  as  of  course  will  usually  happen,  there  is  no  common  factor  the 
process  of  finding  the  greatest  common  divisor  will  yield  a  remainder 
which  is  a  real  number.  This  remainder  will,  in  general,  have  opposite 
signs  according  to  whether,  by  Homer’s  method,  we  have  reduced  the 
real  parts  of  the  roots  not  quite  enough  or  a  little  too  much. 

As  an  example  take  the  equation  of  the  eighth  degree 

x'  -  3.012  x'  -4  3.225  x‘  4-  1.021  x‘  +  6.986  z* 

-  21.887  X*  -4  8.110  X*  -4  6.901  x  +  23.889  -  0  (4) 
56 
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The  tmt  pquationM  (2)  and  (3)  air  then 

3.012  9*  +  1.021  <7*  +  21.887  q  +  5.901  -  0  (5) 

q*  -  3.225  q*  +  6.986  q*  -  8.110  q  +  23.889  -  0.  (6) 

We  wi.Mh  to  find  what  ia  the  aign  of  the  remainder  when  we  go  through 
the  procetM  of  finding  the  greateat  common  diviaor  of  the  left  aidea  of 
thea(‘  two  equationa.  For  convenience  we  begin  by  dividing  (5)  by 
-1-3.012.  (Note,  however,  that  we  muat  never  divide  through  by  a 
negative  numlier,  aince  thia  might  alter  the  aign  of  the  remainder).  We 
then  go  through  the  uaual  proceaa  of  finding  the  greateat  common  diviaor 
and  the  it'mainder  cornea  out  1 .3  approximately. 

By  inapection  of  the  given  equation  (4)  we  can  aee  that  there  muat 
be  at  leaat  one  pair  of  complex  roota  wIium'  real  part  ia  negative,  for 
if  not  the  aigna  would  fall  altcniately  plua  and  minua.  So  we  try  adding 
-1- 1  to  all  the  nK)ta  by  Homer’a  method.  Thia  givea  the  new  equation 

z*  -  11.012  /  -I-  52.309  X*  -  137.581  x‘  -f  225.676  x* 

-  265.541  X*  -1-  245.104  x*  -  147.253  x  -|-  61.187  -  0.  (7) 

The  new  teat  equationa  are  • 

11.012  <7*  -  137.581  (7*  -|-  265.541  q  -  147.253  -  0  (8) 

q*  -  52.309  q*  -f-  225.676  q'  -  245.104  q  +  61.187  -  0  (9) 

()n  finding  the  greateat  common  divi.sor  of  the  left  aidea,  the  remainder 
<*omea  out  —  .08  approximately.  Thia  provea  that  there  ia  at  leaat 
one  pair  of  roota  with  real  part  between  *cro  and  —1,  since  the  sign 
of  the  remainder  haa  been  changed. 

Continuing  in  this  way  we  might  estimate  the  real  parts  of  all  the 
HKita,  locating  them  as  nearly  as  we  wish,  much  as,  in  the  uaual  process 
of  finding  real  roota  by  Homer’s  method  we  first  locate  a  root  approxi¬ 
mately  by  means  of  trial  values. 

In  the  present  ca^t*  we  note  that  the  smallness  of  the  remainder, 
namely  —.08,  in  the  last  step  described,  .seems  to  show  that  one  pair 
of  roots  haa  real  part  not  far  from  —  1.  In  finding  the  greateat  common 
diviaor  of  the  left  members  of  (8)  and  (9)  the  last  divisor  was  —q+  1.198 
as  the  madcr  may  verify.  If  the  numerical  remainder  had  been  aero 
a  pair  of  mots  would  have  had  real  part  exactly  —1  and  imaginary 
parts  ±  ■^—1.198,  that  is  ±  1.095j  where  j  1.  We  conclude 

that  a  pair  of  roots  are  approximately  —  1  ±  1 .095j. 

I  shall  take  advantage  of  thia  circumstance  to  show  how,  when  a  pair 
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of  root8  is  approximately  known,  more  aecurate  values  can  be  found 
with  increasing  rapidity  the  more  accurate  the  approximation  becomes. 

Rule.  Ijet  an  approximation  to  a  pair  of  roots  be  r  ±  kj,  where 
r  and  k  are  real  and  k  is  positive.  Reduce  the  real  parts  of  the  roots 
of  the  given  equation  by  the  amount  r  by  Homer’s  method.  Call  the 
new  equation  with  real  parts  thus  reduced 

x"  -I"  .d»_ix"  '  +  •  •  •  4"  “  0-  (iO) 

Letting  k*  ^  q  calculate  the  following  four  quantities, 

«  -  -  Atq  +  Atq*  —  ...  ±  A^q’*^^  ^  (11) 

t  -  kiAi  -  A»q  A,q*  -  ...  ±  (12) 

u  —  i4i  —  3A»q  +  54*9*  —  ...  ±  {n  —  l).d*_i9'*~',  (13) 

V  -  2k{A,  -  2^49  +  34,9*  -  . . .  ±  m9"*'‘).  (14) 

Then 

_su  +  4-  (fa  -  sv)j 

u*  4-  r* 

will  in  general  be  a  very  good  approximation  to  the  difference  between 
the  first  approximation  r  +  kj  and  a  true  root. 

I  shall  first  apply  this  rule  to  the  above  example,  and  later  explain 
its  theory. 

Taking  —  1  ±  1.095j  as  the  first  approximation,  i.e.  r  »  —  1  and 
k  —  1.095,  with  9  »  1.198,  the  equation  (10)  becomes  precisely  the 
equation  (7)  already  found.  Calculating  s,  t,  u,  v  and  then  (15)  we 
find 

-.040  -  .032;  (16) 

for  the  value  of  (15).  Adding  this  to  the  first  approxinaation  we  have 

-1.040  +  1.063;  (17) 

as  a  considerably  better  approximation,  i.e.  a  new  and  better  value  for 
r  +  kj. 

To  get  greater  accuracy  we  now  go. back  to  the  original  equation  (4) 
and  increase  the  real  parts  by  +1.04,  or,  what  is  the  same  thing,  increase 

the  real  parts  of  (7)  by  +.04.  With  the  new  coefficients  thus  obtained 

we  find  a  new  value  for  (15),  which  turns  out  to  be 

-.002869  +  .007971; 
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and  adding  this  value  to  (17)  we  have 

-1.042869  +  1.070971;  (19) 

aa  a  root.  This  is  probably  correct,  or  nearly  so,  to  four  decimal  places. 
In  general  it  seems  that  the  convergence  is  of  much  the  same  sort  as 
in  the  usual  Homer’s  method,  for  (15)  will  probably  have  nearly  twice 
as  many  digits  significant  as  the  approximation  r  -f  kj  from  which  (15) 
was  obtained,  and  the  next  place,  while  not  usually  correct,  often  has 
some  significance. 

In  exceptional  cases  we  may  find  that  we  have  started  to  use  the 
“Rule”  too  soon,  and  are  not  getting  convergence.  If  so  we  must  go 
back  to  the  method  of  greatest  common  divisor  and  carry  it  further. 
This  is  likely  to  happen  when  there  are  two  pairs  of  roots  nearly  equal 
in  their  real  part.s. 

When  we  are  getting  convergence  under  the  “rule”  we  need  no  longer 
test  the  remainder  by  the  greatest  common  divisor  method,  but  may 
do  so  as  a  check  if  we  like.  For  instance,  testing  the  remainder  when 
—  1.043  (taken  from  (19))  is  used  as  approximate  real  part  gives  re¬ 
mainder  less  in  numerical  value  than  .001. 

The  explanation  of  the  “rule”  is  as  follows.  If,  starting  with  (10), 
we  use  Homer’s  method  to  reduce  the  imaginary  part  of  the  root  r  -|-  kj 
by  the  amount  kj  we  find  the  first  remainder  to  be  «  -f  tj  and  the  second 
remainder  to  be  u  -f  vj.  This  is  the  same  as  saying  that  if  the  left 
member  of  (10)  is  called  /(x)  then 

/(x'  -b  kj)  -  /(*;■)  -1-  x'fikji)  -  a  +  -I-  x'(tt  -f-  17)  “  0 

if  we  neglect  the  square  of  x'.  Solving  for  x'  and  rationalizing  the 
denominator  we  obtain  (15). 

Mauachcbctts  Institcts  or  Tbchnoloot. 


UBER  EULER-LINIEN  UNENDLICHER  GRAPHEN 

Von  P.  EBD<k>,  T.  QbOnwau>  und  E.  VXxsonti  in  Budapest 

Einleitunc 

1,1  •  Man  vereteht  unter  der  Euler-Linie  eines  unendlichen  Graphen 
eine  Folge  der  Kanten,  welche  eine  jede  Kante  des  Graphen  einmal  und 
nur  einmal  ^nth&lt.  FUr  endliche  Graphen  gilt  der  folgende  Sati  von 
Euler:*  Ein  aus  endlich  vielen  Kanten  bestehender  Graph  besitit 
eine  geschloeeene  Euler-Linie  dann  und  nur  dann,  wenn 

I.  der  Graph  zueammenh&ngend, 

II.  geraden  Grades  ist.* 

In  seinem  vorher  sitierten  Werke  stellt  D.  Kdnig  folgendes  Problem: 
was  ist  die  notwendige  und  hinreichende  Bedingung  dafOr,  dass  ein 
unendlicher  Graph  eine  Euler-Linie  besitit.  Wir  verstehen  unter 
einer  Euler-Linie  eines  unendlichen  Graphen  eine  in  beiden  Richtungen 
unendliche  Folge  der  Kanten,  •  •  •  ,  P-iPt,  PoPi ,  •  •  •  in  der  eine  jede 
Kante  des  Graphen  genau  einmal  vorkommt. 

Unsere  Arbeit  enth&lt  die  Losung  dieses  Problems. 

Es  ist  evident,  dass  ein  unendlicher  Graph  nur  dann  eine  Euler-Linie 
besitien  kann,  wenn  er 

Ti.  susammenh&ngend  ist, 

Tt.  die  Ansahl  der  Kanten  abi&hlbar  ist, 

T».  enth&lt  keinen  einzigen  Knotenpunkt  ungeraden  Grades.*  Dies 
sind  notwendige  Bcdingungen,  die  wir  triviale  Bedingungen  nennen.  In 
den  folgenden  Untersuchungen  wird  vorausgesetzt,  dass  der  Graph  diese 
Bedingungen  erfUllt.  Es  ist  leicht  zu  sehen,  dass  diese  trivialen  Bedin¬ 
gungen  nicht  hinreichend  sind  (Fig.  1.)  stellt  uns  z.B.  einen  Graphen 
dar,  welcher  die  trivialen  Bedingungen  erfUllt  und  doch  keine  Euler- 
Linie  besitst. 

Wir  nennen  die  zusanunenh&ngenden  Graphen,  in  welche  der  Graph 

*  8, 1,  B.  D.  KOnig,  Theorie  der  endlichen  und  unendlichen  Qrsphen.  Leipiig, 
1936,  p.  30. 

*  Ein  Graph  ist  geraden  Grades,  wenn  die  Anzahl  der  sich  in  einem  jeden 
Knotenpunkt  treffenden  Kanten  gerade  ist.  Der  Grad  eines  Knotenpunktes 
bedeutet  die  Aniahl  der  Kanten,  die  sich  in  diesem  Punkte  treffen. 

*  d.  h.  die  Knotenpunkte  der  Graphen  sind  entweder  geraden  oder  unendli¬ 
chen  Grades. 
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durch  Weglamung  einefi  endiichen  TeilgrapHon  irrfallt,  Komponente 
defl  Graphen  und  bewewen  in  §1,  folgenden 
SaU:  Wenn  ein  unendlicher  Graph  G  eine  Euler-Linie  beiitst,  dann 
besteht  G  —  g*  fUr  Pinen  jeden  endiichen  g  CG  aua  hochetens  2  unend- 
lichen  Gliedem.  In  Rp&teren  beieichnen  wir  dieee  Bedingung  durch  Ei . 

Setien  wir  nun  vorauA,  dam  die  Notwendigkeit  von  Ei  Hchon  bewieaen 
iat,  und  fragen  ob  es  mit  den  trivialen  Bedingungen  zuaammen  hin- 
reichend  ist  (Fig.  2)  seigt  unmittelbar,  dam  die  Antwort  vemeinend  ist. 


I 


Fio.  1 


Fio.  2 


In  (2  werden  wir  aber  leigen,  dam  wenn  der  unendliche  Graph  die 
trivialen  Bedingungen  erfOllt  und  fUr  jedes  endliche  g  C.  G,  G  —  g  eine 
einzige  unendliche  Komponente  bezitzt  (Bedingung  E)  der  Graph  G 
eine  Euler-Linie  hat. 

EIr  iat  aber  aua  (Fig.  3)  klar,  dam  Bedingung  E  nicht  notwendig  ist. 

Bedingung  E  ist  daher  hinreichend  aber  nicht  notwendig,  Ei  hingegen 
notwendig,  aber  nicht  hinreichend:  E  verlangt  zu  viel,  Ei  zu  wenig. 
Nun  leiten  wir  aus  E  eine  notwendige  Bedingun  ob,  indem  wir  nicht 

*  Der  Graph  Q  —  g  bedeutet  den  Graph,  weicher  aua  Q  durch  Weglamung  von  g 
entateht.  Bemerkt  aei  dabei,  dass  wenn  BgmmtUche  Kanten  einea  Knotenpunktea 
weggelaaacn  werden,  auch  der  betreffende  Knotenpunkt  wegzulaaaen  iat.  Die 
Zeichen  g  CG  und  P  CO  bedeuten,  daaa  g  ein  Teilgraph  von  O  beziehungaweiae  P 
ein  Knotenpunkt  von  O  iat. 


CBER  euler-linien  unendlicher  graphen 
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verlanKen  dam  im  Falle  eines  jeden  g  CIO  der  graph  G  —  g  eine  einsige 
unendliche  Komponente  habe,  sondem  nur  fUr  graphen  g  geraden 
gradPH. 

AIm)  l)eweiBen  wir  -und  datt  iat  der  cigentlichc  Gegenstand  dieser 
Arbeit-  folgendett. 

S<Uz:  Ein  unendlicher  Graph  G  besitit  eine  Euler- Link*  dann  und  nur 
dann,  wenn  er  die  trivialen  Bedingungen  Ti ,  Tt ,  Tt ,  erfQllt  und 
aumerdem. 

El.  im  Falle  eines  beliebigen  endlichen  g  C.  0  der  Graph  G  —  g 
hochatenH  2  unendliche  Komponente  hat. 

Et.  wenn  g  C.  G  einen  beliebigen,  endlichen  Graph  geraden  Grades 
bedeutet,  der  Graph  G  —  g  eine  einiige  unendliche  Komponente  enth&lt. 

?  t  *  w  t  p 

Fio.  3 

1,2.  Bevor  wir  aber  unsem  Sati  beweisen,  ersetien  wir  die  Bedin¬ 
gungen  El  und  Et  durch  andere,  die  etwaa  weniger  fordem.  Wir 
wollen  n&mlich  voraumetien,  dam  unaer  Satz  achon  bewiesen  iat.  Dann, 
da  O  eine  Euler-Linie  beaitit,  konnen  wir  su  einem  jeden  endlichen 
Graph  g  C  G  cine  Kantenzug*  z  mit  g  C  z  C  O  beatimmen.  W'enn 
aber  der  Graph  G  —  z  hochatena  2  unendliche  Komponente  beaitzt, 
dann  iat  ea  mit  Rilckaioht  auf  G  —  g  G  —  z,  unmittelbar  klar,  daaa 
auch  O  —  g  hochatena  2  unendliche  Komponente  hat.  Ea  ware  daher 
denkbar,  daaa  Ei  und  Et  eine  hinreichende  Bedingung  daratellten,  wenn 
man  anatatt  den  Graphen  g  KantenzUge  nimmt.  Diea  iat  auch  wirklich 
der  Fall.  Man  kann  aogar  auch  fUr  die  Kantcnzilge  etwaa  vorachreiben, 
Wir  werden  ap&ter  aehen,  daaa  aogar  die  folgenden  Bedingungen  hin- 
reichend  aind. 

El.  Ea  exiatiert  ein  Knotenpunkt  Q  C  G*  ao,  daaa  fUr  einen  beliebigen 

*  Unter  Kantenxux  eines  Graphen  venteht  man  eine  endliche  Folge  PiPt , 
PtP» ,  * "  >  Pm-iPn  der  Kanten,  in  der  eine  Kante  hochatena  einmai  vorkonunt. 
(Ein  Kanteniug  iat  daher  immer  ein  endlicher  Graph.)  Wenn  Pi  —  P.  dann  iat 
der  Kanteniug  geachloaaen,  er  iat  hingegen  offen,  wenn  Pi  w*  Pn  .  (Die  Euler- 
Linie  einea  endlichen  Graphen  iat  daher  ein  geachloaaener  Kanteniug,  der  akmt- 
liche  Kanten  dea  Graphen  enth&lt.) 

*  Dieaer  Knotenpunkt  dea  Graphen  heiaat  auageieichneter  Punkt.  Dieae 
Auaieichnung  iat  aber  nicht  im  Graph  aelbat,  aondem  nur  in  der  Bedingung 
enthalten,  denn  wenn  der  Graph  einen  auageieichneten  Punkt  beaitit,  dann 
kann  man  alle  aeine  Knotenpunkte  fOr  ausgeieichnet  betrachten.  Denn  wenn 
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KanteniuR  z  mit  Q  C  m  C  0,  der  Graph  O  —  t  hdchstens  iwei  un> 
endliche  Koinponrnt4‘n  benitit. 

Et.  fttr  einen  beliebigen  gefwhloHHenen  Kantenzug  t  mit  Q  Cl  t  C  Q, 
beintit  der  Graph  O  —  t  genau  eine  unendliche  Komponente. 

Nun  int  der  Gedankengang  unHeres  Beweiaeti  der  Folgende.  Wir 
beweiflen,  daiw  Ex.  und  Et.  notwendige  Bedingungen  sind,  die  Bedin- 
gungen  Ex  und  Et  sind  daher  auch  notwendig,  da  sie  weniger  veriangen. 
Dann  beweinen  wir,  daas  Ex.  und  Ei.  hinreichend  sind,  woraus  unmittel- 
bar  folgt,  daw(  auch  Ex.  und  Et  hinreichend  nnd,  da  sie  mehr  veriangen. 

1,3.  Wir  wollen  endlich  hervorheben,  wae  die  trivialen  Bedingungen 
Tx ,  Tt  und  Tt  fOr  eine  wichtige  Klasee  der  unendlichen  Graphen,  fOr  die 
eogenannten  unendlichen  Graphen  endlichen  Grades/  bedeuten.  Bei 
diesen  wird  Tt  einfach  durch  die  Annahme  ersetst,  daas  dor  Graph 
geraden  Grades  ist.  Tt  bleibt  weg,  denn  wie  bekannt,  sind  die  Kanten 
eines  cusammenh&ngenden  Graphen  endlichen  Grades  abs&hlbar.' 
Die  trivialen  Bedingungen  veriangen  daher  nur,  dass  der  Graph  zugam- 
mmhAngend  und  geraden  Grades  sei. 

(1.  Beweia  der  Notwendigkeit  der  Bedingungen  Ex  und  Et 

Wir  setaen  voraus,  das  der  Graph  G  eine  Euler-Linie  besiat  d.h.  es 
existiert  eine  Kantenfolge 

•••  ,  P-xP»,  PoPxt  PxPt,  ••• 

welche  jede  Kante  einmal  und  nur  einmal  enthalt.  Es  sei  g  C  G  ein 
beliebiger  endlicher  Graph.  Auf  alle  F&lle  gibt  es  awei  ganae  Zahlen  m 
und  p,  so  dass  fOr  den  Kantenzug 

Z  *  {P^P^+x  t  Pit+iPit+i  t  ■  ■ '  t  Pr—iPf)  n^it  P „  P , 

g  CZ  gilt.  Es  sei  femer 

E-x  “  (•  •  •  ,  ,  P„_iP p), 

E+X  “  (PrP|>+I  »  Pr+I  P»+*  »  •  •  •  )»* 

der  Graph  K', ,  und  Si  erfullt,  so  besitst  er  eine  Euler-Linie,  erfollt  daher  auch  die 
notwendiaen  Hedinaunaen  Bx  und  Bt .  Also  erfttllt  O  —  g  die  aewdnschten 
Bedinaunaen  fUr  einen  beliebiaen  endlichen  Graph  g. 

'  Ein  Graph  ist  von  endlichem  Grade,  wenn  sich  in  einem  jeden  seiner  Knoten- 
punkte  endlich  viele  Kanten  treffen. 

*  D.  KAnia,  l.c.  p.  79. 

*  Die  Reteichnuna  bedeutet,  dass  £.■  und  B^i  einseitiae  unendliche  Euler- 
Linien  sind. 
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■ dsher 

C  -  +  Z  +  E^i 

Da G  —  Q  "DO  —  Z  ^  E-i  4-  B+i ,  kann  eine  Komponentre  de«  Graphen 
O  —  g  nur  dann  unendlich  sein,  wenn  sie  E-i  oder  E+i  enth&lt.  Dien 
bedeutet  aber,  dasa  dieaer  Graph  hochstens  2  unendliche  Komponenten 
beaitst,  alao  erfdllt  G  die  Bedingung  Et. . 

Jetit  betrachten  wir  die  Bedingung  Et .  Wir  beweiaen,  daaa  wenn 
g  C  G  geraden  Gradea  iat,  ao  hat  der  Graph  G  —  g  ein  einiigea  un- 
endlichea  Glied.  Wir  nehmen  Z  wie  oben  und  konatruieren  einen 
Kanteniug  z  mit 

P,,  (Zz  CZG  -  g,  Z 

(Wo  Z  »  {P^P^i,  •••  ,  Pr_iP,),  Pg  P, .)  Die  Konatruktion 
geachieht  folgendermaaaen :  Der  Knotenpunkt  P„  iat  in  Z  ungeraden 
Gradea,  w&hrend  er  im  Falle  P^  C  g  in  g  vom  geraden  Grade  iat.  Alao 
iat  der  Knotenpunkt  P^  im  Graph  Z  —  g  ungeraden  Gradea,  woraua  die 
EIxiateni  einer  Kante  P^P<,  C  Z  —  g  foigt.  Ftlr  P<,  »  P, ,  aetien  wir 
z  PpPii  •  Wenn  aber  Pi,  ^  P,,  dann  iat  ea  mit  Rttckaieht  darauf, 
daaa  Pi,  in  dem  Kanteniug  Z  geraden  Gradea  iat  und  fUr  Pi,  Cg  auch  in 
g  geraden  Gradea  iat',  auch  in  Z  —  g  geraden  Gradea.  Alao  iat  P^^  im 
Graph  Z  —  g  —  P,Pi^  ungeraden  Gradea,  woraua  foigt,  daaa  ea  eine 
Kante  Pt^Pi^  C.Z  —  g  —  P^Pi^  exiatiert.  Wenn  Pi,  ^  P, ,  mist 

z  -  (P^Pi,,  Pit  Pit)  ; 

wenn  hingegen  Pi,  ^  P,  und  Pi,  ^  P^m  exiatiert  -ebenao  wie  frtther- 
eine  Kante 

Pi, Pi.  CZ  -  g  -  P^Pi,  -  Pi, Pi, 

Wir  konnen  eine  aolche  Kante  auch  dann  finden,  wenn  Pi,  »  P^ . 
(Denn  der  Knotenpunkt  Pi,  »  P„  iat  in  Z  ungeraden  Gradea,  im  Graph 
(P„Pi, ,  Pi,  Pi,)  hingegen  geraden  Gradea,  femer  ftlr  P*  C  g  auch  in  g 
geraden  Gradea.  Der  Knotenpunkt  Pi,  »  P^  iat  daher  im  Graph 

Z  -  g  -  P„Pi,  -  Pi,  Pi, 

ungeraden  Gradea;  woraua  foigt,  daaa  ea  eine  Kante 

Pi, Pi,  CZZ  -  g  -  P^Pi,  -  Pi, Pi, 

**  Die  Summe  iweier  keine  gemeinume  Kante  enthaltenden  Graphen  bedeutet 
den  Graph,  der  von  den  Kanten  beider  Graphen  gebildet  wird.  s  C  Z,  Z'  bedeutet 
(unten)  f  C  Z  und  t  C  Z'. 
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pbt.)  Wir  konnrn  dieseH  Verfahren  milange  forlNetsen,  bis  wir  den 
Knotenpunkt  P,  erreioht  haben.  Wir  erhalten  so  einen  Kantensug, 
weirhe  unseren  Erforderungen  entspricht,  da  sie  mit  P,  verbindet 
und  da  aus  t  C.Z  —  g  und  Z  C.G  folgt,  dass  t  C.G  —  g,  Z. 

(G  —  Zy^  +  *  “  E-t  +  z  E+i  ist  aber  ein  susammenhangendor 
Graph  mit 

(G  -  Z)  +  z  (ZG  -  g, 

woraus  tatsachlich  folgt,  dass  der  Graph  G  —  g  nur  eine  einsige  un- 
endlichc  Komponente  besitzt. 

Also  haben  wir  die  Notwendigkeit  der  Bedingungen  Ei  und  Et 
bewiesen,  woraus  natUrlich  aueh  die  Notwendigkeit  der  weniger  vcr- 
langenden  B^nlingungen  E'l  und  E’t  folgt. 

§2.  Beweis,  dass  Bedingung  E  hinreichend  ist 

2.1.  Wir  verfolgen  hier,  den  in  der  Einleitung  angegebenen  W'eg: 
wir  beweisen  namlich,  dass  auch  schon  die  weniger  verlangenden 
Bedingungen  £[.  und  Et.  hinreichend  sind.  Entsprechend  beweisen 
wir  nicht  E  sondem  leigen,  dass  der  Graph  G  eine  Euler-Linie  besitzt, 
wenn  er  ausser  den  trivialen  Bedingungen  noch  folgende  Bedingung 
erfUllt: 

E\  Eh  existiert  ein  Knotenpunkt”  Q  C.  G  derart,  dass  fttr  einen 
jeden  Kantensug  Q  C  s  C  G  der  Graph  G  —  z  eine  einsige  unendliche  t 
Komponentc  hat.  ♦ 

2.2.  Der  Beweis  wird  in  2  Schritten  gefUhrt: 

Wir  numerieren  die  Kanten  des  Graphen  G  beliebig  und  konstruieren 
einen  gesohlossenen  Kantensug  Zo  so,  d&ss 

1.  Q  C  Zo, 

2.  der  Kantensug  enth&lt  die  Nummer  1  filhrende  Kante”  des 
Graphen  G, 

3.  Der  Graph  G  Zo  erfUllt  sowohl  die  trivialen  Bedingungen  wie 
auch  Sy*  und  swar  so  dass  der  ausgeseichnete  Knotenpunkt  Qi  C  Zo  ist. 

Wir  nehmen  einen  Kantensug  Zi  C,  G  welcher  aus  dem  ausgeseich- 
neten  Knotenpunkt  Q  ^  Qo  ausgeht  und  die  Kante  1  enth&lt.  Nach  E' 

*'  Der  Graph  G  —  Z  und  die  Kantenlinie  <  haben,  wegea  i  C  Z  keine  gemein- 
same  Kante. 

'*  Den  Knotenpunkt  Q  nennt  man  "auageieichneten  Knotenpunkt"  Vgl. 

Fuaanote  0. 

"  Der  Kttrte  halber  nennen  wir  dieae  Kante  1. 

Dies  iat  so  zu  verstehen,  dass  man  in  £'.  O  durch  0  —  Ztenetit. 
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enth&lt  der  Graph  G  —  ti  nur  eine  einiige  unendliche  Komponente. 
Wir  fttgen  die  Ubrigen  (endlichen)  Komponenten  xu  Zi  und  erhalten 
einen  endlichen  Graph  gi 

Ee  iat  unachwer  lu  aehen,  daaa  die  Anxahl  der  Knotenpunkto  unge- 
raden  Gradea  in  gi  entweder  0  oder  2  iat.  Betrachten  wir  namlich 
luerat  den  Knotenpunkt  P  C  gi ,  P  G  —  gi .  Dann  iat  P  in  gi  vom 
aelben  Grade  ala  in  G,  d.h.  er  iat  mit  Rtickaicht  auf  die  Endlichkcit  von 
gi ,  geraden  Gradea.  Wenn  aber  P  C  gi ,  G  —  gi ,  dann  iat  P  C  Z| . 
Denn  wenn  P  Zi  w&re,  dann  w&re  P,  mit  Rttckaicht  darauf,  daaa  gi 
aua  Zt  durch  ZufUgung  der  endlichen  Glieder  dea  Graphen  G  —  Zi 
entatanden  iat,  in  gi  vora  aelben  Grade  wie  in  G;  und  ao  wtlrde  entgegen 
den  Vorauaaetxungen  P  <t^G  —  gi  gelten.  Wir  behaupten  femer,  daaa 
in  dieaem  Falle  auch  Pi  0i  —  Zi  gilt.  Denn  P  C  gi ,  gi  —  ti  wttrde 
bedeuten,  daaa  bei  der  ZufUgung  der  Glieder  von  G  —  Zi  an  Zi  auch 
Kanten,  die  aich  in  P  treffen  hinzugefUgt  worden  aind.  Dann  h&tten 
wir  aber  a&mtliche  aich  in  P  treffende  Kanten  von  G  —  Zi  an  Zi  hinzu¬ 
gefUgt,  d.h.  der  Grad  von  P  wUrde  in  gi  und  G  deraelbe  aein.  Ea  w&re 
daher  P  G  —  gi  ein  offenbarer  Widerapruch.  Aua  P  C  Zi  und 
P  ^  —  Zi  folgt  aber,  daaa  aich  in  P  nur  Kanten  dea  Zi  treffen,  d.h.  P 

iat  in  gi  vom  aelben  Grade  ala  in  Zi .  Wenn  daher  Zi  einen  geachloaaenen 
Kantenxug  daratellt,  dann  hat  gi ,  Uberhaupt  kcinen  Knotenpunkt  vom 
ungeraden  Grade.  Daaaelbe  gilt,  wenn  die  endpunkte  dea  offenen 
Kantenxugea  z  die  Punkte  Pi ,  Pi  G  —  91  aind.  Wenn  aber  die 
EIndpunkte  dea  offenen  Kantenxugea  Zi  die  Punkte  Pi ,  Pt  C  G  —  gi 
aind,  dann  beaitxt  gi  in  dieaen  beiden  Punkten  einen  Knotenpunkt 
ungeraden  Gradea.  Damit  haben  wir  unaere  Behauptung  fUr  gi 
bewieaen. 

Wenn  gi  geraden  Gradea  iat,  dann  bexeichnen  wir  ibn  mit  g.  Wenn  er 
hingegen  xwei  Knotenpunkte  ungeraden  Gradea  Pi ,  Pt  beaitxt,  dann 
gilt  -nach  dem  Vorhergeaagtcn-  Pi ,  Pi  C  G  —  ji  Da  G  —  gi  zuaammen- 
h&ngend  iat,  ao  muaa  er  einen  die  Knotenpunkte  Pi  und  Pi  verbindenden 
Kantenxug  beaitxten.  Wir  fUgen  nun  dieaen  Kantenxug  xu  gi  und 
erhalten  eine  endlichen  Graph  gt .  D&  gt  geraden  Gradea  iat,  konnen 
wir  ihn  -nach  dem  in  der  Einleitung  angefUhrten  Eulerachen  Satie- 
fUr  einen  geachloaaenen  Kantenxug  Zi  betrachten.  Infolge  von  Q  C  Z| 
beaitxt  der  Graph  G  —  Zt — nach  E* — nur  eine  einxige  unendliche 
Komponente.  Wir  fUgen  die  endlichen  Glieder  dea  Graphen  G  —  Zt 
xu  zi  und  erhalten  einen  endlichen  Graph  geraden  Gradea  g.  Dieaer 

**  9i  ist  endlich,  da  die  Aniahl  der  endlichen  Komponenten  dea  Graphen  0  —  t\ 
not  wend  icerweiae  endlich  iat. 
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Graph  iat  geraden  Gradra,  da  er  nur  dort  einen  Knotenpunkt  ungeraden 
Gradra  haben  kdnnte,  wo  auch  tt  pinen  solchen  Knotenpunkt  hat 
(dies  ist  ebenso  lu  beweisen,  wie  wir  es  frtther  bewiesen  haben,  dass  der 
Graph  gi  nur  dort  einen  Knotenpunkt  ungeraden  Grades  haben  kann, 
wo  auch  tt  einen  solchen  besitst).  Da  aber  h  ein  geschiossener  Kanten- 
sug  ist,  hat  er  keinen  einsigen  Knotenpunkt  ungeraden  Grades.  Auf 
alle  F&lle  haben  wir  auf  diese  Weise  einen  endlichen  Graph  geraden 
Grades  g,  fOr  welchen  der  Graph  0  —  g  susammenh&ngend  ist. 

Nach  dem  Eulerschen  Sati  kdnnen  wir  den  Graph  g  als  einen  geschlos- 
senen  Kantensug  Z*  auffassen.  Wir  behaupten,  dass  Z«  die  gewUn- 
schten  Bedingungen  erfUllt.  Es  ist  n&mlich  Qt  C  Z«  und  die  Kante  1 
ist  in  Zo  enthalten,  also  erfOllt  Z«  Bedingungen  1.  und  2. 

Das  auch  3.  erfUllt  wird,  sehen  wir  folgendermassen  ein: 

Ti.  ist  erfOllt,  da  0  —  Zo  "  (?  —  y 


Fio.  4 

Tt. ,  Tt.  sind  erfUllt,  da  der  Graph  G  —  Zo  aus  O  durch  Weglassung 
eines  endlichen  Graphen  geraden  Grades  enstanden  ist. 

E’.  wird  dadurrh  erfUllt,  dass  man  ein  Qi  C  G  —  Zo ,  Zo  sum  aus- 
geieichneten  Knotenpunkt  w&hlt.  £)enn  fUr  einen  solchen  haben  wir  nur 
lu  beweisen,  dass  der  Graph  G  —  Zo  —  r  fUr  einen  beliebigen  Qi  C  r  C 
G  —  Zo  Kantenzug  nur  eine  einzige  unendliche  Komponente  besitzt. 
Wie  aber  aus  (Fig.  4)  zu  ersehen  ist  bildet  der  Kantenzug  z  mit  dem 
geschlossenen  Kantenzug  Zo  zusammen  einen  Graph,  der  mit  RUcksicht 
auf  Qi  Ct,  Zo,  fUr  eitien  Kantenzug  t’  zu  betrachten  ist.  Da  Qo  C z* 
folgt  aus  P,  dass  der  Graph  0  —  z'  eine  einzige  unendliche  Komponente 
hat.  Es  ist  aber 


G  —  z’  “  G  —  Zo  —  zj 

wir  haben  daher  bewiesen,  dass  Zo  das  ErwUnschte  leistet. 


2,3.  Der  Graph  G  —  Zo  erfUllt  die  trivialen  Bedingungen  Ti. ,  Tt. ,  Tt 
femer  auch  P.  und  zwar  so,  dass  man  einen  Knotenpunkt  Qi  C  Zo , 
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G  —  Z9  sum  auflgeseichneten  Knotenpunkt  w&hlen  kann.  Wir  kbunen 
daher  die  frtthere  Konstruktion  fUr  den  Graph  0  —  Zt  wiederholen. 
Durch  die  Wiederholung  erhalten  wir  einen  geschloesenen  Kantensug 
Qi  C.  Zi  CO  —  Zo ,  welcher  die  Kante  niedrigster  Nummer  des Grapben 
0  —  Zt  enthklt.  Der  Graph  G  —  Z«  —  Zi  erfUllt  wieder  Ti ,  Tt,  T* 
und  auch  E’  und  swar  so,  dam  man  einen  Knotenpunkt  Q%  CG  —  Zt  — 
Z\ ,  Zi  sum  ausgeseichneten  Punkte  wkhlt.  Wir  tietsen  dieses  Verfahren 
fort  und  erhalten  die  unendliche  Folge  Zo ,  Zi ,  Zi ,  •  •  •  geschlossener 
KantensUge  ohne  gemeinsame  Kante.  Dieser  unendliche  Kantensug 
enth&lt  alle  Kanten  des  Graphen  G  und  Qi ,  Qn-i  C  Zi .  Der  gesohloss- 
ene  Kantensug  Zo  ist  aber  auch  fiir  einen  aus  Q\  ausgehenden  und  eben- 
dorthin  surtickkehrenden  Kantensug  Zo,  wahrend  der  geschlossene 
Kantensug  Zi  in  swei  die  Funkte  Qi  und  Q^-i  verbindende  offene 


Fio.  5 


Kantenshge  ZU  und  Z+i  (t  »  1,  2,  3,  •  •  •  )  serlegen  ist.  Die  Folge 
der  susammcnschliessenden  Kantensllge 

•  •  •  ,  Z’-t ,  Zli ,  Zo ,  Z’l ,  Zf ,  •  •  • 

gibt  die  gesuchte  EXiler-Linie  dee  Graphen  (Fig.  5). 

(3.  0ber  einseitig  unendliche  Euler-Linien 

3,1.  Wir  definieren  als  einscitig  unendliche  Euler-Linie  eines  un> 
endlichen  Graphen  eine  einseitig  unendliche  Folge  seiner  Kanten 

PoPit  Pi  Pit  P»P»t  ••• 

welche  einc  jede  Kante  des  Graphen  einmal  und  nur  einmal  enthklt. 
Bei  dem  Beweis,  dass  die  Bedingungen  E’l.  und  Ea  hinreichend  sind, 
brauchen  wir  ein  Kriterium,  durch  welches  wir  entscheiden  kdnnen, 
ob  ein  unendlicher  Graph  eine  einseitig  unendliche  Euler-Linie  besitst. 

In  diesem  $  werden  wir  seigen,  dass  der  unendliche  Graph  G  eine 
einseitig  unendliche  Euler-Linie  besitst,  wenn  er  folgende  Bedingungen 
erf  (lilt 
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I.  n , 

II.  Tr  , 

III.  E. , 

IV.  und  noch  folgende  Bedingung 

T*,  welche  besagt:  wenn  G  einen  Knotenpunkt  Q'*  ungeraden 
Grades  hat,  ho  iat  dieser  der  einsige  Knotenpunkt  ungeraden  Gradea; 
wenn  G  keinen  Knotenpunkt  ungeraden  Gradea  hat,  ao  gibt  ea  in  ihm 
wenigatena  einen  Knotenpunkt  Q  unendliohen  Gradea.” 

Wie  in  i2  eraetien  wir  E.  durch  eine  weniger  verlangende  Bedingung. 
E".  Im  Falle  einea  aua,  durch  T*  auageieichneten  Knotenpunkt  Q 
auagehenden  Kantensugea  z  C.G  hat  der  Graph  G  —  z  eine  einzige  un- 
endliche  Komponente.'* 

3,2.  Die  I'berlegungen,  durch  welche  wir  unaer  Kriterium  beweiaen, 
aind  den  in  52.  verwendeten  khnlich.  Zu  allererat  numerieren  wir  die 
Kanten  von  G  beliebig.  Dann  konatruieren  wir  einen  Offenen  Kanten- 
zug  Zt,  C.  G  mit: 

(1)  er  geht  aua  Q  ^  Qo  aua 

(2)  er  enth&lt  die  mit  1  veraehene  Kante  dea  Graphen 

(3)  G  —  Zo  erfUllt  Ti ,  Tt ,  T*,  E”'*  und  zwar  T*  wird  ao  erfUlIt,  daaa 
der  auagezeichnete  Punkt  der  von  Qo  verachiedene  Endpunkt  dea 
offenen  Kantenzugea  Zo  iat. 

Zo  wird  folgendermaaaen  konatruiert: 

Wir  i)etrachten  einen  aua  dem  auagezeichneten  Knotenpunkt  au.s- 
gehenden  offenen  Kantenzug  Zi  dea  G  welcher  Kante  1  enth&It.*  Wir 

**  Im  Folgenden  wollen  wir  diesen  Knotenpunkt  auageieichneten  Punkt  des 
Graphen  nennen. 

Ka  wire  unachwer  lu  beweiaen,  daaa  die  Bedingungen  auch  notwendig  aind. 
Da  wir  aber  dieaen  Sati  nicht  braurhen,  werden  wir  ihn  auch  nicht  beweiaen. 

'*  E*  unteracheidet  aich  von  E'  in  zwei  Punkten.  Eratena  wird  der  “auageieich- 
nete”  Punkt  durch  T*  tataichlich  auagezeichnet  (Vergieiche  Fuaanote  6.),  zwei- 
tena  iat  der  Kantenzug  z  nicht  ein  beliebiger  durch  Q  gehender,  aondem  aua  Q 
auagehender  Kantenzug. 

'*  Diea  iat  wieder  ao  zu  veratehen,  daaa  in  den  Kriterien  0  durch  O  —  Z#  zu 
eraetzen  iat. 

**  Ein  aolcher  Kantenzug  exiatiert.  Denn,  da  O  zuaammenhingend  iat,  iat  in 
ihm  notwendigerweiae  ein  aiu  Q*  auagehender  Kantenzug  zu  &nden,  welcher  die 
Kante  1  enthilt.  Wenn  dieaer  Kantenzug  geachloaaen  iat,  kann  er  ala  Graph 
geraden  Gradea  aimtiiche  aich  in  Q«  treffende  Kanten  dea  G  nicht  erachdpfen  (die 
Anzahl  dieaer  Kanten  iat  nicht  gerade).  Man  kann  daher  zu  dieaem  geachloaaenen 
Kantenzug  eine  aua  Q*  entapringende  Kante  dee  O  hinzufOgen  und  dadurch  erh&lt 
man  achon  aua  dem  geachloaaenen  Kantenzug  den  gewiinachten  offenen  Kan¬ 
tenzug. 
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beieichnen  den  von  verechieden  Endpunkt  dieses  Kantensuges 
durch  Qi .  Da  «i  aus  Qt  entspringt  hat  der  Graph  G  —  nach  E'* 
nur  eine  einiige  unendliohe  Komponento.  Wir  fQgen  seine  endlichen 
Komponenten  lu  ti  und  erhalten  dadurch  den  endlichen  Graph  g\ . 
Wir  behaupten,  dam  Qo  und  Q\  ungeraden  Grades,  alle  iibrigen  Knoten- 
punkte  des  Graphen  gi  hingegen  geradon  Gradm  sind.  Wir  argumen- 
tieren  hier  genau  wie  in  2,2.  Es  sei  suerst  P  C.g\ ,  aber  P  <X-G  —  g\. 
Dann  ist  P  in  gx  desselben  Grades,  wie  in  0,  also  ungeraden  Grades  in  gi 
wenn  P  »  Qo  und  geraden  Grades,  wenn  P  ^  Qo  (der  Grad  kann  nioht 
unendlich  werden,  da  gi ,  selbet  cndlich  ist).  Wenn  hingegen  P  C  gi , 
G  —  gi ,  dann  ist  P  C  Zi  und  P  <t^gi  —  ti  also  ist  der  Grad  von  P  in  gi 
und  Zi  derselbe;  also  geraden  Grades,  wenn  P  9^  Qo ,  Qi  — ,  ungenwlen 
Grades,  wenn  P  Qo ,  Qx  ■  Also  haben  wir  bewiesen,  dass  Qt  auf 
alle  Falle  ungeraden  Grades  ist,  w&hrend  wir  dies  fiir  Qi  nur  im  Falle 
Qx  C.  G  —  gx  gezeigt  haben.  Aber  es  ist  leioht  zu  sehen,  dass  Qx  ininier 
ungeraden  Grades  ist.  Dcnn  die  Aniahl  der  Knotenpunkte  ungeraden 
Grades  ist  fhr  einen  endlichen  Graph  immer  eine  Gerade  Zahl”  also 
kann  Qo  nioht  der  einzige  Knotenpunkt  ungeraden  Grades  in  gx  sein. 

Der  Graph  gx  kann  also  als  ein  die  Punkte  Qo  und  Qx  verbindender 
offener  Kantenzug  Zo  betrachtet  werden.“  Wir  behaupten,  dass  der 
offene  Kantenzug  Zo  alien  gewUnsehten  Erforderungen  entsprioht.  (1) 
und  (2)  erfttllt  er  offenbar,  al.so  mUssen  wir  uns  ausftkhrlicher  nur  mit  (3) 
beseh&ftigen. 

Dam  G  —  Zo  die  gewtinsrhten  Bedingungen  erfOllt,  sieht  man  folgen- 
dermassen : 

Tx.  ist  erfiillt,  da  G  —  Zo  *  G  —  j/i 

pbenso  Ti.  ,  da  die  Kanten  des  G  abzahlbar  sind. 

T*.  ist  auf  die  gewiinschte  Weise  erfiillt,  denn  erstens  sind  die  Knoten¬ 
punkte  P  C.G  —  Zo ,  P  Qo  ,  Qi  ,  in  Zo  geraden  Grades,  in  G  hingegen 
entweder  geraden  oder  aber  unendliohen  Grades;  also  ist  P  auch  in 
G  —  Zo  entweder  geraden  oder  unendliohen  Grades.  Der  Knotenpunkt 
P  K  Qo  C  G  —  Zo  ist  in  Zo  ungeraden  Grades,  in  G  hingegen  ungeraden 
oder  unendlichen  Grades.  Wenn  also  der  Graph  G  —  Zo  liberhaupt 
einen  Knotenpunkt  ungeraden  Grades  hat,  so  kann  dies  nur  der  Knoten¬ 
punkt  Qi  sein.  Tatsftrhlich,  wenn  Qi  in  G  endlichen  d.h.  geraden 
Grades  ist,  so  ist  er  in  G  —  Zo  ungeraden  Grades,  da  er  in  Zo  ungeraden 
Grades  ist.  Wenn  aber  Qi  in  G  unendlichen  Grades  ist,  so  hat  der 

Siehe  auafahrlicher  in  2,2,. 

**  8. 1.  B.  D.  Konig,  op.  cit.,  h.  21.1. 

**  Siehe  in  6.1. 
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Graph  0  —  Z$  Uberhaupt  keinen  Knotenpunkt  ungeraden  Grades;  er 
hat  aber  in  diesem  Falle  wenigstens  einen  Knotenpunkt  unendlichen 
Grades  und  der  Knotenpunkt  Qt  ist  eben  ein  solcher  Punkt. 

E”  wird  ebenfalls  erfttllt.  Wir  haben  nur  su  seigen,  dass  der  Graph 
G  —  Za  —  z  fttr  einen  jeden  aus  Qi  ausgehenden  Kantenzug  z  C  G  —  Zt 
nur  einc  einzige  unendtiche  Komponente  hat.  Die  aus  Qi  ausgehenden 
keine  gemeinsamen  Kanten  besitzenden  KantenzOgc  Z#  und  z  kann 
man  aber  als  einen  einzigen  aus  Qo  ausgehenden  Kantenzug  z’  betrachten 
(Zt  entspringt  n&mlich  im  Punkte  Qe),  also,  mit  RUcksicht  darauf,  dass 
G  die  Bedingung  EV  erfttllt,  hat  der  Graph  O  —  z’^^0  —  Z9  —  t  nur 
eine  einzige  unendliche  Komponente. 

3,3.  Unsere  Konstruktion  ist  fttr  den  Graph  G  —  Zo  zu  wiederholen. 
Auf  diese  Weisc  gewinnen  wir  einen  ofTenen  Kantenzug  Zi  C  G  —  Zo , 

V.  V,  V. 

»'"■  •  •  ♦ — 

Q'  Oil  fia 

Fio.  6 

dessen  Endpunkte  Qi  und  Qt  sind,  der  die  mit  der  kleinsten  Nummer 
versehene  Kante  von  G  —  Zo  enth&lt  und  fttr  den  der  Graph  G  —  Zo  —  Zi 
die  Bedingungen  Ti ,  Tt,  T*  und  E"  mit  Qt  als  ausgezeichneten  Punkt 
erfttllt.  Durch  widerholte  Verwendung  des  Verfahrens  erhalten  wir 
eine  unendliche  Folge  offener  Kantenzttge 

Zo ,  Zi ,  Zt ,  •  •  •  , 

die  keine  gemeinsamene  Kanten  haben  und  sich  in  den  Knotenpunkten 
Qi ,  Qt ,  •  *  •  aneinander  anschliessen  und  die  Kanten  des  Graphen  G 
erechopfen.  Die  Folge  dieser  Kantenzug  gibt  die  gesucbte  einseitig 
unendliche  Euler- Linie  des  Graphen  (Fig.  6). 

(4.  Beweis  des  Hauptsatzez 

In  diesem  Paragraph  werdcn  wir  beweisen,  dass  die  Bedingungen  E’l 
und  Ei  hinreichend  sind. 

In  {2  haben  wir  gezeigt,  dass  wenn  der  Graph  neben  diesen  Bedin¬ 
gungen  auch  E’  erfttllt,  dann  besitzt  er  eine  Euler-Linie.  Wir  setzen 
jetzt  vorauB,  dass  dies  nicht  besteht,  es  existiert  also  ein  Kantenzug 
Q  C  Zi  C  G  so,  da.s8  der  Graph  G  —  Z|  aus  zwei  unendlichen  Gliedem 
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besteht.  Nach  Et  ist  <t  sicherlich  ein  offener  Kanteniug.  Wir  fUgen 
jetst  die  endlichen  Glieder  des  Graphen  G  —  Zi  lu  Xi  und  erhalten 
dadurch  einen  endlichen  Graph  gi .  Wir  behaupten,  daee  gi  genau  iwei 
Knotenpunkte  ungeraden  Grades  besitit.  [Genau  wie  in  2,2  kdnnen 
wir  auch  hier  beweisen,  dass  gi  entweder  2  Knotenpunkte  ungeraden 
Grades  hat  oder  selbet  vom  geraden  Grade  ist.  Es  ist  aber  unschwer  lu 
sehen,  dass  gi  nicht  geraden  Grades  sein  kann,  denn  wenn  geraden 
Grades  wkre,  so  kdnnten  wir  ihn  fOr  einen  gesohlossenen  Kanteniug 
zi  betrachten.  Anderseits  aus  tt  ™  gi^ti  foigt,  dass  G  —  ZtClG  —  Zi. 
Also  wenn  G  —  swei  unendliche  Komponenten  h&tte,  hatte  auch 
G  —  Zt  iwei  unendliche  Komponenten  (mehr  nicht,  denn  G  erfUllt  E\). 
Dies  ist  aber  unmdglich,  denn  G  erfUllt  E’t  d.  h.  wenn  Q  C  Zj  ein  gesch- 
lossener  Kanteniug  ist,  hat  G  —  Zt  eine  einiige  unendliche  Komponente. 
Der  Graph  gi  kann  daher  fttr  einen  offenen  Kanteniug  Z  mit  den  End- 
punkten  Q-i  und  Q+i  betrachtet  werden.  Nun  besteht  der  Graph  G  —  Z 
aus  iwei  unendlichen  Komponenten  G-i  und  G^i .  Wir  haben  daher 

G  —  G_i  +  Z  G+i 

Wir  behaupten,  dass  die  Graphen  G-\  und  G+i  beide  einseitig  unend¬ 
liche  Euler-Linien  besitien,  die  aus  den  Endpunkten  Q-\  bt'iiehungsweise 
ausgehen.  Wir  wendcn  n&mlich  die  Kriterien  des  §3  auf  G_i  an. 

G_i  erfUllt  die  Bedingungen  Ti  und  7’*.  T*  wird  auch  erfUllt  und  iwar 
mit  dem  ausgeieichneten  Knotenpunkt  Q  ^  Q^t .  [Der  Knotenpunkt 
P  C  G-i ,  P  G  —  G_i  hat  namlich  in  G_i  denselben  Grad  wie  in  G 
er  kann  daher  nicht  ungeraden  Grades  sein.  Anderseits  haben  wir 
fUr  den  Knotenpunkt  P  C  G_i ,  G  —  G_i  (mit  RUcksicht  darauf,  dass 
G-i  und  G+i  keinen  gemeinsamen  Knotenpunkt  haben),  P  G4.1  femer, 
mit  RUcksicht  darauf,  dass 

G  -G.x~  Z  G^, 

P  C.  Z.  Daraus  foigt  aber,  dass  der  Grad  von  P  in  G_i  gleich  der 
Differeni  der  Grade  des  Knotenpunktes  P  in  G  und  Z  ist.  Da  P  in  G 
entweder  geraden  oder  unendlichen  Grades  ist,  w&hrend  P  ^  Q-i  in  Z 
geraden  Grades  ist,  kann  der  Knotenpunkt  P  ^  in  G_i  nicht 
ungeraden  Grades  sein.  Anderseits  ist  Q-\  in  Z  ungeraden  Grades,  also 
in  G_i  entweder  ungeraden  oder  unendlichen  Grades,  je  nachdem  Q_i 
in  G  endlichen  (d.  h.  geraden)  oder  unendlichen  Grades  ist.) 

Endlich  erfUllt  G_i  auch  E”.  Wir  werden  namlich  leigen,  dass  der 
Graph  G_i  —  z  fUr  einen  aus  Q_i  entspringenden  Kanteniug  z  C  G-i 
eine  einiige  unendliche  Komponente  besitit.  Die  beiden,  aus 
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entopringpnden  kein«  gemrinMunen  Kanten  bentienden  KantmiOge  t 
und  Q  C  Z  kdnnen  alt)  ein  Kanteniug  t’  ^  Q  aufgcfamt  wrrden.  Da 
O  E\  erfttllt,  hat  der  Gn^  G  —  t'  hdchsteiM  2,  und  wegen  G  —  x’  C 
0_i  +  O^t  wenigstena  2,  also  genau  2  unendliche  Komponenten.  Die 
eine  unendliche  Komponente  ist  0+t ,  der  Graph  Q  —  t'  —  G^i  hat  daher 
genau  ein  einnges  unendliches  Glied.  Ee  gilt  aber 

G  —  t’  —  G+i  ■*  (0_i  +  ^  “  (*  +  ^)  “  (^+1  “  0—1  —  t. 

AIho  haben  wir  bewie^en,  dam  G-i  als  eine,  aus  Q-\  entspringende 
einseitig  unendliche  Euler- Linien  E-i  aufsufamen  ist.  Auf  khnliche 
Weiee  foigt,  dam  G+i  ale  eine,  aut)  entepringende  einseitig  unendliche 
Euler-Unien  aufzufamcn  ist.  Mit  RUcksicht  darauf,  dam 

G  "  G-i  -4-  Z  -f-  O+i  ■»  E-t  -4-  Z  -f-  E+i 

stellen  die  susamnienschlienenden  Linien  E+i ,  Z  und  E-i  die  gesuchte 
Euler-Linie  de«  Graphen  G  (Fig.  7). 

E-  ^  ,  E., 

Fig.  7 

(5.  Verwandte  Probleme 

In  diesem  §  beschaftigen  wir  uns  mit  3  von  D.  Kdnig  gcstellten 
Problemen. 

5,1.  FUr  endliche  Graphen  gilt  der  folgende  Satz  von  Listing.*^ 
Die  Anzahl  der  Knotenpunkte  ungeraden  Grades  eines  endlichen 
Graphen  sei  2n.*‘  Es  existiert  ein  System  der  Kantenztlge  Zi ,  Zi ,  •  •  •  , 
Z.  ,  welche  eine  jede  Kante  des  gegebenen  Graphen  einmal  und  nur 
einmal  enthalt.  > 

Durch  die  in  dieser  Arbeit  verwendete  Methode  kann  man  diesen 
Satz  auch  auf  unendliche  Graphen  Ubertragen.  Es  gilt  namlich 
folgender  Satz:  (dessen  Beweis  wir  in  dieser  Arbeit  nicht  geben.) 

Die  notvoendigen  und  hinreichenden  Bedingungen  dafur  doss  zum  un- 
endlichen  Graphen  G  ein  endlichee  Syetem  Z\,  Z*,  •  •  •  Z,  der  endlichen, 

**  D.  Kdnig,  op.  cit.,  p.  22. 

**  Wie  erwAhnt  iat  die  Anxahl  der  Knotenpunkte  ungeraden  Grades  eines 
endlichen  Graphen  immer  eine  gerade  Zahl. 
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einmiig  tmeneUichen,  odtr  von  heidm  Seiten  unendliehen  KanUruUge* 
wekhe  die  Kanten  der  Graphen  genau  einmal  enthalten  exiMieren,  tind  die 
fotgenden; 

1.  G  erfttllt  Tt , 

2.  O  enth&lt  hdchstens  endlich  viele  Knotenpunkte  ungeraden  Grades. 

3.  es  existiert  eine  Zahl  C  so,  dass  die  Aniahl  der  unendliehen  Teile 
des  Graphen  G  —  g,  fOr  ein  beliebiges  endliches  g  CG  kleiner  als  C  ist.” 

5,2.  FQr  endliche  Graphen  gilt  folgender  Sati  von  Euler: 

Die  Kanten  eines  jeden  endlichen  lusammenh&ngenden  Graphen  sind 
durch  eine  Kantenfolgc 

P.Pi ,  PiPi ,  . . .  ,  P-i ,  P«  ,  P.P, 

su  erschdpfen,  in  welcher  eine  jede  Kante  des  Graphen  genau  sweimal 
vorkommt. 

Die  tlbertragung  dieses  Saties  auf  unendliche  Graphen  lautet  folgen- 
dermassen : 

Die  notwendige  und  hinreichende  Bedingung  dafUr,  dtua  die  Kanten 
des  unendliehen  Graphen  G  durch  eine  von  beiden  Seiten  unendliche 
Kantenfolge 

•  •  •  ,  P _tP _i ,  P_iPo  ,  P »P  1  ,  •  •  • 

7U  erseh&pfen  seien  sind  und^  zwar  so,  dass  die  Folge  eine  jede  Kante  des 
Graphen  G  genau  sweimal  enthdU,  dass  G  folgende  Bedingungen  erfiUlt 

1.  Tx 

2.  T, 

3.  P* 

Betrachten  wir  n&mlich  den  Graph  G*,  welcher  aus  Gentsteht,  wenn 
man  su  einer  jeden  Kante  K  C.  G  eine  andere  Kante  K'  hinzufOgt, 
welche  dieselben  2  Punkte  wie  K  verbindet.  Dann  besagt  unser  Satz, 
dass  (7*  eine  Euler-Linie  besitst.  Wir  mtissen  daher  beweisen,  dass  G* 

**  Man  versteht  unter  einem  von  beiden  Seiten  unendliehen  Ksntenzug  eine 
Folge  der  Kanten 

•  •  •  ,  P-iP»  ,  P »Pi ,  •  •  • 

in  der  eine  jede  Kante  bdehatens  einmal  vorkommt.  ahniicher  Weiae  iat  ein  eln- 
aeitig  unendlicher  Kantenaug  die  Folge  der  Kanten 

die  jede  Kante  hOchatena  einmal  enthJUt. 

**  Daraua  foigt  auch,  daaa  G  weniger  ala  C  unendliche  Glieder  hat. 

**  B  kOnnte  man  auch  hier  durch  E'  eraetzen. 
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die  Bedingungen  Ti,T»,Tt,  Ei  und  Et  dann  und  nur  dann  erfUllt,  wenn 
0  don  Bedingungen  Ti ,  Tt  und  E  genlige  leistet. 

Eh  int  unmittelbar  klar,  dann  G*  die  Bedingungen  Ti  und  Tt  dann 
und  nur  dann  erfttllen  kann,  wenn  auch  G  dieselben  Bedingungen 
erfiillt.  Femer  entopricht  G*  der  Bedingung  Tt  immer,  da  er  doch  durch 
die  Verdoppelung  der  Kanten  von  G  entstanden  ist.  Wir  haben  daher 
nur  zu  zeigen,  datw  G*  die  Bedingung  Ei  und  Et  dann  und  nur  dann 
erfOllt,  wenn  G  der  Bedingung  E  entspricht. 

Wir  Hetzen  zuerHt  voraus,  dans  G  die  Bedingung  E  nicht  erfUllt,  d.  b. 
e8  exiHtiert  ein  endlicher  Graph  g  C  G  ftir  welchen  der  Graph  G  —  g 
mehrere  unendliche  Ko'mponenten  hat  und  beweiscn  sofort,  dam  in 
diesH'm  Falle  G*  die  Bedingung  Et  nicht  erfUllt.  Wir  bezeichnen 
namlich  die  unendlichen  Komponenten  den  Graphen  G  —  g  durch 
■yi »  >f ,  •  •  •  •  Wir  verdoppeln  die  Kanten  von  g,  yi ,  7t »  •  •  •  und 
erhalten  dadurch  die  Graphen  g*,  y* ,  y* ,  •  •  •  •  Dann  wind  die  un¬ 
endlichen  Komponenten  deg  Graphen  G*  —  g*  eben  >* »  7t »  •  •  •  •  Da 
aber  g*  ein  Graph  geraden  Grades  ist  bedeutet  dies  eben,  dass  der 
Graph  G*  Bedingung  Et  aicht  erfUllt. 

Jetzt  wollen  wir  zeigen,  dasg  wenn  G  die  Bedingung  E  erfUllt,  so 
erfUllt  G*  nicht  nur  Ei  und  Et  sondern  auch  E.  Denn,  dass  G*  der 
Bedingung  E  nicht  entspricht,  wUrde  bedeuten,  dass  es  einen  endlichen 
Graph  g  C.  G*  gibt,  fUr  den  der  Graph  G*  —  §  mehrere  unendliche 
Komponenten  hat.  Betrachten  wir  nun  die  Kante  K  C.  g.  Aus  der 
Entstehung  von  G*  ist  eg  klar,  dass  eg  auch  eine  andere  Kante  K’  C  G* 
gibt,  welche  die  selben  2  Knotenpunkte,  wie  K  verbindet.  Wenn 
K'  eg,  80  adjungieren  wir  sie  zu  wir  erhalten  so  einen  endlichen  Graph 
geraden  Grades  g*.  Da  der  Graph  G*  —  g  nach  der  Voraussetzung 
mehrere  unendliche  Komponenten  besitzt  und  da,  wegen  gcg*,G*  —  g 
a  G*  —  g*,  so  hat  auch  G*  —  g*  mehrere  unendliche  Komponenten 
‘?r  >  I  * '  ’  •  Wir  bezeichnen  nun  die  aus  den  in  G  liegenden  Kanten 
der  Graphen  g*,  ,  ^t  ,  •  •  •  gebildete  Graphen  durch  g,  yi  ,ytt  •  •  • 

(durch  Verdoppelung  der  Kanten  dieser  Graphen  ergeben  sich  die 
Graphen  g*,^i,^tt  •  •  •  )•  Die  Graphen yi,yt,  •  •  •  sind  die  unendlichen 
Komponente  deg  Graphen  G—g.  Da  aber  g  ein  endlicher  Graph  ist,  steht 
dieses  Ergebnis  mit  der  Voraussetzung  dass  G,  E  erfUllt  in  Widerspruch. 
Damit  haben  wir  also  bewiesen,  dass  wenn  G*  die  Bedingung  E  nicht 
erfUllt,  so  erfUllt  sie  auch  G  nicht.  Also  wenn  G  durch  E  erfUllt  ist,  so 
wird  sie  auch  durch  G*  erfUllt. 

Womit  unsere  Behauptung  vollst&ndig  bewiesen  ist. 
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5,3.  Wir  verbinden  den  Gitterpunkt  (zi ,  xt ,  •  >  •  ,  x.)  des  n  dimen- 
sionalen  Raumes  (x  beliebige  game  Zahlen)  durch  Kanten  mit  den 
Gitterpunkten  (xi  -f  1,  xi ,  •  •  •  ,  x»),  (xi ,  X|  +  1,  •  •  •  x,),  •  •  •  (ati , 
Xt ,  •  •  •  f  Zi%  +  !)•  Wenn  wir  diese  Verbindungen  fflr  alle  Gitterpunkte 
des  Raumes  durchgefOhrt  haben,  erhalten  wir  den  gewohnlichen 
Gittergraph  des  n  dimensionalen  Raumes. 

Es  fragt  skh,  ob  der  gewohniiche  Gittergraph  des  n  dimensionalen 
Raumes  eine  Euler-Linie  besitst. 

Aus  den  Resultaten  unserer  Arbeit  ergibt  sich  die  bejahende  Antwort 
sehr  einfach.**  Es  ist  n&mlich  evident,  dass  der  n  dimensionale  Gitter- 
graph  Ti  und  Tt  erfttllt,  er  erfOlIt  auch  Tt ,  da  sich  in  einem  jeden 
Knotenpunkt  2n  Kanten  treffen.  Es  wird  femer  such  E  erfiUlt,  denn 
wenn  wir  aus  dem  Graph  einen  beliebigen  endlichen  Gn^h  weglassen, 
hat  der  lurOckbleibende  Graph  nur  ein  einsiges  unendliches  Glied. 

E}8  gilt  also  folgender  Sati:  der  getodhrUiche  QitUrgraph  des  n  dimen- 
sionalen  Raumes  besiizt  eine  Euler-Linie. 

Bcoapbst,  Honoast. 

**  Einen  direkten  Beweis  dieses  Satses  gibt  die  demnAcbst  in  der  Acta  Lsntci. 
ea  Liu  Sieged  erscheinende  Arbeit  von  E.  Vissonyi;  Uber  Gitterpunkte  des 
mehrdimensionalen  Raumes. 
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PERFECT  SUBDIVISION  OF  SURFACES 

Bt  I.  N.  Kaono* 

Introductim.  In  a  previous  paper*  we  derived  theorems  on  the  tri- 
angulation  of  surfaces  by  graphs.  In  the  present  paper  we  further 
study  the  separation  of  surfaces  by  graphs. 

Consider  the  question :  If  a  connected  graph  G,  containing  no  circuits 
of  less  than  three  arcs  (i.e.  no  simple  loops  as  defined  in  7^,  and  no 
vertices  of  degree  less  than  three,  triangulates  an  orientable  (non- 
orientable)  surface  of  characteristic  K,  can  it  be  mapped  on  a  non- 
orientable  (orientable)  surface  of  the  same  characteristic?  This  prob¬ 
lem  appears  to  be  difficult.*  In  the  present  paper  we  attempt  a  partial 
answer  to  the  question.  We  introduce  the  concept  of  the  1-star  of  a 
vertex  of  a  graph.  If  the  structure  of  G  is  such  that  every  vertex  of  0 
has  a  unique  1-star,  then  the  question  can  be  answered  in  the  negative 
(theorem  4).  Thus  for  graphs  having  this  structure  and  the  addi¬ 
tional  property  that  they  triangulate  their  maximal  surface,  there  is 
defined  a  sort  of  orientability  or  non-orientability  relative  to  their 
maximal  surface.  The  question  can  also  be  answered  in  the  negative 
if  the  l-stars  of  G  have  a  certain  structure  (theorem  7).  We  further 
study  the  l-stars  of  graphs  which  triangulate  surfaces,  and  show  that 
if  G  triangulates  a  surface,  an  upper  bound  to  the  number  of  l-stars  a 
vertex  of  G  can  have  is  expressible  in  terms  of  the  characteristic  of  the 
surface. 

We  study  also  the  perfect  subdivision  of  surfaces,  where  by  perfect 
subdivision  of  a  surface  we  mean  the  separation  of  the  surface  by  a 
graph  into  regular  2-cells  of  n  sides  each  satisfying  certain  conditions 
as  set  forth  in  section  2.  In  the  special  case  where  n  >■  3,  this  sub- 

*  The  author  wishes  'to  express  his  gratitude  to  Professor  P.  A.  Smith  for 
much  inspirational  guidance  and  patient  criticism  in  the  preparation  of  this 
paper. 

*  “The  triangulation  of  surfaces  and  the  Heawood  color  formula" — Journal 
of  Math,  and  Physics,  Vol.  XV  (1936),  pp.  179-186.  We  shall  refer  to  this  paper 
as  T. 

'  In  the  paper  T  we  stated  that  when  (7  is  a  complete  n-point  (i.e.  a  graph 
formed  by  joining  each  of  n  vertices  to  each  of  the  others)  the  answer  is  "no," 
but  since  the  appearance  of  the  paper  T  it  has  come  to  the  author’s  attention 
that  his  proof  of  this  statement  is  erroneous. 
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division  ta  a  triangulation.  We  derive  necessary  conditions  for  perfect 
subdivision.  We  define  a  perfect  polyhedron  as  the  2-complex  formed 
by  the  perfect  subdivision  of  a  surface  by  a  regular  graph,  and  derive 
necessary  conditions  for  the  existence  of  such  polyhedra.  In  particular 
we  show  that  the  surfaces  of  the  five  Platonic  solids  are  the  only  perfect 
polyhedra  arising  from  the  perfect  subdivision  of  a  sphere,  and  give  a 
non-metrical  proof  of  the  theorem  of  Euclidean  Geometry  which  states 
that  there  are  only  five  regular  solids. 

In  the  last  section  we  define  and  study  fundamental  domains  of  the 
universal  covering  surfaces  of  orientable  surfaces  and  derive  a  perfect 
subdivision  of  these  covering  surfaces.  We  apply  the  results  to  show 
that  the  fundamental  domain  of  a  doubly  periodic  function  of  a  complex 
variable  is  either  a  hexagon  or  a  quadrilateral. 

The  definitions  and  notations  of  the  paper  T  shall  apply  throughout 
the  present  paper.  In  the  sequel,  unless  otherwise  indicated,  let  G 
be  a  finite  connected  graph  containing  no  simple  loops  and  no  vertices 
of  degree  less  than  three. 


1.  1-stars  of  a  graph.  Theorems  on  Triangulation. 

Theorem  1.  Suppose  0  triangulates  a  surface  .  Let  0  be  mapped 
on  any  other  surface  0*  of  the  same  characteristic.  Then  G  triangulates 
also. 

Proof :  Suppose  G  does  not  triangulate  0ir .  We  shall  force  a  contra¬ 
diction.  <Bk  is  maximal  for  G,  since  G  triangulates  ,  and  a  graph 
which  triangulates  a  surface  of  characteristic  K  cannot  be  mapped  on  a 
surface  of  greater  characteristic.*  A  necessary  and  suflScient  condi¬ 
tion  that  G  be  mapped  on  its  maximal  surface  is  that  the  surface  be 
separated  into  2-celi8  by  G*  hence  0*  is  separated  into  2-cells.  Let  a< 
be  the  number  of  vertices  of  degree  i  in  G,  (i  —  3,  4,  •  •  •  ,  oo  —  1). 
If  a  graph  is  mapped  on  a  surface  which  it  triangulates  then  the  number 


of  2-cells  is  given  by 


f 


If  a  graph  is  mapped  on  a  surface  which 


*  T.  Theorem  3. 

*  T.  Theorem  2.  The  necessity  of  this  condition  for  orientable  surfaces  was 
known  to  D.  Konig  before  the  appearance  of  the  paper  T.  In  his  book  “Theorie 
der  Endiichen  und  Unendlichen  Graphen,”  p.  198  he  states,  "The  following 
theorem  is  easily  shown:  If  F  is  a  closed  orientable  surface  of  least  possible 
genus  on  which  a  given  connected  graph  can  be  mapped  then  it  separates  this 
surface  into  surface  elements  (KlementarflAchen)." 

*  T.  Lemma  1. 
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it  doen  not  trianKulate,  but  which  it  Mcparatefi  into  2-cellfi,  then  the  num- 
in*  i 

ber  of  2-cell8  is  leee  than  — .  If  oi  is  the  number  of  2-eell8  on  (0s 

U 

and  at  the  number  of  2-cell8  on  0i ,  then  os  »  * ,  at  <  But 

since  K  is  the  same  for  both  surfaces  we  must  have  oi  at . 

Suppose  a  graph  G  is  mapped  on  a  surface  0.  Let  v  be  any  vertex 
of  0.  By  the  2-«tor  of  v  we  mean  the  2-complex  consisting  of  v  and 
the  1 -cells  and  portions  of  0  —  (?  incident  with  p. 

Theorem  2.  Suppote  G  triangulates  a  surface  0.  Lef  v  he  any  vertex 
of  G.  Then  the  boundary  of  the  2-star  of  v  is  a  simple  closed  curve,  (i.e. 
a  circuit  of  G). 

Proof:  Each  2-cell  incident  with  v  abuts  at  v  only  once,  for  other¬ 
wise,  since  this  2-cell  is  triangular,  some  arc  of  its  boundary  would 
have  V  for  both  its  endpoints  and  would  thus  be  a  simple  loop.  But 
this  is  impossible  since  G  contains  no  simple  loops.  Hence  s, ,  the 
2-etar  of  v,  consists  of  a  number  of  arcs  and  triangular  2-cells,  each 
incident  with  v.  X,  the  boundary  of  o, ,  consists  of  those  arcs  of  the 
boundaries  of  these  2-cells  which  are  not  incident  with  v.  X  is  a  simple 
closed  curve,  for  otherwise  X  would  meet  itself  in  some  vertex  u,  but 
then  there  would  be  two  arcs  joining  u  to  v,  i.e.  G  would  contain  a 
.•ample  loop. 

Suppose  a  graph  G  contains  among  other,  the  vertices  (a,  b,  •  •  •  ,  c), 
and  that  in  G  there  are  several  circuits  containing  each  of  these  vertices. 
We  say  one  such  circuit  X  is  smaller  than  another  such  circuit  m  if  X 
contains  fewer  arcs  than  u' 

Two  vertices  of  G  shall  be  called  adjacent  if  they  are  joined  by  an 
arc  in  G.  I.(et  p  be  a  vertex  of  G,  and  Pi ,  •  •  •  ,  r,  be  the  set  of  vertices 
of  G  which  are  adjacent  to  v.  If  G  contains  a  circuit  passing  through 
each  of  the  vertices  V\ ,  •  •  •  ,  r.  ,  then  of  all  such  circuits  there  will  be 
one  or  more,  Xi ,  •  •  •  /  X.  which  are  smallest.  By  a  l-star  of  v  we  mean 
the  subgraph  consisting  of  v,  the  arcs  Wi,  {i  ^  1,  •  •  •  ,  n)  and  one  of 
the  circuits  \i ,  (J  *  1,  •••  ,m).  The  circuit  Xy  shall  be  called  the 
rim  of  the  1-star.  Obviously  v  need  not  necessarily  have  any  l-stars. 

Theorem  3.  Suppose  G  triangulcdes  some  surface  0.  Let  v  be  any 

*  T.  I^emms  2. 

*  Kxample:  Huppoae  X  *  1231,  it  ■■  143281.  Each  of  these  circuits  contains 
the  vertices  1,  2,  3,  but  X  contains  three  arcs  while  n  contains  five.  X  is  smaller 
than  It. 
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vertex  of  O.  Then  v  ha»  at  least  one  Istar,  and  the  rim  of  any  l-«Iar  of  v 
contains  only  vertices  adjacent  to  v. 

Proof :  Consider  the  2-«tar  of  v  on  Its  boundary  is  a  circuit  of  G, 
and  since  the  surface  is  triangulated,  v  is  joined  to  every  vertex  on  this 
circuit,  and  every  vertex  adjacent  to  v  is  on  this  circuit.  This  circuit 
is  thus  the  smallest  which  contains  the  vertices  adjacent  to  v,  and 
therefore  is  the  rim  of  a  1-star  of  v.  Since  the  rim  of  any  other  1-star 
of  p  is  a  circuit  not  larger  than  this  one,  the  theorem  follows. 

Corollary.  Suppose  G  triangulates  some  surface  If  v  is  any 
vertex  of  G  the  boundary  of  the  2-star  of  v  is  also  the  rim  of  a  \-star  of  v. 

Theorem  4.  Suppose  each  vertex  of  G  has  exactly  one  l-star,  and  that 
G  triangulates  an  orientable  (rum-orientable)  surface  of  characteristic  K. 
Then  G  cannot  be  mapped  on  a  non-orientable  {orientalde)  surface  of 
characteristic  K. 

Proof:  Let  o  be  any  vertex  of  G.  The  boundary  of  the  2-Htar  of  v 
on  <Sic  is  a  simple  closed  curve  X.  By  the  corollary  to  theorem  3,  X 
is  also  the  rim  of  the  unique  1-star  of  v. 

Suppose  G  be  mapped  on  any  other  surface  0^  of  the  same  char¬ 
acteristic.  By  theorem  1,  G  also  triangulates  0^  •  I.<ct  s,  be  the 
2-star  of  p  on  0* ,  s',  the  2-8tar  of  p  on  0i  .  F(a,),  the  subgraph 
of  G  which  forms  the  boundary  of  p, ,  is  a  simple  closed  curve,  which 
must  also  be  the  rim  of  the  unique  1-star  of  p,  hence  is  identical  with  X. 

Let  a,  b,  be  any  two  adjacent  vertices  of  F{s,).  Then  since  F{s',)  m 
X  m  F{o,),  a,  b  are  also  adjacent  vertices  of  F(«r,).  On  0»  the  circuit 
avba  bounds  a  triangle  of  s, .  On  0k  the  circuit  avba  bounds  a  triangle 
of  s', .  Since  p  is  an  arbitrary  vertex  of  G,  it  follows  that  if  any  circuit 
xyzx  of  G  bounds  a  triangle  on  0k  ,  (this  triangle  is  part  of  the  2^tar 
of  the  vertex  x)  xyzx  also  bounds  a  triangle  on  0k  .  Similarly  we  can 
show  that  any  circuit  of  G  which  bounds  a  triangle  on  0k  also  bounds 
a  triangle  on  0k  .  Hence  we  can  set  up  a  1  —  1,  incidence  preserving, 
correspondence  between  the  0-,  1-,  and  2-cells  of  0k  and  the  0-,  1-, 
and  2-cells  of  0k  ,  i  e.  the  two  surfaces  are  isomorphic,  and  0k  is 
orientable  or  non-orientable  as  0  k  is. 

Example:  As  evidence  that  a  graph  of  the  type  discussed  in  the 
theorem  actually  exists,  consider  the  map  of  a  graph  which  triangulate 
a  torus  given  in  Fig.  1.  (In  this  figure,  and  in  those  that  follow,  the 
free  edges  are  identified  as  indicated.)  The  unique  1-star  of  the  vertex  8 

consists  of  the  vertex  8,  the  arcs  82,  83,  89,  8  11,  86,  85,  and  the  circuit 
239  11  65  2.  Similarly  for  the  other  vertices.  By  the  theorem,  this 
graph  cannot  be  mapped  on  a  non-orientable  surface  of  characteristic  0. 
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We  digre8s  at  this  point  to  consider  a  problem  on  Hamilton  lines. 
Let  X  be  a  circuit,  of  a  graph  G,  containing  every  vertex  of  G,  (i.e.  a 
closed  path  which  passes  through  every  vertex  once  and  only  once), 
if  such  exists.  X  is  called  a  Hamilton  line.  The  problem  we  consider 
is:  Let  G  contain  n  vertices,  each  of  degree  <t.  What  is  an  upper 
bound  to  the  number  of  Hamilton  lines  which  can  be  traced  on  G, 
for  all  possible  choices  of  G? 

liCt  o  be  this  upper  bound.  Let  us  start  at  an  arbitrary,  but  fixed, 
vertex  v  of  G,  and  proceed  to  trace  a  Hamilton  line  X.  There  are  at 
most  t  possible  ways  of  choosing  the  first  arc  pti  of  X,  since  p  is  of  degree 
<f.  There  are  at  most  (t  —  1)  ways  of  choosing  the  second  arc  utp 


of  X,  since  u  is  of  degree  <t.  Similarly  there  are  at  most  ((  —  1)  ways 
of  choosing  the  jth  arc  of  X,  0  <  »»  —  ^  +  !)•  After  we  have  choosen 
the  (n  —  t  -f-  l)th  arc,  X  shall  have  passed  through  (n  —  t  +  i)  vertices, 
the  free  endpoint  of  the  (n  —  t  -{-  l)th  arc  being  the  (n  —  <  +  2)nd 
vertex  through  which  <X  will  pass.  That  is,  there  are  left  t  —  2  vertices 
through  which  X  has  yet  to  pass.  In  other  words,  there  are  at  most 
t  —  2  possible  ways  of  choosing  the  (n  —  t  -f  2)nd  arc  of  X.  Similarly 
there  are  left  <  —  3  vertices  through  which  X  has  yet  to  pass,  after  the 
choice  of  the  {n  —  t  +  2)nd  arc  of  X.  That  is  there  are  left  t  —  3 
possible  ways  of  choosing  the  (n  —  t  -f  3)rd  arc  of  X.  Continuing  in 
this  manner,  we  have  finally,  there  are  two  ways  of  choosing  the 
fn  —  2)nd  arc,  one  way  of  choosing  the  (n  —  l)8t  arc,  and  one  way  of 
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choosing  the  last  arc.  That  is,  the  number  of  wajrs  of  choosing  X  is 
at  most 

t  •tit  -  -  2)!. 

But  in  this  enumeration,  each  Hamilton  line  has  been  counted  twice, 
once  in  the  positive  sense  and  once  in  the  negative  sense.  Hence, 

s  t\it- 

“  2  “  2 


Lemma  1.  Let  G  be  a  graph  containing  n  vertices,  each  of  degree 

tHt  — 

Then  the  number  of  Hamilton  lines  on  O  is  at  most  — - — ^ 

Corollary.  Let  0  be  a  graph  containing  n  vertices.  Then  the  number 
of  Hamilton  lines  on  G  cannot  exceed  ^  . 

.  Theorem  5.  Let  v  be  any  vertex  of  G,  d,  the  degree  of  v.  Then  if  G 

id,  -  1)1 


2 


triangulates  a  surface  ®,  the  number  of  \-stars  of  v  cannot  exceed 

and  the  total  number  of  l-slars  in  G  cannot  exceed 

Proof :  Consider  the  2-star  of  v  on  Its  boundary  X  is  a  circuit 
which  contains  all  the  vertices  adjacent  to  v,  and  no  others,  and  X  is 
also  the  rim  of  a  l-star  of  vt  Let  H  be  the  subgraph  consisting  of  the 
vertices  adjacent  to  v  and  all  arcs  which  join  pairs  of  these  vertices. 
The  rim  of  any  1-star  of  v  is  a  Hamilton  line  of  H.  Since  H  has  d, 

vertices,  the  number  of  such  Hamilton  lines  cannot  exceed  2 

We  shall  say  two  l-stars  of  G  are  adjacent  if  their  centers  are  adjacent 
vertices  of  G.  (»  is  called  the  center  of  any  1-star  of  p.) 

Theorem  6.  Let  G  be  such  that  the  rims  of  any  two  adjacent  l-stars  of  G 
have  at  most  t  vertices  in  common.  Let  v  be  any  vertex  of  G,  d,  the  degree 

tut  — 

of  V.  Then  if  G  triangulates  a  surface  0,  p  has  at  most  - 5-^ - 


distinct  l-stars. 

Proof:  Let  v  be  any  vertex  of  G,  d,  its  degree.  Consider  the  2-star 
of  p  on  0.  Its  boundary  X  is  a  circuit  which  contains  all  the  vertices 
adjacent  to  p,  and  no  others,  and  X  is  also  the  rim  of  a  1-star  of  p. 
Suppose  p  is  the  rim  of  another  1-star  of  v,  if  such  exists,  p  cannot  be 
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larger  nor  smaller  than  X,  by  the  definition  of  a  l-star.  That  is,  the 
rim  of  any  l-«tar  of  r  will  contain  all  the  vertices  of  X  and  no  others. 

Let  v'  be  adjacent  to  v.  Then  r'  is  contained  in  X.  The  rim  of  a 
1-star  of  s'  has  at  most  t  vertices  in  common  with  X  by  hypothesis. 
That  is,  any  vertex  of  X  is  adjacent  to  at  most  t  other  vertices  of  X. 

Let  H  be  the  subgraph  of  O  consisting  of  the  vertices  of  X,  and  all 
arcs  of  G  both  of  whose  endpoints  are  vertices  of  X.  Each  vertex  of  H 
is  of  degn‘e  <(  on  H.  The  rim  of  any  1-star  of  v  is  a  Hamilton  line 

m  - 1  )'•■*■* 


of  H.  By  lemma  1  there  are  at  most 


such  Hamilton  lines. 


Theorem  7.  Let  G  be  such  that  the  rims  of  any  two  adjacent  l-stars  of  G 
have  exactly  tu>o  vertices  in  common.  Then  if  G  triangulates  an  orientable 
{non-orientabk)  surface  of  characteristic  K,  G  cannot  be  mapped  on  a 
non-orientable  (orientable)  surface  of  the  same  characteristic. 

Proof:  If  f  «  2  in  theorem  6,  we  find  that  each  vertex  of  G  has  a 
unique  1-star.  The  theorem  follows  from  this  and  theorem  4. 


Empirical  tests  with  many  graphs  have  led  the  author  to  the  belief 
that  the  following  assertion  is  true:  “Suppose  any  connectcnl  graph,  con¬ 
taining  no  vertices  of  degree  less  than  three,  and  no  loops,  triangulates 
an  orientable  (non-orientable)  surface  of  characteristic  K.  Then  G 
cannot  be  mapped  on  a  non-orientable  (orientable)  surface  of  the  same 
characteristic."  As  we  have  pointed  out  in  the  Introduction,  the  proof 
of  this  assertion,  if  it  is  true,  appears  to  be  difficult,  and  we  leave  it  as 
an  open  question. 

Lemma  2.  Let  a  be  a  2-ceU  bounded  by  a  simple  closed  curve  X  having  n 
edges  and  n  vertices.  Let  (a)  be  a  non-intersecting  set  of  arcs,  each  of 
which,  except  for  its  endpoints,  is  mapped  in  a,  such  that  (1)  the  end¬ 
points  of  these  arcs  are  non-adjcwent  vertices  of  X,  and  (2)  no  pair  of 
vertices  of  X  has  more  than  one  arc  of  [o]  joining  them,  (i.e.  the  graph 
X  +  [a]  contains  no  simple  loops.)  Then  the  number  of  arcs  in  [a]  cannot 
exceed  n  —  3. 

Proof:  For  n  <  3  the  lemma  is  trivial.  When  n  *  4  it  is  obvious 
that  [a]  cannot  contain  more  than  one  arc. 

Suppose  the  lemma  is  true  for  n  ^  k,  we  shall  show  that  it  is  true  for 
n  «  ib  -{-  1.  Let  uv  be  any  arc  of  [a],  uv  separates  a  into  two  2-cells 
a'  and  a”.  F(a')  «  X'  -}-  u»,  F(a")  ->  X"  -f  uv,  where  X',  X"  are  the 
two  chains  into  which  u,  v  separate  X.  Since  by  hypothesis  u  and  v 
are  non-adjacent  vertices  of  X,  X'  contains  at  least  two  arcs  of  X,  so 
that  X"  contains  at  most  ib-fl  —  2(«-ik  —  1)  arcs.  Similarly  X' 
contains  at  most  k  —  I  arcs.  Let  m  be  the  number  of  arcs  in  X'.  Then 
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X"  contains  k  +  I  —  m  arcs,  (m  <  k  —  1,  it  -f  1  —  m  <  t  —  1). 
Then  F{a')  contains  m  1  arcs,  and  since  m  +  1  <  fc,  it  follows  that 
the  number  of  arcs  of  [a]  mapped  in  a  cannot  exceed  (m  +  1)  —  3. 
Similarly  F(a")  contains  k  2  —  m  arcs,  and  since  fc  +  2  —  m  <  it, 
the  number  of  arcs  of  [a]  mapped  in  a"  cannot  exceed  (ik  -|-  2  —  m)  —  3. 
Taking  account  of  the  arc  ttv,  the  number  of  arcs  of  [a]  mapped  in  a 
cannot  exceed 

((m  1)  —  3]  +  [(fc  -f-  2  —  m)  —  3]  +  I  (fc  -f-  1)  —  3 

and  hence  the  lemma  is  true  for  n  «  k  -f-  1. 

Lemma  3.  Let  0  be  a  2-ceU  wUh  p  handles,  bounded  by  a  simple  closed 
curve  M  having  n  edges  and  n  vertices.  Let  [0]  be  a  non-intersecting  set 
of  arcs,  each  of  which,  except  for  its  endpoints,  is  mapped  in  0,  having 
the  same  properties  relative  to  0  and  u  that  [a]  has  relative  to  a  and  X  in 
lemma  2.  Then  the  number  of  arcs  in  [^]  cannot  exceed  n  —  3K  -|-  3, 
where  /C  —  2  —  2p. 

Proof :  Case  I.  Suppose  each  handle  has  at  least  one  of  the  arcs  of 
[0]  passing  over  it,  and  at  least  one  of  the  arcs  of  [/9]  passing  under  it. 
Let  (i  be  an  arc  which  passes  over  the  ith  handle,  i).  be  an  arc  which 
passes  under  the  tth  handle,  (t  —  1,  •  •  •  ,  p).  Cut  0  along  each  of  the 

and  fit .  0  will  open  out  into  a  2-cell  0*  bounded  by  the  n  edges  of  m 
together  with  2p  identified  pairs  of  arcs  (< ,  ,  that  is,  by 

n  ip  edges,  and  the  other  arcs  of  [0]  will  all  be  mapped  in  0*. 

0*  and  those  arcs  of  [0]  which  are  mapped  in  0*  satisfy  the  h}rpothesi8 
of  lemma  2,  hence  the  number  of  arcs  of  [^]  mapped  in  0*  cannot  exceed 
n  +  —  3.  These  arcs,  together  with  the  2p  arcs  >  give  a  total 

not  exceeding  n  -(-  6p  —  3  for  the  number  of  arcs  in  (^].  Putting 
K  ac  2  —  2p  we  find  that  the  number  of  arcs  in  [0]  cannot  exceed 
n  -  3A:  -H  3. 

Ctise  II.  Suppose  not  every  handle  has  at  least  one  arc  of  \0\  passing 
over  it,  and  at  least  one  arc  of  [/9]  passing  under  it.  Suppose  hi  of  the 
handles  do  not  have  any  arcs  of  [^]  passing  over  them.  Pick  off*  all 
such  handles.  There  results  a  2-cell  with  p  —  hi  handles,  each  of 
which  has  at  least  one  arc  of  [^]  passing  over  it.  Suppose  At  of  these 
handles  do  not  have  any  arcs  of  \0]  passing  under  them.  Then  we  can 
transform  the  2-complex  m  +  ^^  +  [^]  into  a  homeomorphic  2-complex 
M  +  +  l^]  such  that  each  handle  of  0'  which  has  arcs  passing  over  it, 

*  If  we  delete  a  handle  from  fi  there  results  a  region  with  two  holes.  Span 
each  of  these  holes  with  a  2-cell.  There  will  result  a  2-cell  ff'  with  one  fewer 
handles.  This  process  is  called  picking  oft  a  handle. 
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but  none  patwing  under  it,  is  replaced  on  by  a  handle  which  has 
these  arcs  passing  under  it  but  none  passing  over  it.  Pick  off  all  such 
handles.  There  will  result  a  2-cell  /J"'  with  p  —  hi  —  ht  handles,  in 
which  the  arcs  of  [/)]  are  mapped.  Each  of  these  handles  will  have  at 
least  one  arc  of  [/9]  passing  over  it,  and  at  least  one  arc  of  [/9]  passing 
under  it.  We  can  then  apply  case  I  to  0"*',  and  find  that  the  number 
of  arcs  in  [0]  cannot  exceed  t  »■  n  -|-  6(p  —  A)  —  3,  where  A  «  Ai  -f-  A*  . 
By  the  hypothesis  of  case  II,  A  >  1.  Putting  K  —  2  —  2p  we  see 
that  T  -  (n  -  3X  -I-  3)  -  6A  <  n  -  3#C  -I-  3. 

Lemma  4.  Let  ybea  2-ceU  with  q  cross-caps,  bounded  by  a  simple  closed 
curve  V  having  n  edges  and  n  vertices.  Let  [y]  be  a  non-intersecting  set  of 
arcs,  each  of  which,  except  for  its  endpoints,  is  mapped  in  y,  having  the 
same  properties  relative  to  y  and  v  that  [a]  has  relative  to  a  and  X  tn  lemma  2. 
Then  the  number  of  arcs  in  (y]  cannot  exceed  n  —  3K  -f-  3,  where 
X  -  2  -  9. 

The  proof,  with  slight  modifications,  is  analogous  to  that  of  the 
lemma  3,  "cross-cape”  replacing  "handles”  in  the  discussion. 

Lemma  5.  Let  H  be  a  graph  containing  E  arcs  and  V  vertices.  Then 
the  number  of  Hamilton  lines  on  H  is  less  than 

E{E  -  (E  -  V  +  1) 
fj  • 

Proof:  Each  Hamilton  line  is  a  circuit  of  V  arcs,  u,  the  number 
of  Hamilton  lines,  cannot  exceed  the  number  of  ways  of  choosing  V 
arcs  from  E,  i.e.  w  <  “Cr .  But  not  every  such  choice  of  V  arcs  is  a 
circuit,  hence  the  equality  cannot  hold  and 

^  E(E  -  1)  . . .  (E  -  P  -H  1) 

"  < - jn - • 

Theorem  8.  If  G  triangulates  an  0*  ,  and  v  is  any  vertex  of  O,  d, 

tte  iHen  (M- -  3K  +  3)(M.  -  3K  +  2)  ■  ■  ■  (A  -  3K  +  4) 

d,i 

is  an  upper  bound  to  the  number  of  distinct  \-stars  of  v. 

Proof;  If  0ff  is  orien table,  G  can  be  mapped  on  a  sphere  S*  with 
p  »  (2  —  K)/2  handles.  If  0jr  is  non-orientable  then  G  can  be  mapped 
on  a  sphere  Sk  with  q  ^  {2  —  K)  cross-caps.  Whichever  is  the  case 
denote  the  surface  by  S,  and  map  G  on  it.  G  triangulates  S,  (Theorem 
1).  Consider  e, ,  the  2-star  of  v  on  S.  Its  boundary  is  a  simple  closed 
curve  X,  (Theorem  2)  containing  d,  arcs  and  d,  vertices.  X  is  the  rim 
of  a  1-star  of  v,  (Theorem  3,  corollary).  If  m  is  the  rim  of  any  other 
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l-6tar  of  V,  ft  obviously  contains  at  least  one  arc  not  contained  in  X. 
Thus  for  each  1-star  of  v  distinct  from  the  one  whose  rim  is  X,  there 
exists  one  or  more  arcs  mapped  in  (S  —  dw),  the  portion  of  S  com¬ 
plementary  to  the  closure  of  9, ,  these  arcs  having  the  properties  that 
the  arcs  in  the  sets  [fi]  and  [7]  of  lemmas  3  and  4  have.  Denote  the 
set  of  these  arcs  by  [<].  Let  r  be  the  number  of  arcs  in  [<].  Then  by 
lemma  3  or  lemma  4,  t  <  d,  —  3K  3. 

I.<et  H  be  the  subgraph  of  G  consisting  of  X  and  the  set  [2].  Then 
every  rim  of  a  l-star  of  e  is  a  Hamilton  line  of  H.  Since  H  has  d,  -f-  T 
arcs  and  d,  vertices,  by  lemma  5  the  number  of  such  Hamilton  lines  is 
less  than 

(d.  +  r)(d,  +  T  -  1)  •  •  •  (r  4-  1) 

d.? 

That  is,  the  number  of  distinct  l-stars  of  v  cannot  exceed 

(2d.  -3K  +  3)(2d.  -  3/C  -f-  2)  . . .  (d.  -  3/C  -H  4) 
d,! 

We  emphasize  the  point  that  the  bound  given  in  theorem  8  is  by  no 
means  the  least  upper  bound.  In  actual  practice  the  number  of  dis¬ 
tinct  l-stars  of  V  may  be  much  less  than  the  number  given  in  the 
theorem.  For  example,  in  the  case  of  the  plane  K  ^  2,  and  the  upper 

...  .  (2d.  -  3)(2d.  -  4)  ...  (d.  -  2)  „  , 

bound  given  is  ^ ^ ^ — -j-— - i However  for  the 

d»I 

plane  we  have  the 

Theorem  9.  If  G  triangulates  a  plane,  then  every  vertex  of  G  has  a 
unique  l-«Iar. 

Proof:  Since  G  is  planar,  it  can  be  mapped  on  a  sphere.  Let  v  be 
any  vertex  of  G.  Consider  the  2-star  of  v.  Its  boundary  X  is  the 
rim  of  a  1-star  of  v  (theorem  3,  eorollary).  If  v  has  another  l-star,  let  m 
be  its  rim.  At  least  one  arc  xy  of  m  is  not  contained  in  X,  else  ft  and  X 
would  be  identical.  Suppose  zy  is  the  tth  arc  of  ft.  The  pair  of 
vertices  x,  y  separate  X  into  two  chains  Xi  and  Xt.  If  the  (t  -f  l)8t 
arc  of  fi  joins  y  to  a  vertex  of  Xi  then  sinee  u  passes  through  every 
vertex  of  X* ,  ft  must  contain  an  arc  uw  joining  a  vertex  u  of  X|  to  a 
vertex  tr  of  Xt .  Similarly  if  the  (t  +  l)st  arc  of  n  joins  y  to  a  vertex 
of  Xt .  The  pair  x,  y  separates  the  pair  u,  w  on  X.  Now  uw  and  zy 
must  both  be  mapped  in  the  region  complementary  to  the  2-8tar  of  v. 
But  since  z,  y  separates  u,  v  this  is  impossible.  Hence  v  has  a  unique 
l-star. 
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Two  circuits  of  s  graph  are  called  independent  if  they  have  no  points 
other  than  vertices  of  the  graph  in  common.  Suppose  v  is  a  vertex  of  0, 
and  that  v  has  l-stars.  We  shall  say  two  1-stars  of  s  are  independent 
if  their  rims  are  independent  circuits  of  O. 

Theorem  10.  Let  v  be  any  vertex  of  G,  d,  the  degree  of  v.  If  0  triangu- 
UUea  tome  surface  0  then  the  number  of  independent  l-stars  of  v  cannot 

Proof :  Consider  the  2-star  of  v  on  0.  Its  boundary  X  is  the  rim 
of  a  1-star  of  v.  Let  H  be  the  subgraph  of  G  consisting  of  X  and  those 
arcs  of  G  both  of  whose  endpoints  are  vertices  of  X.  The  rim  of  any 
l-star  of  p  is  a  Hamilton  line  of  H,  i.e.  a  circuit  of  H.  The  number  of 
inde|)endent  circuits  of  H  cannot  exceed  ft,  the  cyclomatic  number  of  H. 
M  will  have  the  gn>at(>st  possible  value  when  //  is  a  complete  d,-point. 
Tht^number  of  independent  circuits  of  such  a  graph  is 

C  k  o  rw>  c- 

.  ,  _  d,id,  -  1)  ^  ^  , 

<*1  “  oo  +  1  *  - ^ -  —  a,  1 


-  d.  +  1 


_  (d.  -  l)(d.  -  2) 

“  2  ■  • 

Hence  in  //  #i  <  — - - —  and  the  number  of  independent 

l-stars  of  p  cannot  exceed  this  amount. 

Theorem  11.  If  G  triangulates  an  0x  ,  and  v  is  any  vertex  of  G,  d, 
the  degree  of  v,  then  the  number  of  independent  l-stars  of  v  cannot  exceed 
d,-3K-\-  4. 

Pn)of :  G  can  be  mapped  on  a  sphere  Sk  with  p  (2  —  K)/2  handles 
or  with  q  ^  {2  —  K)  cross-caps,  where  Sk  is  defined  as  in  the  proof 
of  theorem  8.  Let  r  be  defined  as  in  theorem  8,  and  H  be  the  sub¬ 
graph  of  G  as  there  defined.  The  rim  of  any  1-star  of  p  is  a  Hamilton 
line  of  H.  Since  H  has  d,  vertices  and  d,  r  arcSi'f  the  number  of 
independent  circuits  in  ^  is  given  by 

M  »  oi  —  oo  +  1 

“  (d»  +  r)  —  d,  -1-  1 
-  T  -I-  1. 


As  we  have  seen  in  the  proof  of  theorem  8,  t  <  d,  —  3/C  3.  Hence 

the  number  of  independent  Hamilton  lines  in  H  (which  cannot  exceed 
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m)i  is  —  3/iC  +  4,  and  this  number  is  therefore  an  upper  bound  to 
the  number  of  independent  l-stars  of  v. 


2.  Perfect  and  Quaai-peifect  subdivision.  In  the  sequel  let  H  be 
any  connected  finite  graph,  each  vertex  of  which  is  of  degree  at  least 
three,  and  let  G  be  defined  as  before.  H  shall  be  said  to  subdivide  a 
surface  on  which  it  is  mapped,  quasi-perfecUy  if  the  regions  into 
which  ®  is  separated  are  2-cell8  each  having  the  same  finite  number  n 
of  sides.*  H  shall  be  said  to  subdivide  ®  perfectly  if  the  regions  into 
which  <0  is  separated  are  regular**  2-cell8  having  the  same  finite  number 
n  of  sides,  and  if  the  boundaries  of  any  two  of  these  2-cells  meet  in  at 
most  a  connected  set.  If  H  subdivides  0  perfectly,  it  also  subdivides  0 
quasi-perfectly,  so  that  the  following  theorems  on  quasi-perfect  sub¬ 
divisions  are  also  true  for  perfect  subdivisions. 

Theorem  12.  Suppose  H  can  be  mapped  on  a  surface  so  as  to  sub¬ 
divide  it  quasi-perfectly.  Then  if  n  denote  the  number  of  sides  of  each 


2<eU,n  -  — 
at 

Proof;  Let  o<  be  the  number  of  vertices  of  degree  i  in  H.  At  each 
vertex  of  H  there  are  i  abutments  of  2-ccll8.  (A  given  2-cell  may  abut 
more  than  once  at  a  given  vertex  of  H.)  Hence  the  total  number  of 


abutments  at  all  vertices  is 


Each  2-cell  abuts  n  times  at 


vertices  of  H.  Hence  in  the.  above  enumeration  each  2-cell  has  been 
counted  n  times,  once  each  time  it  abuts  at  a  vertex  of  H.  Hence 


at  — 


2  tOi 


(1) 


But  Zioi  is  also  equal  to  the  number  of  abutments  of  arcs  at  vertices, 
and  since  each  arc  abuts  twice,  once  at  each  of  its  ends,  ^  ia<  »  2ai . 

2a 

This  combined  with  (1)  gives  n 

Ol 

2ai 

Theorem  13.  If  for  a  graph  H, - 1 — ^  is  not  an  integer,  then  H 

a\  —  at  -r  ti- 

cannot  be  mapped  on  an  0jr  so  as  to  subdivide  it  quasi-perfectly. 

*  Defined  in  T  as  follows:  Let  F(a)  be  the  boundary  of  a  2-eeU  a.  Let  P  be 
an  arbitrary  but  fixed  vertex  of  F(a).  Starting  at  P  trace  a  closed  path  w  around 
F(a),  BO  moving  that  r  does  not  cross  itself,  and  a  is  always  to  the  right,  and 
traversing  the  whole  of  F(a)  terminate  the  path  at  P.  By  the  number  of  sides 
of  a  we  mean  the  number  of  arcs  in  r,  where  in  this  enumeration  each  arc  of 
F(a)  is  counted  as  many  times  as  w  passes  through  it. 

'*  A  2-cell  is  called  regular  if  its  boundary  is  a  simple  closed  curve. 
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Proof:  Suppose  H  subdivides  quasi-perfectly.  By  theorem  12 

2oi 

the  number  of  sides  of  each  2-eelI  will  be  —  .  From  the  Euler  formula 

a* 

we  have 

/C  “  a»  —  oi  -i"  • 


*  «o 


—  ai  -H 


2ai 

n 


n 


2a, 

a,  ~~  txc  K 


(2) 


If  a  graph  triangulates  a  surface,  then  any  other  map  of  the  graph  on 
the  same  surface  is  a  triangulation.”  This  is  not  true  for  the  more 
general  ease  of  quasi-perfect  subdivision.  For  example,  con.sider  the 
map  of  the  complete  5-point  B  on  a  torus.  Fig.  2  is  a  map  of  this 


graph,  in  which  each  of  the  regions  is  a  quadrilateral.  But  B  can 
also  be  mapped  on  a  torus  as  in  Fig.  3,  in  which  not  all  of  the  regions 
are  quadrilateral,  so  that  this  second  map  is  not  a  quasi-perfect  sub¬ 
division. 

Suppose  a  graph  H  is  mapped  on  its  maximal  surface  (i.e.  the  surface 
of  greatest  possible  characteristic  on  which  H  can  be  mapped).  The 

surface  is  then  separated  into  2-cell8.”  I^et  n  ■■  — .  If  H  sub- 

aj 

divides  the  surface  quasi-perfectly  then  each  2-cell  will  have  n  sides 
(Theorem  IX).  Suppose  H  does  not  subdivide  the  surface  quasi-per¬ 
fectly.  If  a  is  a  2-cell  of  (n  —  i)  sides,  we  shall  say  that  a  has  the 

"  T.  Theorem  4. 

>*  This  followa  from  T.  Theorem  2,  in  the  proof  of  which  no  SMumption  was 
made  that  the  xraph  considered  was  free  of  loope.  Theorem  2  of  the  paper  T  is 
valid  for  any  connected  graph. 
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deficiency  6.  If  is  a  2-cell  of  (n  +  •)  sides,  we  shall  say  that  d  has  the 
excess  •.  (If  n  is  not  an  integer,  6  and  <  will,  of  course,  not  be  integers.) 

Theorem  14.  Let  H  be  mapped  on  its  maximal  surface.  Then  the 
sum  of  all  the  deficiencies  is  equal  to  the  sum  of  all  the  excesses. 

Proof:  Each  edge  {  of  ff  is  either  contained  in  the  set  in  which  the 
boundaries  of  two  adjacent  2-celis  meet,  or  else  the  boundary  of  a  single 
irregular  2-cell  meets  itself  in  (.  Hence  in  an  enumeration  of  the  total 
number  of  sides  of  all  the  2-cell8,  each  edge  is  counted  twice.  That  is, 
the  total  number  of  sides  is  2ai .  Let  x  be  the  number  of  2-cells  of 
less  than  n  sides  each,  y  the  number  of  2-cells  of  n  sides,  and  z  the 
number  of  2-cells  of  more  than  n  sides.  (If  n  is  not  an  integer  then 
obviously  y  »  0.)  Let  6  be  the  total  deficiency  and  c  the  total  excess. 
Then 

I  ,  2ai 

n 

The  X  2-cell8  will  have  a  total  of  (nx  —  4)  sides,  while  the  z  2-cell8  will 
have  a  total  of  (nz  -)-  c)  sides.  Therefore  the  total  number  of  .sides  b 

2ai  -  (nx  -  4)  -J-  ny  -I-  (nz  -1-  t) 

—  (nx  -f  ny  -|-  nz)  —  4  -f  € 

*  2ai  —  4  -}-  € 

hence 

4  “ 

3.  Quasi-p«rfect  subdivision  by  complete  JV-points.  The  case  where 
^  is  a  complete  AT-point  b  of  special  interest.  There  exbts  a  value  k 
such  that  for  K  <  k,  the  complete  iV-point  can  be  mapped  on  an  . 
Let  us  seek  the  relationship  that  must  hold  between  N  and  K  when 
the  complete  AT-point  can  be  mapped  on  Sx  so  that  the  surface  b 
subdivided  quasi-perfectly. 

Suppose  a  complete  AT-point  b  mapped  in  such  a  manner.  Since 
each  vertex  b  of  degree  (N  —  1),  at  each  vertex  there  are  (N  —  1) 
abutments  of  2-celb.  The  total  number  of  abutments  at  all  vertices 
b  then  N{N  —  1).  Since  in  thb  enumeration  each  2-cell  has  been 
counted  n  times,  once  each  time  it  abuts  at  a  vertex,  the  total  number 

of  2-cell8  b  - 1} .  Since  the  total  number  of  edges  b 

n  2‘ 
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we  have 


whence 


/iC  “  o*  —  oi  -f  a* 

,,  NiN  -  1)  .  N(N  -  1) 
»  JV - s - 1 - - - 


2NiN  -  1) 


AT*  -  3Ar  +  2K 

Suppoee  n  u  held  fixed.  Solving  (3)  for  N  we  have 


N 


(3n  -  2)  ±  v/(3n  -  2)*  -  8n#:(n  ~  2) 


(3) 


(4) 


(6) 


2(n  -  2) 

When  n  is  odd,  (3n  —  2)  is  odd  and  the  mapping  is  possible  only  if  N 
s  an  integer,  that  is  if 

(3n  -  2)*  -  SnK{n  -  2) 
is  the  square  of  an  odd  integer,  i.e. 

(3n  -  2)*  +  8n/C(2  -  n)  -  z*,  z  -  2x  +  1, 

that  is, 

z*  m  (3n  —  2)*  (mod  8n(2  —  n)) 

or 

4x(x  -f-  1)  «  9n*  —  12n  4-  3  (mod  8n(2  —  n)). 
W'hcn  n  is  even,  (3n  —  2)  is  even  and  the  mapping  is  possible  only  if 
(3n  -  2)*  -  8nK(n  -  2) 
is  the  square  of  an  even  integer,  i.e. 

(3n  -  2)*  +  8nK(2  -  n)  -  z*,  z  -  2y 

that  is, 

z*  m  (3n  —  2)*  (mod  8n(2  —  n)) 

or 


(mod  2n(2  —  n)). 


U 
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Hence  we  have  proved  the  two  theorema 

Theorem  15.  If  a  complete  N-point  can  be  mapped  on  an  3c  eo  as  to 
subdivide  it  quasi-perfecUy,  then  the  number  of  sides  of  each  2-cell  mual 
be  n,  where  n  is  given  by  (4). 

Theorem  16.  A  necessary  condition  that  a  complete  N-poirU  can  be 
mapped  on  a  surface  of  characteristic  K  so  as  to  effect  a  quasi-perfect  sub¬ 
division  each  of  the  2-ceUs  having  n  sides,  is  that  N  and  K  satisfy  the 
relations 


(3n  -  2)  ±  t 
2(n-2) 

_  t*-(3n-2)* 
8n(2  —  n) 


(6) 


where  z  2z  1,  and  x  is  any  solution  of 

4x(x  -f-  1)  ■  9n*  —  12n  +  3  (mod  8n(2  —  n)) 
when  n  is  odd;  or  t  »  2y  and  y  is  any  solution  of 

(mod  2n(2  —  n)) 

when  n  is  even. 

Example’.  Ck)n8ider  the  set  of  values  AT  —  O,  /C*l,n*4.  These 
do  not  satisfy  (6).  By  theorem  16  it  follows  that  a  complete  6*point 
cannot  be  mapped  on  a  projective  plane  so  as  to  separate  it  into  2-cell8 
of  four  sides  each.  (This  result  also  follows  from  the  fact  that  a  com¬ 
plete  6-point  can  be  mapped  on  a  projective  plane  so  as  to  triangulate 
it,  hence  by  T.  Theorem  4  any  map  of  a  complete  6-point  on  a  projective 
plane  is  a  triangulation.) 


4.  Perfect  Polyhedra.  A  graph  is  called  regular  and  of  degree  d  if 
each  of  its  vertices  is  of  the  same  degree  d.  Let  G  be  a  connected 
regular  graph  of  degree  >3  and  having  no  simple  loops.  We  shall 
call  the  2-complex  formed  by  the  perfect  subdivision  of  a  surface  @c 
by  G  into  2-cells  of  n  sides  each  a  perfect  polyhedron  of  degree  d,  order  n, 
and  characteristic  K. 

Let  n  be  a  perfect  polyhedron  of  characteristic  K.  Then  for  the 
number  of  edges  we  have  2ai  »  dao .  From  theorem  12  we  have 

2ofi 

n  »  —  .  From  the  Euler  formula  we  then  have 

at 


E  ^  Oq  —  at  -j-  at 


2a}  ,  2ai 

-j-  —  ai  -t  — 

d  n 


whence 
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2n  —  7m/  -f  2rf 
nd 


We  Hhall  say  that  two  orientable  (non-orientable)  perfect  polyhedra 
of  the  same  characteristic  K  ^  0  are  of  the  same  type  if  they  have  the 
same  order  and  the  same  degree.  From  (7)  they  also  have  the  same 
number  of  vertices. 

Theorem  17.  The  number  of  verticea  of  a  perfect  polyhedron  of  char- 
acteriatic  K  ^  0  cannot  exceed  14  |  /C  |. 

Proof:  From  theorems  24  and  28,  which  we  shall  prove  in  following 
sections,  it  shall  be  evident  that  the  theorem  is  true  for  /C  «>  2  and 
X  —  1.  Suppose  then  that  X  <  0. 

From  (7)  we  have,  solving  for  d, 


From  (8),  since  d  >  3, 


whence 


, .  -  a). 

n  —  2\  oo/ 

n  -  2  \  Oo/ 


"  ^  ar+2X- 

We  shall  show  that  if  oo  >  —  14X,  then  d  cannot  be  an  integer. 

From  (9),  if  a#  >  —  14X,  then  n  <  — <  7.  Hence  we  need  only 

Oo  *r  2X 

consider  the  values  of  d,  as  given  by  (8),  for  n  »  3, 4,  5, 6.  For  example, 
when  n  «  5,  then 


—  lOX  2 

Since  oo  >  —  14X,  -  <  *  and  d  is  not  an  integer.  A  similar 

ooo  3 

reasoning  applies  for  n  »  3,  4,  6. 

It  will  be  seen  that  this  argument  fails  to  hold  if  —  14X  is  replaced 
by  a  smaller  integral  multiple  of  —X.  For  if  it  be  merely  assumed 
that  Oo  >  —  13X,  then  from  (9),  n  <  8.  But  when  n  »  7, 


t{-S) 


^5  5a.  ’ 


and  if  a.  «  —  14X  then  d  «  3,  i.e.  is  an  integer. 


1 
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Corollary,  If  K  f*  0,  there  are  a  finite  number  of  types  of  perfect 
polyhedra  of  characteristic  K. 

Proof:  From  the  definition  of  a  perfect  polyhedron  it  is  evident  that 
ao  >  n.  Since  oo  has  an  upper  bound,  n  has  an  upper  bound,  and 
hence  d  has  an  upper  bound.  That  is,  there  are  a  finite  number  of 
values  of  (d,  n,  oe)  which  satisfy  (8),  and  therefore  a  finite  number  of 
integral  values  which  satisfy  (8).  Since  for  any  perfect  polyhedron 
d,  n,  and  an  must  have  integral  values  which  satisfy  (7),  and  hence  (8), 
the  corollary  follows. 

Let  n  be  a  perfect  polyhedron  of  degree  d,  order  n  and  characteristic 
K.  Take  a  point  p,  interior  to  each  2-cell  at .  If  two  2-cells  oj ,  a* 
have  boundaries  which  meet  in  an  edge  ,  join  p/  to  p*  by  arc  p,pt 
intersecting  .  These  new  arcs,  together  with  the  vertices  pi  consti¬ 
tute  a  regular  graph  G'  of  degree  n,  havdng  no  loops,  which  subdivides 
®jr  perfectly  into  2-cells  of  d  sides  each.  The  polyhedron  11'  thus 
defined  is  perfect.  We  shall  call  11'  the  dual  of  II.  If  n  is  of  order  n 
and  degree  d,  then  the  dual  of  11  is  of  order  d  and  degree  n.  If  d  >  n, 
we  shall  say  the  polyhedron  IT  is  self-dual. 

There  arise  two  interesting  special  cases  of  formula  (7) 

Ccue  /.  n  ^  d,  self-dual  perfect  polyhedra. 

When  n  d,  (7)  becomes 

2d  -  d*  -I-  2d  ^K^2JC 
ai  doe 

whence 


Oo 


Since  d  is  an  integer  >3,  oo  must  be  a  divisor  of  2K,  and  since  G 
has  no  loops,  on  >  d. 

(1)  If  /C  »  2,  the  only  possible  solution  of  (10)  is  oo  ■■  4,  d  »  3. 
An  example  is  the  tetrahedron. 

(2)  If  X  s  1,  the  only  possible  solution  of  (10)  is  oo  «•  2,  d  »  3. 
Since  in  this  solution  on  <  d,  there  is  no  possible  polyhedron  of  char¬ 
acteristic  1. 

(3)  If  X  «  0,  then  d  »  4  and  oo  may  have  any  value.  Fig.  2  gives 
an  example  of  an  orientable  polyhedron  of  characteristic  0  with  oo  »  5. 
Fig.  4  gives  an  example  of  an  orientable  polyhedron  of  characteristic  0 
with  a*  »  9.  Similar  examples  can  be  constructed  with  on  *  m*, 
where  m  is  any  integer  >4.  Fig.  5  gives  an  example  of  a  non-orientable 
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polyhedron  of  rharacterwtic  0  with  ao  «  9.  Similar  examples  can  be 
constructed  with  oe  *  m*,  where  m  >  4. 

(4)  For  K  ^  —I,  and  —2  there  are  no  possible  solutions  of  (10). 

(6)  For  X  <  -3,  d  >  4  -1-  That  is,  d  >  5. 

do 

We  summarise  these  results  in  the  theorems; 

Theorem  18.  The  only  aelf-dual  perfect  polyhedron  of  characteristic  2 
it  the  tetrahedron.  No  self  dual  perfect  polyHedra  of  characteristic 
—  1,2  exist. 

Theorem  19.  If  a  self -dual  perfect  polyhedron  of  charaderistic  <  —  3 
exists,  its  degree  is  >  5. 
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Ca$e  II.  n  —  3,  triangulation  of  surfaces  by  regular  graphs. 

(The  dual  of  this  case  arises  when  d  «  3,  the  perfect  subdivision  of 
surfaces  by  regular  graphs  of  degree  three  and  having  no  loops.  Such 
subdivisions  are  also  called  regular  maps.) 

When  n  «  3,  (7)  becomes 


whence 


»  -  3d  +  2d  _  K 
3d  “  o, 


2JC 

doc 


Oo 


(11) 


Since  d  is  an  integer  >3,  oo  must  be  a  divisor  of  6K,  and  since  G 
has  no  loops,  oo  >  d.  A  table  of  possible  solutions  of  (1 1)  up  to  /iC  »  —  4 
follows, 


K 

<*• 

d 

K 

o* 

d 

2 

4 

3 

-1 

No  possibl 

e  solutions 

6 

4 

12 

5 

-2 

12 

7 

1 

6 

5 

-3 

9 

8 

■ 

18 

7 

0 

— 

6 

-4 

12 

8 

24 

7 

Examples 

(1)  X  2,  Oo  »  4,  d  »  3,  the  tetrahedron  is  an  example. 

Oo  =  6,  d  »  4,  the  octahedron  is  an  example,  (the  dual 

is  a  cube). 

a«  12,  d  «  5,  the  icosahedron  is  an  example,  (the  dual 
is  a  dodeckahedron. 

(2)  K  »  1.  The  only  possible  solution  is  oo  »  d  *  5.  An 
example  is  given  in  fig.  6. 

(3)  K  0.  Here  d  «  6,  and  oo  can  have  any  value.  We  give 
examples  of  regular  graphs  with  seven,  and  with  eight  vertices,  which 
triangulate  the  torus,  (figs.  7  and  8  respectively).  In  fig.  1  we  have 
an  example  of  a  regular  graph  with  sixteen  vertices  which  triangulates 


96 


I.  N.  KAGNO 


the  torus.  We  can  construct  examples  similar  to  the  latter  with 
oa  m*,  where  m  is  any  positive  integer  >3. 


In  fig.  9  we  give  an  example  of  a  regular  graph  which  triangulates  a 
non-orien table  surface  of  characteristic  0.  Similar  examples  can  be 
constructed  for  oo  —  m*,  where  m  >  3. 

(4)  For  K  »  there  are  no  possible  solutions  of  (11). 
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(5)  K  ^  —2.  oo  *  12,  d  a*  7.  In  fig.  10  we  give  an  example  for 
the  orientable  surface  of  characteristic  —2. 

Theorem  20.  No  regular  graph  exists  which  triangulates  a  surface  of 
characteristie  —1. 


3 


p 

i 

gl 

p 

IB 

m 

KH 

p 

a 

Qj 

i 

Fio.  9 


Theorem  20'  (dual  of  theorem  20).  No  regular  graph  of  degree  three 
exists  which  subdivides  a  surface  of  characteristic  —  1  perfectly. 

Theorem  21.  If  a  regular  graph  trianaulates  a  surface  of  characteristie 
K  <  —2  its  degree  is  >7. 
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Proof:  For  X  <  -2,  d  >  6  -f-  — •  That  ia  d  >  7. 

oe 

5.  Quasi-perfect  polyhedra.  Let  H  be  any  finite  connected  regular 
graph  of  degree  d  >  3.  We  shall  call  the  2-complex  formed  by  the 
qiiasi-perfect  subdivision  of  a  surface  by  H  into  2-celis  of  n  sides 
each,  a  quasi-perfect  polyhedron  of  degree  d,  order  n  and  characteristic 
K.  A  perfect  polyhedron  is  also  a  quasi-perfect  polyhedron.  We  shall 
say  that  two  orientable  (non-orientable)  quasi-perfect  polyhedra  of  the 
same  characteristic  K  ^  0  are  of  the  same  type  if  they  have  the  same 
order  and  the  same  degree. 


Fio.  10 


Since  in  the  derivation  of  the  formula  (7)  no  use  was  made  of  the 
fact  that  O  had  no  Joops,  formula  (7)  applies  to  quasi-perfect  poly¬ 
hedra  also. 

The  2-complexe8  from  which  the  Euler  polygons  for  the  various 
surfaces  are  obtained  are  examples  of  quasi-perfect  polyhedra  which 
are  not  perfect.  Additional  examples  are  given  in  fig.  13. 


6.  Spherical  polyhedra.  When  K  ^  2,  (7)  becomes 
2n  -  nd  -H  2d  2  4 
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solving  for  d, 


Theorem  22.  The  order  of  a  quasi-perfed  polyhedron  of  charaderidic  2 
cannol  exceed  5. 

Proof:  Let  Af  be  the  regular  graph  defining  the  polyhedron.  By 

definition  d  >  3.  Suppose  n  >  6.  Then  — ^  and  from  (12) 

n  —  2  2 

Now  for  any  finite  value  of  oio  the  quantity  ^  is  less  than  unity 

and  hence  d  <  3,  which  gives  a  contradiction. 

Theorem  23.  There  exist  only  six  types  of  quasi-perfed  polyhedra  of 
characteristic  2. 

Proof:  By  theorem  22,  n  <  5.  Giving  n  successively  the  values 
2,  3,  4,  5  we  find  the  following  table  of  solutions  of  (12),  (where  the 
values  of  on  are  computed  from  the  Euler  formula). 


Type 

n 

d 

•• 

OS 

Q 

2 

— 

2 

— 

I 

3 

3 

4 

4 

II 

3 

4 

6 

8 

III 

3 

5 

12 

20 

IV 

4 

3 

8 

6 

V 

5 

3 

20 

12 

(Type  IV  is  the  dual  of  type  II,  and  type  V  is  the  dual  of  type  III.) 


An  example  of  type  Q  can  be  constructed  by  taking  for  the  two 
vertices  the  two  poles  of  a  sphere,  and  joining  these  by  a  finite  number 
of  arcs.  The  faces  will  be  lunes.  The  graphs  defining  this  type  of 
polyhedra  have  loops,  so  that  the  polyhedra  are  not  perfect.  Since 
examples  of  types  I-V  are  given  by  I)  tetrahedron,  II)  octahedron, 
III)  icosahedron,  IV)  cube,  and  V)  dodeckahedron,  we  have  the 
Theorem  24.  There  exist  only  five  types  of  perfed  polyhedra  of  char¬ 
acteristic  2. 


100 


I.  N.  KAGNO 


Two  2-coinplexefl  are  Haid  to  be  isomorphic  if  we  can  aet  up  a  1-1 
correapondence  between  the  0-,  1-,  and  2-cell8  of  the  two  complexes 
such  that  incidence  relations  are  preserved. 

Theorem  25.  Any  two  spherical  perfect  polyhedra  of  the  same  type  are 
isomorphic. 

Proof:  We  shall  give  the  proof  for  type  III.  The  proof  for  types  I 
and  II  is  similar,  and  somewhat  simpler.  Since  type  V  is  the  dual  of 
type  111,  and  type  IV  the  dual  of  type  II,  the  theorem  follows  for 
types  IV  and  V,  under  duality.** 

Let  T  be  any  perfect  polyhedron  of  type  III.  We  shall  denote  the 
2-star  of  a  vertex  x  by  the  symbol  o,  ,  and  the  boundary  of  the  2-8tar 
by  F{om)’  I>*t  X  be  any  vertex  of  v.  Since  the  2-cells  of  v  are  all 
triangles,  and  each  vertex  is  of  degree  5,  the  2-star  of  any  vertex  of  r 
is  bounded  by  a  simple  closed  curve  of  6ve  arcs  and  five  vertices, 
(theorem  2).  Hence  we  can  assign  the  letters  yi ,  yt ,  yt ,  y* ,  yt  in 
cyclic  order  to  the  vertices  of  F(<t,)  starting  with  any  vertex.  For 
each  triangle  xyiyi+i  of  «r.  there  is  a  triangle  Zi.i+ty{yi+i  of  r  whose 

boundary  has  the  arc  in  common  with  F(<r,),  (where  i  *  1,  •  •  •  ,  5, 
and  the  additions  in  the  subscripts  arc  understood  to  be  modulo  5). 
By  the  flower  /,  of  x  we  shall  mean  the  2-complex  consisting  of  a, , 
F{a,),  and  the  triangles  Zi.i+iyiyi+t  together  with  their  boundaries.  /, 
contains  ten  triangles.  We  shall  first  prove  that  the  vertices  on  the 
boundary  of  /«  are  all  distinct. 

contains  the  chain  ri_i.4/i-ixy<+iz<.i+i .  If  Zi_i.<  were  identical 
with  Zi.i+i ,  F(<r,^)  would  be  the  circuit  Zi_i.ty»-ixyj+iZi_i,< ,  which  is 
impossible,  since  this  circuit  contains  only  four  arcs.  Hence  ^ 

Zi,i+i  and  F(<f,,)  *  .  Thus  the  s}rmbols 

represent  arcs  of  v.  F(ff,^  contains  the  chain  Zt-i.^y^yi^tZi+i,*^ . 

‘  If  Zi-i,i  were  identical  with  Zi+i.i+s ,  F{og^  ^^^)  would  be  the  circuit 
*i-i.iy%yi+^i-i,i  which  is  impossible  since  this  circuit  contains  only  three 
arcs.  Hence  Zi-i,i  rf  Ci+i.i+i .  It  follows  that  the  z's  are  all  distinct. 
Since  Zi-\,i  is  not  contained  in  F{a,),  is  distinct  from  each  of  the 
y’s. 

^  If  n'  is  the  dual  of  11,  then  there  is  a  1-1  correspondence  between  the  0-,  1-, 
2-cells  of  n  and  the  2-,  1-,  0-cells  of  11'.  If  11"  is  isomorphic  with  11'  then  there 
is  a  1-1  correspondence  between  the  2-,  1-,  O-cells  of  11"  and  the  2-,  1-,  0-cells 
of  n'.  If  n'"  is  the  dual  of  11"  then  there  is  a  1-1  correspondence  between  the 
2-,  1-,  0-cells  of  n"  and  the  0-,  1-,  2-cells  of  n'".  Thus  there  is  a  1-1  correspond¬ 
ence  between  the  0-,  1-,  2-cells  of  11'"  and  the  0-,  1-,  2-cells  of  n.  Hence 
if  11'  is  isomorphic  with  11",  then  the  dual  of  11'  is  isomorphic  with  the  dual  of  n". 


jj 
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By  the  conateUation  k,  of  x  we  shall  mean  the  2-complex  consisting  of 
the  flower/. ,  and  the  triangles  together  with  their  bounda¬ 

ries.  k,  contains  fifteen  triangles.  The  boundary  of  k,  is  the  circuit 
ZaZnZuZitZtita  - 

Let  n  be  any  other  perfect  polyhedron  of  type  III,  X  any  vertex  of  11. 
Let  kx  be  the  constellation  of  X,  with  vertices  X,  Yt,  Zi,i+t , 
(t  ~  1,  •••  ,5,  and  the  addition  in  the  subscripts  being  understood 
to  be  modulo  5),  constructed  as  is  ik,  by  first  adding  to  ox  the  closed 
triangles  Zi.i^iYiY^^i  and  then  adding  the  closed  triangles  Zi^\,iY . 
As  above,  we  can  show  that  the  vertices  of  F(Jcx)  are  all  distinct.  We 
can  set  up  an  isomorphism  between  k,  and  kx  ,  letting  each  element  of 
k,  correspond  to  the  element  of  ifcx  obtained  by  replacing  small  letters 
by  capital  letters  in  the  symbols  for  them. 

For  each  arc  of  F{k,)  there  is  a  triangle  whose 


boundary  has  the  arc  in  common  with  Fife,).  Now  k,  con¬ 

tains  eleven  vertices,  and  since  the  total  number  of  vertices  of  ir  is 
twelve,  the  vertices  iCj  are  identical.  Denote  this  vertex  by  w.  Then 
F(oJ)  is  identical  with  F{k,),  namely  ZaZtiZt*ZuZnZit .  Similarly  II  con¬ 
tains  a  vertex  W  such  that  F(aw)  =■  F(fcx)  =  ZuZuZuZtxZHZa . 
Hence  we  can  let  correspond  to  <tw  ,  the  arcs  corresponding 

to  WZi,i+i ,  and  the  triangles  tDZi-i,iZi.i+i  to  WZi-i.iZi,i+i . 

Thus  we  have  established  an  isomorphism  between  r  and  11. 

From  theorem  25  we  see 'that  every  perfect  polyhedron  of  type  I  is 
isomorphic  with  the  regular  tetrahedron,  etc.  Hence  if  we  restrict  our 
attention  to  the  regular  polyhedra,  theon*m  24  becomes  the  classic 
theorem  of  Euclidean  Solid  Geometry;  “There  exist  only  five  kind^  of 
regular  polyhedra.”  Since  theorem  24  was  arrived  at  by  purely  topo¬ 
logical  considerations,  we  have  a  non-metrical  proof  of  the  Euclidean 
theorem. 

7.  Proje^ve-planar  polyhedra.  When  K  =*  1,  (7)  becomes 

2n  -  nd  -b  2d  ^  ^  ^ 

nd  ai  doo 


solving  for  d. 


(13) 


Theorem  26.  The  order  of  a  quoai-perfect  polyhedron  of  characteristic  1 
cannot  exceed  5. 
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The  proof  is  analogous  to  that  of  theorem  22. 

Theorem  27.  There  exist  only  five  types  of  quasi-perfect  polyhedra  of 
characteristic  1. 

Proof :  By  theorem  24,  n  <  5.  Putting  n  >  2,  3,  4,  5  successively 
in  (13),  we  find  the  following  table  of  solutions  of  (13)  (rejecting  those 
for  which  d  <  3), 


Type 

n 

d 

Of 

Q. 

2 

— 

1 

— 

3 

3 

2' 

0* 

3 

4 

3 

I 

3 

5 

6 

4 

3 

4 

II 

5 

3 

10 

Type  II  is  the  dual  of  type  I. 


There  are  six  solutions  of  (13)  in  this  table.  But  consider  the  solu¬ 
tion  n  «  3,  d  »  3,  oo  —  2.  If  such  a  polygon  existed,  the  defining 
graph  would  be  one  of  the  two  following 

(a)  Three  arcs  each  joining  the  same  pair  of  vertices  a,  6;  or 

(b)  Two  circuits  Xi ,  Xi  and  an  arc  cd,  where  c  c  Xi ,  d  c  Xt .  Neither 
of  these  two  graphs  can  be  mapped  on  the  projective  plane  so  as  to 
subdivide  it  quasi-perfectly,  (which  is  easily  verified  empirically).  As 
examples  of  types  Qi ,  Qi ,  Qi ,  I,  II  are  given  below,  the  theorem  is 
proved. 

An  example  of  type  Qi  can  be  constructed  by  taking  for  the  defining 
graph  a  finite  number  (>2)  of  concurrent  projective  lines.  The  faces 
will  be  2-8ided  2-cell8.  Since  the  graph  has  loops,  the  example  is  a 
quasi-perfect,  but  not  a  perfect  polyhedron. 

An  example  of  type  Qi  is  the  2-complex  formed  by  three  non-con¬ 
current  projective  lines  on  the  projective  plane.  Since  the  graph  de¬ 
fining  the  polyhedron  has  loops,  this  polyhedron  is  quasi-perfect,  but 
not  perfect. 

An  example  of  type  I  is  given  in  fig.  6.  By  constructing  the  dual  of 
this  polyhedron  we  obtain  an  example  of  type  II. 

Now  consider  type  Q|.  We  shall  show  that  there  exists  no  perfect 
polyhedra  of  this  type.  Let  11  be  any  polyhedron  of  type  Qj,  x  any 
vertex  of  n.  We  shall  supix)se  II  is  perfect,  and  force  a  contradiction. 
Since  x  is  of  degree  three,  F(<r,)  will  contain  three  vertices  adjacent  to  x. 
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to  which  we  can  assign  the  letters  Vi ,  ,  Pi  in  cyclic  order.  The 

are  all  distinct,  since  otherwise  the  defining  graph  of  n  would  contain 
a  loop,  contrary  to  the  definition  of  a  perfect  polyhedron.  Since  z  Lb 
of  degree  three,  three  quadrilaterals  abut  at  z,  namely  the  quadri¬ 
laterals  zyiZi.i+iVt^i ,  (where  t  ~  1,  2,  3,  and  the  additions  in  the  sub¬ 
scripts  are  understood  to  be  modulo  3).  Since  n  contains  four  vertices, 
each  z  must  be  identical  with  some  y.  Now  ti.t+i  ^  adjacent  to  and 
yi+t ,  hence  is  distinct  from  them.  Hence  ti.i+i  »  yi^t  >  &nd  n  consists 
of  the  quadrilaterals  zyiyi+tyi+i  together  with  their  boundaries.  The 
boundary  of  the  quadrilateral  xyiyi^i+i  has  the  arcs  xyi  and  yi^yt+i 
in  common  with  the  boundary  of  the  quadrilateral  xyt+iyi^iyi .  But 
by  definition  of  a  perfect  polyhedron,  the  boundaries  of  any  two  2-cell8 
can  meet  in  at  most  a  connected  set.  Hence  n  is  not  a  perfect 
polyhedron. 

Since  for  a  perfect  polyhedron  we  must  have  ao  >  d,  (for  the  graph 
defining  the  polyhedron  contains  no  loops),  and  for  each  of  the  types 
Qi  and  Qt  at  <  d,  there  exist  no  perfect  polyhedra  of  these  types. 
Hence 

Theorem  28.  There  exist  only  two  types  of  perfect  polyhedra  of  char¬ 
acteristic  1. 

Theorem  29.  Any  two  perfect  polyhedra  of  characteristic  1  which  are 
of  the  same  type  are  isomorphic. 

The  proof  follows  along  the^  same  general  lines  as  that  of  theorem  25. 

8.  Polyhedra  of  characteristic  0.  When  /C  o,  (7)  becomes 

2n  -  nd  -h  2d  ^ 
nd 

2n  -  nd  +  2d  • 

The  only  possible  solutions  of  (14)  are 

n-  3,1  4.1 

d-  6,1  4,/ 

Hence 

Theorem  30.  If  11  is  a  quasi-perfect  polyhedron  of  characteristic  zero, 
the  faces  of  n  are  either  triangles,  quadrilaterals,  or  hexagons. 

Examples:  (A)  Perfect  polyhedra. 

(1)  n  «  3,  d  6.  Fig.  7  gives  an  example  of  an  orientable  poly¬ 
hedron  and  fig.  9  gives  an  example  of  a  non-orientable  polyhedron. 


0 

0.  (14) 


6. 

3. 


(2)  n  «  4,  (i  <■  4.  Fig.  2  gives  an  example  of  an  orientable  poly¬ 
hedron  and  fig.  5  an  example  of  a  non-orientable  polyhedron. 

(3)  n  «  6,  d  "■  3.  Fig.  1 1  gives  an  example  an  orientable  poly¬ 
hedron  and  fig.  12  an  example  of  a  non-orientable  polyhedron. 

(B)  Quasi-perfect,  non-perfect  polyhedra. 

Examples  are  given  in  fig.  13. 


j 


Fio.  12 


9.  Infinite  perfect  subdivision  of  a  plane.  In  this  and  the  following 
section  we  consider  an  infinite  graph  lying  on  an  open  surface  and  having 
the  properties;  every  arc  is  closed,  every  vertex  is" of  finite  degree,  and 
no  infinite  subset  of  arcs  of  the  graph  form  a  set  which  is  compact  rela¬ 
tive  to  the  surface.  If  every  vertex  has  the  same  degree  we  shall  say 
the  graph  is  regular.  By  an  infinite  perfect  aubdivition  of  the  surface 
we  shall  mean  the  separation  of  the  surface  by  an  infinite  graph  into 
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regular  2-cell8,  each  of  which  is  compact,  and  each  of  which  has  the 
same  number  n  of  sides,  and  such  that  the  boundaries  of  any  two  of 
these  2-cells  meet  in  at  most  a  connected  set. 

Theorem  31.  //  n  and  d  hoe  any  pair  of  values  distinct  from 

n  “  3,  3,  3,  4,  6. 

d  3,  4,  5,  3,  3. 

then  there  exists  an  infinite  perfect  stibdivision  of  the  plane  of  degree  d 
and  order  n. 


Proof:  There  arise  three  possibilities;  I,  n  >  3,  d  >  3;  II,  n  »  3, 
d  >  5;  and  III,  n  >  6,  d  »  3. 

Case  I,  n  >  3,  d  >  3. 

Let  X  be  any  point  of  the  plane.  Let  [C,]  be  a  system  of  concentric 
circles  with  center  at  x  and  radii  r,  (r  —  0,  1,  •  •  •  ),  where  C#  is  the 
point  X.  Let  yi ,  •  •  •  ,  be  d  distinct  points  of  C| .  Join  x  to  each 
y<  (t  —  1,  •••,(/).  Introduce  n  —  3  (>0)  new  vertices  *</ , 
(j  ■*  1,  •  •  •  ,  n  —  3)  on  each  arc  y^yi+i  of  Ci ,  (where  the  additions  in 
the  subscripts  are  understood  to  be  modulo  d).  The  2-8tar  of  x  now 
consists  of  d  n-gons.  On  Ci  each  y  is  of  degree  three,  and  each  z  is 
of  degree  two. 
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Let  Si  denote  the  Hubdivision  of  the  interior  of  Ct  by  the  graph 
X  -I-  +  Cl  and  S»  denote  the  point  x.  We  shall  show  that  there 

exists  a  subdivision  S, ,  {r  >  2)  of  the  interior  Cr ,  by  a  graph  Or  in¬ 
cluding  Cr ,  such  that  (1)  Sr  is  obtained  from  Sr-i  by  introducing 
vertices  on  C,  and  joining  each  vertex  of  C,_i  to  certain  vertices  of  C, 
by  arcs  lying,  except  for  their  endpoints,  in  the  ring-shaped  area 
bounded  by  Cr-i  and  Cr ,  in  such  a  manner  that  distinct  vertices  of 
Cr-i  are  joined  to  distinct  vertices  of  Cr ,  and  no  two  of  the  arcs  joining 
vertices  of  C,_i  to  vertices  of  C,  intersect;  (2)  each  2-cell  of  5,  has  n 
sides;  (3)  each  vertex  of  0,  which  is  not  on  C,  is  of  degree  d;  and  (4) 
the  vertices  of  Cr  are  of  degree  two  or  three.  Si  satisfies  these  condi¬ 
tions  in  a  trivial  manner. 

Suppose  a  subdivision  S,_i ,  (r  >  2),  exists.  Let  p  be  the  number  of 
vertices  of  degree  two  on  C,_i  and  q  be  the  number  of  vertices  of  degree 
three  on  Cr-i .  Introduce  p{d  —  2)  +  q(d  —  3)  distinct  vertices  (r) 
on  Cr .  Join  each  vertex  of  degree  two  on  C,_i  to  d  —  2  (>0)  of  the 
vertices  l»l  by  a  set  of  arcs  lying,  except  for  their  endpoints,  in  the 
ring-shaped  area  bounded  by  Cr-i  and  Cr ,  and  join  each  vertex  of 
degree  three  on  C,_i  to  d  —  3  (>0)  of  the  vertices  (p)  by  a  set  of  arcs 
lying,  except  for  their  endpoints,  in  the  area  bounded  by  Cr-i  and  C,  ; 
performing  these  operations  in  such  a  manner  that  distinct  vertices  of 
Cr-i  are  joined  to  distinct  vertices  of  Cr ,  and  no  two  arcs  of  the  set 

joining  vertices  of  Cr-i  to  vertices  of  Cr  intersect.  Each  vertex  * 

of  Cr-i  will  then  be  of  degree  d,  and  the  vertices  (p)  on  C,  will  each  be  » 

of  degree  three. 

The  set  of  arcs  (L-i.r)  separates  the  area  bounded  by  C,_i  and  Cr 
into  triangles  and  quadrilaterals,  each  triangles  having  an  edge  fit  on 
Cr ,  and  each  quadrilateral  having  an  edge  on  Cr .  Introduce  n  —  3 
(>0)  new  vertices  [tp<l  on  each  arc  and  n  —  4  (>0)  new  vertices 
[tp,]  on  each  arc  /3,.  When  this  is  done,  the  area  bounded  by  Cr-i 
and  Cr  will  be  separated  into  n-gons,  and  each  of  the  vertices  [tp]  on  Cr 
will  be  of  degree  two.  We  thus  have  constructed  an  Sr . 

It  is  clear  that  the  subdivision 

Sc  -|-  (Si  —  So)  +  (Sj  —  Si)  -j-  •  •  •  +  (Sr  —  Sr_l)  -!-••• 

has  the  desired  properties. 

Case  II,  n  »  3,  d  >  5. 

Let  X  and  the  set  of  circles  [Cr]  be  defined  as  in  case  I.  Let  yi ,  •  •  *  , 
be  d  distinct  points  of  Ci .  Join  x  to  each  yi .  The  2-star  of  x  consists 
of  d  triangles.  On  C\  each  vertex  is  of  degree  three. 
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Let  denote  the  subdivision  of  the  interior  of  Ci  by  the  graph 
X  +  Zxpi  +  Cl ,  and  S%  denote  the  point  z.  We  shall  show  that  there 
exists  a  subdivision  St  (r  >  2),  of  the  interior  of  Cr ,  by  a  graph  Q, 
including  Cr ,  such  that  (1)  Sr  is  obtained  from  St-\  by  introducing 
vertices  on  Cr  and  joining  each  vertex  of  Cr-i  to  certain  vertices  of  Cr 
by  arcs  lying,  except  for  their  endpoints,  in  the  ring-shaped  area 
bounded  by  Cr-i  and  Cr ,  in  such  a  manner  that  each  vertex  of  Cr-t  is 
joined  to  two  or  more  vertices  of  C, ,  and  for  each  pair  of  adjacent 
vertices  of  Cr-i  there  exists  a  single  vertex  on  Cr  which  is  joined  to 
both;  (2)  no  two  of  the  arcs  joining  vertices  of  C,-i  to  vertices  of  Cr 
intersect;  (3)  each  2-cell  of  S,  has  three  sides;  (4)  each  vertex  of  O, 
which  is  not  on  Cr  is  of  degree  d;  and  (5)  the  vertices  of  Cr  are  of  degree 
three  or  four.  iSi  satisfies  these  conditions  in  a  trivial  manner. 

Suppose  a  subdivision  St~i  exists  (r  >  2).  Let  p  be  the  number  of 
vertices  of  degree  three  on  Cr-i ,  and  q  be  the  number  of  vertices  of 
degree  four  on  Cr-i .  Introduce  p(d  —  3)  -|-  q{d  —  4)  distinct  vertices 
(*]  on  Cr .  Join  each  vertex  of  degree  three  on  Cr-i  to  d  —  3  (>0) 
of  the  vertices  [z]  by  a  set  of  arcs  lying,  except  for  their  endpoints,  in 
the  ring-shaped  area  bounded  by  Cr-i  and  Cr ,  and  join  each  vertex  of 
degree  four  on  Cr-i  to  d  —  4  (>0)  of  the  vertices  [*]  by  a  set  of  arcs 
lying,  except  for  their  endpoints,  in  the  area  bounded  by  Cr-i  and  Cr  ; 
performing  these  operations  in  such  a  manner  that  no  two  of  the  arcs 
[^r-i.r]  joining  vertices  of  Cr-i  to  vertices  of  Cr  intersect,  and  such  that 
for  each  pair  of  adjacent  vertices  of  Cr-i  there  is  a  single  vertex  of  C, 
which  is  joined  to  both.  Elach  vertex  of  Cr-i  will  then  be  of  degree  d. 

The  set  of  arcs  [(r-i.rl  triangulates  the  area  bounded  by  Cr-i  and  Cr . 
Assign  the  letters  ici  ,«>*,•••,  icy  ,••  •  in  cyclic  order  to  the  vertices 
of  Cr-i .  tcy-i  and  u>y  are  each  joined  to  the  same  vertex  zy_i,y  of  C, , 
and  try  and  W{+i  are  each  joined  to  the  same  vertex  Zy.y^-i  of  Cr .  Since 
d  >  5,  and  try  is  of  degree  three  or  four,  wy  is  joined  to  at  least  two 
vertices  of  Cr ,  hence  for  each  j,  ^  *y.y+i .  Therefore  each  zy.y+i 
is  joined  to  the  vertices  try  and  tr,>t  of  Cr-i  and  no  others,  hence  is  of 
degree  four.  Thus  each  vertex  of  Cr  which  is  joined  to  an  adjacent 
pair  of  vertices  of  Cr-i  is  of  degree  four.  The  other  vertices  of  Cr  are 
of  degree  three.  We  thus  have  constructed  an  Sr . 

It  is  clear  that  the  subdivision 


So  (Si  —  So)  -1-  (Sj  —  Si)  -h  •  •  •  +  (Sr  —  Sr-l)  +  •  •  • 


has  the  desired  properties. 
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Cate  III.  n  >  5,  d  ^  Z. 

This  case  is  the  dual  of  case  II,  hence  by  taking  the  dual  of  the  sub¬ 
division  of  case  II  we  obtain  a  subdivision  having  the  desired  properties. 

Theorem  32.  If  n  and  d  have  any  of  the  five  pairs  of  valaea  listed  in  the 
hypothesis  of  theorem  31,  then  there  exists  no  infinite  perfect  subdivision 
of  the  plane  of  degree  d  and  order  n. 

Proof :  We  shall  prove  the  theorem  for  the  case  n  «  3,  d  «  5.  The 
proof  for  n  3,  d  ~  3,  and  for  n  «  3,  d  »  4  is  similar.  The  proof 
for  n  —  4,  d  -»  3,  and  for  n  —  5,  d  —  3  then  follows  by  duality. 

Suppose  there  exists  an  infinite  graph  O  which  effects  an  infinite 
perfect  subdivision  of  the  plane  of  degree  5  and  order  3.  Let  x  be  any 
vertex  of  O.  Consider  the  constellation  k,  of  z.  As  in  theorem  25 
we  can  show  that  the  boundary  F{k,)  of  k.  is  a  circuit  of  five  arcs 
and  five  vertices.  I^et  H  be  the  graph  consisting  of  the  0-  and  1-ceIls 
of  k,  .  On  H  each  vertex  of  F(k.)  is  of  degree  four.  Since  each  of  the 
2-cells  of  the  subdivision  of  the  plane  is  a  triangle,  for  each  pair  of 
adjacent  vertices  of  F{k,)  there  exists  a  sin^e  vertex  oi  O  —  H  which 
is  joined  to  both.  Since  on  H  each  vertex  of  F{k,)  is  of  degree  four, 
it  is  joined  to  one  vertex  of  0  —  H.  Hence  ail  the  vertices  of  F(fc,) 
must  be  joined  to  a  single  vertex  w  of  0  —  H.  Let  M  be  the  graph 
consisting  of  //,  w,  and  the  set  of  arcs  joining  vertices  of  F(ib.)  to  w. 
Since  there  are  five  vertices  on  F(fc,),  ir  is  of  degree  five  on  M.  Since 
O  is  infinite,  G  —  M  ^  0.  Hence  tc  is  joined  to  some  vertex  ofO  —  M. 
But  then  tr  is  of  degree  greater  than  five,  which  is  impossible.  Hence 
an  infinite  perfect  subdivision  having  the  desired  properties  does 
not  exist. 

10.  A  perfect  subdivision  of  covering  surfaces.  Let  Z,  be  an  orient- 
able  surface  of  genus  p  (>0),  Up  the  universal  covering  surface  of  Z, , 
and  (f)  the  group  of  decktransformations  of  U,.  If  u,  v,  are  two 
points  of  Up  which  cover  a  point  r  of  Z,  ,  then  there  is  a  transformation 
f  of  10  such  that  t(ji)  ■■  v,  and  any  non-identical  transformation  of 
10  carries  a  point  u  of  Up  into  a  point  of  Up  which  covers  the  same 
point  of  2p  that  u  does,  i.e.  leaves  no  points  of  Up  fixed.  Two  points 
ui ,  Ut  of  Up  shall  be  called  congruent  if  there  exists  a  decktransformation 
t  such  that  f(ui)  —  Ut ,  i.e.  if  Ui  and  Uf  cover  the  same  point  of  Z, . 
A  set  of  points  ^  of  Up  shall  be  called  a  fundamental  domain  of  (0> 
if  for  every  point  u  of  Up  there  is  one  and  only  one  point  of  ®  congruent 
to  11,  and  if  no  two  points  of  ^  are  congruent  to  each  other,  (i.e.  each 
point  of  Zp  is  covered  by  one  and  only  one  point  of  3),  and  no  two 
points  of  3)  cover  the  same  point  of  Zp).  The  set  of  points  3)  covers 
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Xp  exactly  once.  Every  transformation  of  |f}  transforms  a  funda¬ 
mental  domain  into  another  fundamental  domain.  By  a  proper  funda¬ 
mental  domain  we  shall  mean  a  fundamental  domain  ^  which  consists 
of  a  2-cell  i,  bounded  by  a  graph  G  having  no  free  arcs  or  chains,  together 
with  a  suitably  chosen  subset  of  G,  (where  by  a  free  arc  or  chain  of  a 
graph  we  mean  an  arc  or  chain  one  of  whose  ends  is  a  vertex  of  degree 
one  of  the  graph). 

Let  ^  be  a  proper  fundamental  domain  of  the  group  {!)  of  deck- 
transformations  of  Up ,  and  let  ^  denote  the  closure  of  The  set 
of  points  of  G  plus  all  points  congruent  to  points  of  G  forms  a  network 
which  is  an  infinite  graph  D  having  no  free  arcs  or  chains.  Up  —  D 
consists  of  an  infinite  number  of  2-cells,  if,  each  of  which  together 
with  a  suitably  chosen  subset  of  its  boundary  is  a  proper  fundamental 
domain  of  Up .  We  shall  show  that  D  subdivides  Up  perfectly. 

G  is  a  simple  closed  curve,  for  suppose  this  were  not  so.  Then  il)  is 
multiply  connected.  I^et  X  be  the  outer  boundary'*  of  and  A  the 
simply  connected  set  consisting  of  X  plus  its  interior  A.  It  is  easily 
seen  that  5  —  3)  is  a  non-vacuous  open  set,  the  boundary  points  of 
which  are  eoaiwMtsd-in  the  set  of  boundary  points  of  3).  Let  x  be  any 
point  of  2  —  3).  There  exists  a  point  x*  of  3),  and  a  decktransformation 
t  such  that  I(xt)  »  z.  Thus  at  least  one  point  of  1(3))  lies  in  A  —  3). 
^  <(^)  is  contained  in  A  —  3),  for  if  not,  then  since  <(3))  and  A  —  ®  are 

the  closures  of  open  sets,  and  in  particular  f(3))  is  the  closure  of  a 
connected  open  set,  it  is  clear  that  some  inner  point  of  1(3))  coincides 
with  a  boundary  point  of  A  —  3),  hence  of  3),  which  is  impossible. 

Therefore  t(\)  C  A  —  ^  C  A  so  that  f(X)  is  interior  to  X,  and  f(A)  is 
interior  to  A.  But  then  by  a  theorem  of  Brouwer,  t  must  leave  at  least 
one  point  of  A  fixed,  which  is  impossible.  Hence  G  is  a  simple  closed 
curve,  and  5  is  a  regular  2-cell. 

Let  n  be  the  number  of  arcs  of  the  network  D  which  make  up  G. 
We  shall  say  that  3)  has  n  sides. 

Two  proper  fundamental  domains  3)i ,  3)t  shall  be  called  adjacent  if 
their  boundaries  Gi ,  Gt  meet.  If  3)i  and  3)|  are  adjacent  then  Gi  f) 
is  connected.  For  if  this  were  not  so,  then  3)i  -|-  3),  would  be  multiply 
connected  with  an  outer  boundary  n.  But  then  by  reasoning  similar 

'*  By  the  outer  boundary  of  y)  we  mean  the  eet  of  boundary  points  of  H)  which 
is  accessible  from  infinity. 
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to  the  preceding  paragraph  we  can  show  that  this  leads  to  a  contra¬ 
diction. 

Each  vertex  of  D  is  of  degree  >3.  Since  each  Gt  is  the  image  of  G 
under  a  transformation  of  |f),  each  2-cell  if  has  the  same  number  of 
sides  as  i  and  is  a  regular  2-cell. 

Hence  we  have  shown  that  D  subdivides  U,  perfectly. 

liCt  //  be  a  connected  graph  containing  no  free  arcs  or  chains,  which 
is  mapped  on  a  Z,  in  such  a  manner  that  Zp  —  H  vs  a  single  2-cell 
Then  the  covering  surface  U,  contains  a  network  H*  covering  H, 
which  is  an  infinite  graph  containing  no  free  arcs  or  chains,  and  U,  —  H 
is  an  infinite  set  of  2-cells  ffi  each  of  which  covers  0.  Each  0i  has  the 
same  number  of  sides  as  0.  The  group  of  decktransformations  of  U, 
transforms  H*  into  itself,  and  carries  0i  into  0f ,  i  ^  j.  Hence  0i 
together  with  a  suitably  chosen  subset  of  the  subgraph  F(0i)  of  H* 
which  bounds  is  a  proper  fundamental  domain  of  the  group  of  deck- 
transformations  of  Up  .  Hence  the  problem  of  determining  the  number 
of  sides  a  proper  fundamental  domain  of  Up  can  have  is  equivalent  to 
the  problem  of  determining  the  number  of  sides  0  can  have  for  all 
possible  choices  of  H. 

Lemma  6.  Let  Gbe  a  connected  graph  containing  no  free  arcs  or  chains, 
which  is  mapped  on  a  toms  T  in  such  a  manner  that  T  —  G  is  a  single 
2-ceU  a.  Then  a  has  either  four  or  six  sides. 

Proof :  G  contains  at  least  one  circuit  X,  for  otherwise  G  would  be  a 
tree,  but  then  T  —  G  cannot  be  a  2-cell.  No  circuit  of  G  separates  T, 
for  if  it  did,  T  —  G  would  not  be  connected,  contrary  to  hypothesis. 
G  contains  a  circuit  m  distinct  from  X,  for  if  X  were  the  only  circuit  in  G, 
T  —  \  would  be  a  cylinder  which  G  —  X  does  not  separate,  and  then 
T  —  G  would  not  be  a  2-cell.  X  meets  ft,  for  otherwise  T  —  (X  -f-  >*) 
would  consist  of  two  cylinders,  and  T  —  G  would  not  be  connected. 

X  n  M  u  connected,  for  suppose  it  were  not.  Cut  T  along  X,  T  will 
open  out  into  a  cylinder  bounded  by  two  simple  closed  curves  Xi ,  X| , 
each  isomorphic  with  X.  m  —  (X  fl  m)  consists  of  at  least  two  chains, 
each  mapped  in  this  cylinder,  with  ends  on  the  boundary  of  the  cylinder. 
If  If,  one  of  these  chains,  has  both  its  ends  on  Xi ,  or  both  its  ends  on  Xt , 
then  If  separates  the  cylinder.  On  the  other  hand  if  each  of  these 
chains  has  one  end  on  Xi ,  and  the  other  end  on  Xi ,  then  these  chains 
together  separate  the  cylinder.  In  either  case  T  —  G  ia  not  connected, 
contrary  to  hypothesis. 

X  n  M  is  either  a  single  vertex  of  degree  four,  or  an  arc  with  end¬ 
points  of  degree  three.  In  the  former  case  G  has  two  arcs,  and  if  T  —  G 
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were  cut  along  G  it  would  open  out  into  a  2-cell  of  four  sides,  (each 
of  the  arcs  of  G  forming  two  sides),  i.e.  T  —  (X  -f-  m)  is  a  2-cell  of  four 
sides;  in  the  latter  case  G  has  three  arcs,  and  T  —  (X  -f  m)  is  &  2-cell 
of  six  sides. 

Let  G'  >■  X  -I-  M-  Then  G'  is  identical  with  G.  For  suppose 
G  —  G'  ^  0.  G  —  G'  cannot  contain  a  circuit,  for  such  a  circuit,  being 
mapped  in  the  2-cell  T  —  G\  would  separate  it,  but  T  —  G  ia  con¬ 
nected.  G  —  G'  contains  no  free  arcs  or  chains,  for  if  it  did,  G  would 
contain  free  arcs  or  chains,  contrary  to  hypothesis.  Hence  G  —  G' 
must  contain  a  chain  f  having  both  its  ends  on  G',  but  then  f  separates 
T  —  G',  which  contradicts  the  hypothesis  that  T  —  G  ia  connected. 
Hence  G  —  G'  »  0. 

CoroUary.  If  ^  it  a  proper  fundamental  domain  of  the  group  of  deek- 
tranaformationa  of  the  univeraal  covering  aurface  of  a  torua,  ^  haa  either 
four  or  aix  aidea. 

Since  any  doubly  infinite  group  &  of  translations  of  the  Euclidean 
plane  into  itself  can  be  regarded  as  a  representation  of  the  group  of 
decktran8formation.s  of  the  universal  covering  surface  of  a  torus,  it 
follows  that  a  proper  fundamental  domain  of  the  group  &  has  either 
four  or  six  sides. 

For  example,  let  ^(z)  be  a  doubly  periodic  function  of  the  complex 
variable  x.  By  a  fundamental  domain  of  <p{z)  we  mean  a  proper  funda¬ 
mental  domain  of  the  group. of  translations  rkn :  z'  ^  z  +  hui  +  ktm, 
where  ut ,  on  ,  are  the  periods  of  ^(z).  It  then  follows  that: 

A  fundamental  domain  of  a  doubly  periodic  function  of  a  complex 
variable  haa  either  four  or  aix  aidea. 


Columbia  Univbbsitt. 


A  NEW  APPROACH  TO  KRON’S  WORK 

Bt  Natbanibl  Comvmit 


I.  Introduction.  We  propose  to  re-examine  Kron’s  work,  his  prob¬ 
lem,  and  give  another  approach  to  these  matters. 


II.  Notation.  We  shall  use  the  general  notation  of  Schouten- 
Struik.'  Consider  a  holonomic  coordinate  83r8tem  (z^)  in  a  Rieman- 
nian  space  of  n-dimensions  (P«).  The  metric  tensor  and  connection 
of  Vn  are  denoted,  respectively  by 


(1) 


ax„,  (a, X,M  “  1  •••  n), 


(2) 


^  ^ 

2  \dz*  dx*  di'/ 


For  a  holonomic  coordinate  system  (2^)  in  an  n-dimensional  (L«),  we 
write  for  the  metric  tensor  and  connection. 


(3)  <ix# ,  (a,  X,  M  -  1  . . .  n), 

(4)  hj. 


III.  Machine  of  Type  I.  The  I^agrange  equations  of  Kron’s  repre¬ 
sentative  machine  (I)^  may  be  written  as  follows: 

(1)  c.  -  -1- 

Or  using  absolute  differentiation, 

(2)  ^  c,  « 

The  solutions  of  these  differential  equations  will  be  said  to  determine 
the  “paths”  of  F. .  Each  path  corresponds,  of  course,  to  a  perform¬ 
ance  of  the  noachine.  Let  the  inductances  in  the  machine  of  type  (I) 
remain  unaltered  but  let  the  resistances  (Rmt)  and  the  impressed 

'  J.  A.  Schouten  and  D.  J.  Struik  ‘‘EinfOhrung  in  die  Neueren  Methoden  der 
Differentialgeometrie,”  Gronigen,  1936. 

*  G.  Kron  "Non-Riemannian  Dynamics  of  Rotating  Electrical  Machinery” 
Journal  of  Math,  and  Physics,  Vol.  XIII,  No.  2,  pg.  168. 
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voltages  (««)  be  arbitrary.  Then  for  each  value  of  vector  (c.)  and 
each  tennor  (Rat),  we  have  a  path  in  V»  ;  the  various  (e.)  and  (Rmt) 
determine  the  <x> paths  in  V.  .  It  is  to  be  noted  that  the  (e.)  and 
(Rmt)  arc  (2n)*  independent  parameters  which  determine  the  paths. 
We  note  that  at  time  (<  »  0),  the  charges  (z^,  X  —  1  •  •  •  n  —  1)  and 
rotor  angle  (6  ~  x")  have  the  value  lero.  This  means  that  all  paths 
pass  through  the ‘origin;  the  space  F.  is  centered.  A  classification  of 
(«•)  and  (Rmt)  should  determine  the  various  performances  of  a  particular 
machine  (ax^  fixed)  of  type  I. 

Though  the  (c.)  and  (Rmt)  fix  the  paths  for  machine  of  type  1,  the 
quantities  Oxm ,  which  are  functions  of  the  inductances,  determine  the 
Vn .  When  the  ox,  are  altered  by  a  tensor  transformation  (a  codrdi- 
nate  transformation,  implied)  then  F.  is  unaltered.  Let  us  briefly 
study  the  transformations  which  take  (ox,,)  of  type  I  into  (ax>,')  of 
type  I.  Such  a  study  will  tell  us  physically  all  values  of  the  induc¬ 
tances  which  give  a  machine  of  type  I  (maybe  tape);  geometrically, 
what  the  group  of  F„  is.  For  a  machine  of  type  I,  the  ax„  are  given 
by  the  following  matrix:* 


x** 

d. 

a 

b 

t 

d. 

M4  coa  0 

—  M4  ain  0 

0 

0 

a 

M4  coa  0 

Li  —  Lt  coa  2S 

Li  ain  20 

it/,  ain  0 

0 

b 

—  M4  ain  0 

Lt  sin  20 

L\-^  L%  coa  20 

coa  0 

0 

Q> 

0 

ain  0 

Mf  coa  0 

0 

t 

0 

0 

0 

0 

*  Lt$ 

Evidently,  a  general  change  in  the  components  of  this  matrix  will 
change  the  machine  of  type  I  into  some  other  type;  to  our  present 
knowledge,  only  the  M’s  and  L’s  are  arbitrary.  Hence  for  a  machine 
of  t}rpe  I  to  go  into  a  machine  of  type  I,  the  new  (axvO  must  be  multiples 
of  the  old  (ox„)* 

*  Kron  "Non-Riemannian  Dynamica”  pg.  115. 

*  Kron  "Non-Riemannian  Dynamica"  pg.  117. 

*  It  ia  a  aubject  for  electrical  inveatigation  whether  machinea  of  type  I  may 
have  ax«  of  other  than  matrix  (3).  That  ia,  can  the  general 

dx^  5** 

be  interpreted  aa  machine  I  (with  chargea,  etc.),  i.e.  doea  the  given  machine  I 
conatitute  a  apecial  codrdinate  ayatem  on  V,  . 
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(4) 

(5) 

(6) 

Since 

(7) 

(8) 


Ok'0’  "  , 

Xx'  ■«  0  when  X  ^  X', 
i.e.  Av  ,  ill'  etc.  are  lero. 


dx‘ 


X'  9* 


M  . 


(9) 


ill' 

ill 


Upon  integration  (8)  becomes 

(10) 


■  fix''), 

<  fix*'),  etc. 

fix''), 
g*iz*'),  etc. 


\ 


In  view  of  the  fact  that  the  charges  do  not  enter  the  Ox^  of  machine  I 
(as  yet),  and  that  Lu  Is  independent  of  (9),  the  Av  are  constants  and 
(10)  becomes 


(11) 


z*  »  e*x*',  etc. 


The  equations  (11)  define  the  group  of  Vn — though  this  group  will  be 
enlarged  by  an  investigation  of  all  machines  of  type  I. 


IV.  Related  Spacei  - Machines  of  Type  I  and  Type  n.  We  have 
repreeented  the  performance  of  machine  I  by  the  paths  of  an  X.  which 
is  a  F. .  Evidently  the  performance  of  machine  (II)  may  be  repre¬ 
sented  by  the  paths  of  an  Xn  which  is  an  L.* — physically,  the  two  ma¬ 
chines  differ  in  performance,  not  in  physical  nature.  Let  us  make  a 
comparative  study  ^ 


Machine  (/)  Machine  (II) 


Schoutrn  and  Struik  "EinfiXhruns”  pg.  76. 
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For  the  equations  of  paths  in  the  machines,  we  have 
(2)  +  + 

Let  us  consider  the  integral  equations  of  (2), 

(3)  t*  ~  f  ^  ,  R% ,  i) 

(4)  .  -  /(e*.  R%  ,t)  ^  ~  f\e*,  R^f ,  t). 

We  notice  that  if  the  parameters  (e*,  R%)  and  («*,  R%)  could  be  put 
into  correspondence,  then  a  point  correspondence  (along  paths)  could 
be  obtained  between  F.  and  L.  (not  necessarily  a  unique  point  to 
point  transformation).  Kron  has  given  the  following  method  of  ob¬ 
taining  a  correspondence  of  parameters/  Physically,  let  us  fix  the 
time  as  (f  ~  f|) ;  assume  that  the  same  amount  of  power  is  now  supplied 
to  both  machines;  assume  that  the  magnetic  field  has  the  same  energy 
in  both  machines;'  that  the  amount  of  energy  being  dissipated  is  the 
same.  These  assumptions  can  be  written  as: 

(5)  P  -  ext/  - 

(6)  L  -  iax,i*r  - 

(7)  F  -  JPx.t\-'  - 

(8)  e  -Cit^ 

The  transformation  (8)  taken  with  (5),  (6),  (7)  gives 

(9)  «x  -  CU , 

(10)  Ri,  - 

(11)  dx*  *  CxJux^. 

We  decide  that  our  correspondence  of  points  (P,  P)  and  paths  shall 
be  determined  by  (9)  and  (10).  When  these  relations  are  substituted 
into  (4),  then  the  paths  of  Vn  and  L»  are  put  into  correspondence; 
when  (f)  is  given  the  same  value  in  both  expressions  (4),  then  a  point 
correspondence  (P  *-*P)  ia  determined.  In  order  to  complete  our  point 
correspondence,  we  require  that  every  affinor  field  (u%,..)  at  P  be  trans¬ 
ferred  into  (Ox#..)  at  P, 

(12)  Ox#..  -  Cij:::trx...... 

*  Kron  **Non-Rieinannisn  Dynamics”  pg.  136. 

*  Same  as  7. 
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This  last  step  gives  us  the  connection  of  L.  .  For 


(13) 

-  CjJIVxa'", 

-  0, 

(14) 

Oi*'  -  Vxd**  -  0. 

Also 

(15) 

Vxf^  -  C^VxtT, 

-  -I-  r.xr-), 

-  dx«^  +  c:Jir:x»*  +  »‘cSaxCl. 

Thus 

(16)  rii-cssirj.-c;2a.ci, 

(17)  S#/  “ 

From  the  work  of  Schouten* 

l>i  *  J<I^*(da<I#i  -f’  ~  dtdtii) 

(18) 

+  S^t  —  <I^(<Ia»Sja*  -H  ditSfn*). 

It  is  to  be  noted  that  our  approach  (5,  6,  7,  8)  differs  from  Kron’s  in 
that  he  uses  (C^)  as  a  coordinate  transformation  affinor;  we  use  for 
transferring  vector  yields  from  F«  to  Ln  (and  vice  versa). 

V.  The  Path  Transformation  Affinor  (Bi).  Since  in  the  actual 
operation  of  machines  (I)  and  (II),  we  cannot  at  any  particular  time 
satisfy  the  conditions  for  the  validity  of  (IV,  5,  6,  7),  hence  (IV,  8) 
is  not  valid.  Another  way  of  looking  at  the  matter  is  to  say  that 
from  (IV,  5,  6,  7)  w’e  can  establish  a  correspondence  of  paths  and  vector 
fields.  But  we  cannot  determine  what  the  correspondence  of  tangent 
vectors  along  paths  ui'K.  and  L.  shall  be.  By  solving  one  set  of  equa¬ 
tions  of  (IV,  4)  for  (0  and  substituting  into  the  other  set  of  equations 
of  (IV,  4),  we  get 

(1)  -yV.e'.ir', 

Along  a  path  of  F,  and  the  corresponding  path  of  L.  determined  by 

(2)  ii  -  Cx^x, 


'Schouten  and  Struik  “Einftthrung"  pg.  83. 
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(3)  Ri,  -  CtRx,, 

the  quantities  (e“,  R^,  i*,  R*^)  involve  constants  (along  path)  and 
functions  of  (x*  ■  8).  If  we  substitute  (2),  (3)  into  (1),  we  get 


(4) 


^  -  fyx\  ft**). 


It  muat  be  remembered  that  in  (4)  although  the  (e\  occur  aa 
explicit  and  arbitrary  numbers,  a  specific  set  of  these  numbers  is  asso¬ 
ciated  with  every  set  (x^,  i^)  of  a  path.  We  must  write 


(5) 


-  g\x-,  C), 

-  0^(x-,  i*). 


Another  method  of  saying  this,  is  the  following:  Paths  may  cross,  at 
such  a  cross-point,  we  have  two  sets  of  values  of  {e^,  l^).  Hence 
I^)  cannot  depend  on  (x^)  alone;  they  depend  on  the  direction  of 
the  path  at  the  point.  A  cross-point  can  be  physically  realised  as 
follows:  consider  machine  I  operating  with  R^'^ 

(6)  i‘  -  /(e-,  <) 

until  time  —  t\  when  suddenly  /«*,  Iir^\  replace  /«*, 

From  the  manner  in  which  (4)  was  derived: 

e  V  dl^  dx^ 

dt  “  dx^  A  ’ 

(8)  Bi  - 

(9)  t 

We  can  now  explicitly  state  Kron’s  problem.  Kron’a  Problem  is  to 
find  Bx ,  given  V,  and  L, . 


VI.  Kron’s  Problem  and  Other  Problems.  Before  indicating  how 
Kron’s  problem  may  be  solved,  let  us  mention  some  of  the  other  funda¬ 
mental  problems  in  the  theory. 

Problem:  to  find  the  group  of  V*  and  L« .  In  other  words,  what 
are  the  most  general  transformations  [x^'  ~  x^'ix/’)]  taking  machine  I 
(without  tape,  etc.)  into  another  machine  I  (with  tape,  etc.)?  Can 
every  transformation  (x^*  —  x^*(x'‘)]  on  machine  I  be  interpreted  as 
taking  a  machine  I  into  another  machine  I? 
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We  give  the  following  method  of  attacking  Kron’s  problem.  Let  a 
coordinate  transformation  be  induced  by  (V,  4)  in  L.  , 

(I)  ^ 

Then  in  the  new  coordinate  system  (2^),  the  tangent  vectors  to  the 
paths  are  given  by 


That  is  the  path  equations  have  the  same  solutions  in  (2^)  of  as  in 
(z^)  of  Vn  .  Before  proceeding  further  in  finding  (Bx),  we  must  point 
out  that  (B^)  must  first  satisfy  a  condition  obtained  previously.  From 

(3)  -  0, 

we  have 


(4)  ^  -  ridi.  -  r&d..  -  0. 

Here  (dx#)  are  known  as  functions  of  (x^),  from  (IV,  13).  Likewise 
(ff^)  are  known  (IV,  16).  Thus  we  have  the  condition  on  (BJ) 


(5) 


^  ~  rr/idxs 


r^d»a  “  0. 


There  are 


n*(n  -1-  1) 
2 


equations  in  the  n*  unknowns  (BJ). 


Generally, 


this  would  overdetermine  the  (BJ).  But  the  (dx*)  are  functions  of  only 
one  variable  (x").  Hence  at  most  only  (B{|)  are  determined.  In  order 
to  find  the  (B*),  we  must  study  the  paths  of  F,  and  L. .  From  (2), 
we  see  that  our  problem  is  similar  in  some  details  to  the  problem  of 
spaces  with  corresponding  geodesics.'*  We  shall  denote  the  quantities 
of  L.  in  (2^)  by  (dx,  ,••■)■  Thus  the  paths  in  Ln  and  V»  become 

(6)  +  rUt"  - 

(7)  -  e'  +  Bit-*. 

Thus 

(8)  (fix,,  -  .  (r  -  s')  +  -  R\). 


'*  L.  P.  Eiaenhart  "Riemannian  Geometry, ’’  Princeton,  1926,  pg.  131. 
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At  any  point  (x^)  for  every  value  of  (t^),  we  find  distinct  values  for 
(e^,  In  order  to  find  what  vector  relations  exist  between  (s^, 

(^»  and  the  vector  (»^),  we  argue  as  follows:  assume  that 

and  are  inclined  at  some  angle  other  than  lero  degrees  at  P, 


i* 


then  we  may  change  i*  to  (some  position  in  the  above  cone  of  direc¬ 
tions  about  at  P).  Now  (e^)  depends  only  on  (i^);  hence  only  on 
the  magnitude  of  (i^)  and  the  angle  between  (i^)  and  (s^).  Similarly 
('e^)  depends  on  the  same  function  of  {'*)  (a  function  involving  only 
the  magnitude  of  and  the  angle  4>).  Let  the  magnitude  of  be 
the  equal  to  that  of  t*.  Since  lies  in  the  above  cone,  the  angle 
(V  “  ^)*  Hence  »  e^.  But  this  means  that  different  paths  at  P 
are  determined  by  the  same  (and  I^).  This  is  impossible.  Hence 


(0  -  0) 

(9) 

X  Jk 

e  »  9X  . 

The  same  argument  may  be  .repeated  for  the  vector  Hence 

(10) 

-  pt\ 

But 

(11) 

Hence 

(12) 

-  fit*. 

Thus  equation  (8)  becomes 

(13) 

(rjw  -  rui*.’  -  n-. 

where  v  is  a  function  of  the  coordinates  of  the  point  under  considera¬ 
tion.  Since  (13)  is  valid  for  all  (t*),  from  the  work  of  Schouten,” 
we  have 

(14) 

I'xii  “  "h  A,iPXf 

"  J.  A.  Schouten  “Der  Ricci-KalktU,”  Berlin,  1924,  pg.  76. 
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where  {p^)  is  a  vector — at  present  undetermined.  The  equations  (14) 
constitute  the  "path  conditions"  on  the  (BJ|).  For  are  given 

in  terms  of  the  known  by  means  of” 

(15) 


When  (15)  are  substituted  into  (14),  we  obtain  a  new  set  of  conditions 
on  (^).  Before  giving  these  conditions  in  their  final  form,  let  us  study 
the  vector  (px).  From  (IV,  18),  we  find 

(16)  r[x„)  «  . 

Thus 

(17)  -  Atp,  +  a:p,. 

Contracting  on  (r,  n),  (17)  becomes 

(.8)  _  s;r  -  {;}  .  (n  +  Dp. 

Thus  (px)  also  involves  functions  of  (B#).  We  shall  study  this  briefly. 
It  is  easily  shown  that” 

<>»)  {1}  - 

where 


(20) 

Now  since 

(21) 

(22) 

(23) 

Thus  (18)  becomes 


d  -  1  dx.  |. 

dx^  “  BxB^dj^, 
d  -  B*d(x^), 

B-  |Bi|. 


(24) 


d  log  (BV<l(xl)  B -P  alogVa 


(n  +  l)px. 


Schouten  "Ricci  KslktU”  pg.  6fi. 
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Thus  the  vector 
determinant  (B). 

(25) 

(26) 


(px)  involves  known  functions  and  the  unknown 
We  can  simplify  (24)  by  remembering  that 

*  CxSox#! 
d(x^)  -  C*o. 


By  the  work  of  Kron‘^ 

(27)  C-(Cn-l. 


Thus  (24)  becomes 


(28) 


dIogB  p... 


(n  +  Dpx. 


It  would  be  rather  difficult  to  solve  the  system  (28),  (15),  (14).  Hence 
we  shall  assume  that  B  ^  1.  That  is,  that  the  group  of  L.  is  equi* 
volumar  (also  F.).  This  hypothesis  must  be  analysed  for  physical 
significance.  It  may  furnish  a  solution  to  the  problem  mentioned  at 
the  beginning  of  VI.  Thus  (28)  becomes 

(29)  -S;;'  -  (n  +  Dpx. 

Hence  our  general  theorem  is: 

The  affinor  (B^)  which  takes  paths  of  F„  into  paths  of  L.  is  com¬ 
pletely  determined  by  the  conditions 

V#<Ix*  *  0, 

—  rj[„  »  i4JIp„  +  Alp\, 

where 

n'  r'-  —  P'  _L 

o»i(x»)  “  -t-  , 

“Srx*  *  (n  Dpx. 

These  equations  involve  the  (B^)  and  their  partial  derivatives.  This 
completes  our  general  study  of  Kron’s  problem.  The  significance  of 
this  work  (as  a  solution  of  Kron’s  problem)  depends  on  the  fact  that 
solutions  of  the  above  system  exist.  We  leave  this  problem  to  the  en¬ 
gineer. 


VII.  Some  New  Problems  in  Geometry.  Aside  from  the  possible 
utility  of  the  above  as  a  solution  of  Kron’s  problem,  we  can  point  out 

Kron  '‘Non-Riemannian  Dynamics”  pg.  120. 
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Home  new  problemn  uning  the  idean  developed.  We  shall  rtttrae  the 
approach  used  above. 

Consider: 

(1)  a  metric  L,(aj^ ,  and  another  metric  When 

can  a  field  correspondence  (C^)  be  set  up 

(2) 

*  C^g6x^, 

such  that  geodesics  correspond  (i.e.). 

(3)  “  Fx,  +  Alpx  +  A\p^. 

There  are  three  types  of  questions  that  one  can  ask 

(1)  a.ssumptions  on  Ln  ',Zn . 

(2)  conditions  on  (Cj) 

(3)  conditions  on  the  correspondence  (i.e.  paths  into  paths;  same  con¬ 
formal  geometry  etc.). 

The  work  of  H.  Schapiro  of  Moskau  and  A.  Dushek  is  along  these  lines. 
We  shall  investigate  this  field  in  a  future  paper. 

Universitt  or  Texas. 
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TRICX)NOMETRIC  INTERPOLATION  OF  EMPIRICAL  AND 
ANALYTICAL  FUNCTIONS 

Bt  C.  Lanckm 

The  purpose  of  the  following  article  is  to  show  the  manifold  possi¬ 
bilities  of  the  application  of  Tshebysheff’s  polynomials  in  approxima¬ 
tion  problems.  All  these  applications  are  based  on  some  simple  basic 
properties  of  the  Fourier  series.  Although  the  mathematical  nature 
of  the  Fourier  series  is  exhaustively  investigated,  it  is  not  sufficiently 
realised  how  excellent  approximations,  for  both  empirical  and  analytical 
functions,  may  be  obtained  by  combining  the  advantages  of  the  power 
series  and  the  Fourier  series.  The  chief  difficulty  in  putting  the  Fourier 
series  into  practise  is  frequently  the  fact  that  the  integrals  which  deter¬ 
mine  formally  the  coefficients  of  the  series,  are  eventually  not  adapted 
for  actual  evaluation.  The  present  investigation  shows  how  in  a  wide 
class  of  problems  the  evaluation  of  those  integrals  can  be  avoided  and 
substituted  by  the  easily  accessible  method  of  the  trigonometric  inter¬ 
polation. 

I.  Interpolating  and  Extrapolating  Series 

Two  fundamentally  different  types  of  series  expansions  are  widely 
used  in  pure  and  applied  mathematics.  Characteristic  of  the  one  t3rpe 
is  the  Taylor  teriet  which  expands  a  given  analytical  function  in  the 
neighbourhood  of  a  point  into  an  infinite  power  series.  Characteristic 
of  the  other  type  is  the  Fourier  aeriee  which  uses  the  trigonometric 
functions  as  members  of  the  infinite  series  and  includes  a  much  wider 
class  of  functions  since  the  analytical  nature  of  the  function  is  not 
required. 

Similar  to  the  Taylor  series  in  nature  are  the  so-called  “asymptotic 
expansions”  which  have  likewise  the  form  of  an  infinite  power  series 
but  their  realm  of  convergence  is  sero.  Similar  to  the  Fourier  series 
in  nature  are  the  various  expansions  which  substitute  the  trigonometric 
functions  by  some  other  complete  orthogonal  function  systems. 

The  present  paper  discusses  the  mutual  relation  of  the  different  types 
of  infinite  series  from  the  (XHumon  platform  of  interpolation  proUema. 
We  start  our  considerations  with  the  fundamental  interpolation  formula 

123 


CCLE  MEMORIAL  LIBRARY 


124 


C.  LANCZ08 


of  NevoUmrGregory}  Given  the  values  of  the  function  /(x)  at  the  n 
equidistant  points 

X  -  o,  a  -f-  .  o  +  (n  -  1)«  (1.1) 

called  shortly  the  “points  of  interpolation.**  Then  the  following 
power  series  of  the  n— 1**  order  fits  the  given  function  in  the  points  of 
interpolation  exactly  and  may  be  considered  as  an  approximation  of 
/(x)*  an)rwhere  between  the  two  end-points  x  —  o  and  x  —  o  -b  (n  —  1)«: 


/IM^  -  /(“)  +  (^)„w 


(1.2) 


The  notations  are: 

Ax  -  <  (1.3) 

Ixl‘  -  x(x  -  0(x  -  2.)  ...  (X  -  (*  -  1)«)  (1.4) 


1.  Taylor  seriet  and  asymptotic  expansions.  If  c  decreases  toward 
sero  and  /(x)  is  analytical  at  the  point  x  —  a,  the  difference-coefficients 
of  the  series  (1.2)  converge  in  the  limit  €  —  0  to  the  derivatives/^** (a) 
while  the  functions  (x)*  converge  to  the  powers  x*.  This  yields  the 
formula 

;(5+T)-/(a)+/'{a)i+...^^l*-  (1.6) 

This  is  the  well  known  Taylor-expansion,  limited  to  the  first  n  terms. 

The  infinite  Taylor  series  can  thus  be  considered  as  a  successive  ap¬ 
proximation  of  the  analytic  function  /(x)  by  means  of  an  interpolation 
process.  We  interpolate  /(x)  in  the  neighborhood  of  x  »  a  in  the 
n  equidistant  points  (1.1)  the  mutual  distance  of  which  decreases  to¬ 
ward  sero.  We  then  increase  the  number  n  indefinitely. 

This  process  shows  that  the  Taylor  series  is  a  typically  extra-polating 
series.  The  realm  of  interpolation  shrinks  toward  sero  and  we  make 
use  of  the  series  outside  of  that  realm.  The  fact  that  the  series  (1.5) 
converges  with  increasing  n  indefinitely  toward  /(x)  in  a  finite  realm 
of  the  complex  plane,  namely  within  the  “radius  of  convergence,’*  is  a 


>  8m  e.g.  Wkittaker-Robifuon,  Ref.  18,  p.  10;  Searbcroitgk,  Ref.  10,  p.  47. 
*  Throughout  the  paper  f(x)  means  "approximation  of  f(s).” 
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well  known  result  of  the  theory  of  analytical  functions  which  is  by  no 
means  self-evident,  considering  the  fact  that  we  obtain  an  approxima¬ 
tion  by  interpolation  and  then  use  it  outside  of  the  original  range. 

We  have  indeed  examples  where  the  series  (1.2),  decreasing  •  toward 
sero  and  then  increasing  n  toward  infinity,  does  not  converge  at  any 
point  outside  of  the  center  of  expansion  z  «  a.  This  is  the  case  with 
the  so-called  '^asymptotic  expansions.”  The  point  of  expansion  is  here 
frequently  the  point  x  ^  »  and  the  series  proceeds  in  negative  powers 
of  X.  This,  however,  is  merely  a  formal  difference  since  the  reciprocal 
transformation 


(1.6) 


transforms  the  point  a'  »  oo  into  the  origin  a  0  and  the  negative 
powers  of  s'  are  transformed  into  positive  powers  of  the  new  variable  s. 

The  point  s  0  is  now  no  longer  an  analytical  point  of  the  complex 
variable  s  and  thus  the  derivatives  f^\a)  do  not  exist  in  the  complex 
sense.  And  still  the  interpolation  formula  (1.2)  may  converge  to  a 
definite  limit  as  <  approaches  sero.  For  that  purpose  the  existence  of 
f^(a)  in  the  analytic  sense  is  not  required.  It  suffices  that  the 


lira  ^ 

As— •  AZ” 


(1.7) 


shall  exist  tn  that  particular  direction  of  the  complex  plane  which  con¬ 
tains  the  points  (1.1)  of  the  interpolation. 

This  condition  is  indeed  fulfilled  in  the  case  of  “asymptotic  ex¬ 
pansions.”  Thus,  although  the  customary  definition  of  Poincari  pur¬ 
sues  a  different  view  point,'  it  seems  to  be  justified  (if  not  more  ade¬ 
quate,  as  the  author  believes)  to  consider  the  asymptotic  expansions, 
in  complete  similarity  to  the  Taylor  series,  as  the  result  of  a  successive 
interpolation  process,  fitting  the  function  in  n  infinitely  close  points 
which  are  lined  up  along  one  ray  originating  from  the  point  z  »  a, 
and  then  increasing  n  toward  infinity.  This  view  point  shows  the 
similarity  of  the  asymptotic  expansion  with  the  Taylor  series  in  the 
sense  that  they  are  both  extrapolating  series.  The  only  difference  is 
that  in  case  of  the  Taylor  series  there  exists  a  definite  finite  region 
within  which  the  approximation  converges  monotonously  towards  the 
function  /(z)  if  n  increases  toward  infinity.  Whereas  in  case  of  the 


'  See  Whittaker-Waison,  Ref.  12,  p.  161. 
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asymptotic  series  the  region  within  which  the  error  decreases  indefi* 
nitely  with  increasing  n,  shrinks  towards  sero  as  n  approaches  infinity. 

2.  Fourier  series  and  other  orthogonal  expansions.  Quite  different 
in  nature  are  those  series  expansions  which  are  based  on  the  theory  ot 
orthogonal  function-systems.  Here  we  have  an  apriori  given  definite 
range  of  the  real  variable  x,  characterised  by  the  limits  z  *  a  and 
X  >■  b.  We  want  to  represent  the  function  /(x)  only  vnthin  (kete  UmiU 
and  not  outside  of  the  given  range.  In  fact  the  function  need  not  to 
exist  even  outside  of  the  range  where  it  is  defined.  Hence  these  ex¬ 
pansions  are  truly  interpolating  and  not  extrapolating  series. 

Due  to  the  different  character  of  the  process  of  interpolation  and 
extrapolation  the  *'error’'  of  the  approximation  /(x),  defined  by 

nix)  ~  fix) (1.8) 

behaves  in  the  two  cases  quite  differently.  The  Taylor  series  and  the 
as3rmptotic  expansions  extrapolate  the  function  /(x)  outside  of  the 
point  X  —  a,  the  neighbourtiood  of  which  determines  the  coefficients  of 
expansion.  Thus,  taking  a  sufficiently  large  but  finite  number  of  both 
series,  the  error  decreases  to  very  small  amounts  if  we  are  only  near 
enough  to  the  center  of  expansion.  But  the  error  increases  rapidly 
as  we  move  away  from  the  center.  Both  series  represent  an  “approxi¬ 
mation  in  the  small”  or  “approximation  about  a  point.”  The  distribu¬ 
tion  of  errors  is  quite  uneven  if  we  consider  any  finite  interval  around 
the  center  of  expansion. 

Let  us  consider,  on  the  other  hand,  an  orthogonal  expansion,  con¬ 
fined  from  the  very  beginning  to  a  definitely  given  finite  range.  There 
is  no  “center  of  expansion”  here  and  no  infinitesimal  surroundings  of 
one  particular  point.  All  points  of  the  given  range  are  equivalent 
and  the  whole  range  may  be  considered  as  the  magnified  image  of  the 
“infinitesimal  surroundings”  before.  In  no  part  of  the  range  is  the 
error  now  exceedingly^  small  but,  on  the  other  hand,  the  error  increases 
nowhere  in  its  order  of  magnitude.  We  have  here  an  “approximation 
in  the  large,”  with  a  practically  even  distribution  of  errors  all  over  the 
given  range.* 

*  For  the  present  purposes  we  restrict  ourselves  to  a  limited  class  of  functions 
of  sufficiently  regular  behaviour.  The  function  /(z)  is  supposed  to  be  6nite  and 
single  valued,  and  continuous  and  differentiable  everywhere  within  the  given 
range,  with  a  finite  number  of  maxima  and  minima.  We  also  assume  that  the 
number  of  approximating  terms  is  sufficiently  large. 
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II.  Interpolatiiif  approximation  bj  means  of  orthofonal  function- 

qratems 

Given  a  finite  set  of  orthogonal  functions 

iP*(x),  ^(x),  <pi(x)  . . .  (2.1) 

belonging  to  the  range 

a^x^b  (2.2) 

The  function  /(x)  which  shall  be  restricted  by  the  general  regularity 
conditions  enumerated  in  footnote  4,  shall  be  approximated  by  the 
expansion 

/(x)  "  Ct^{x)  +  Ci^(x) ,+  •  •  •  Cn-ti^-iix)  (2.3) 

The  classical  method  to  obtain  a  close  approximation  is  based  on  the 
method  of  minimising  the  ‘‘average  error"  E  defined  by 

«•- ri/{i)-/wr*  (2.4) 

which  leads  to  the  well  known  formula 

(  f{x)ipk{x)dx 

C*  -  (2.6) 

J  ^*(x)  dx 

In  spite  of  the  extraordinary  importance  of  this  method  for  theoretical 
investigations,  the  practical  application  of  the  method  is  frequently 
frustrated  by  the  fact  that  the  integrals 

/*  -  J  fix)^kix)dx  (2.6) 

are  practically  not  available.  Even  if  the  analytical  law  that  controls 
fix)  is  known,  the  integrals  (2.6)  lead  easily  to  forms  of  definite  inte¬ 
grals,  the  evaluation  of  which  is  prohibitive.  Then  the  cumbersome 
method  of  numerical  integration  has  to  be  employed.  The  same  holds 
if  fix)  is  not  given  as  an  analytical  function  but  only  tabulated  as  an 
empirical  function,  in  a  finite  number  of  ordinarily  equidistant  points. 
In  both  cases  the  integrals  (2.6)  can  be  obtained  but  approximately 
and  usually  after  laborious  calculations. 

The  method  of  determining  the  coefficients  of  the  approximating 
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series  discussed  in  the  present  paper  needs  no  integration,  but  only  the 
solution  of  a  system  of  linear  equations.  Thus  the  determination  of  the 
coefficients  is  frequently  mudi  simpler  than  the  classical  method. 
These  coefficients  do  not  coincide  exactly  with  the  classical  coefficients. 
But  the  complete  series  (2.3)  yields  practically  the  same  accuracy,  if  n  is 
sufficiently  large.  If  n  is  too  small  for  an  efficient  approximation,  then 
also  the  classical  method  is  unable  to  provide  satisfactory  results. 

The  general  theory  of  orthogonal  function  systems*  shows  that  the 
error  of  the  approximation  obtained  by  minimising  the  average  error 
has  an  otciUatory  character:  /(x)  embraces  the  true  function  f(x)  in 
waves  and  the  number  of  oscillations  corresponds  to  the  number  n  of 
approximating  functions.  With  increasing  n  the  number  of  oscillations 
increases  permanently  and  the  oscillatory  nature  of  the  error 

i»(x) -/(x) (2.7) 

remains  preserved  even  for  arbitrarily  large  n.  The  improvement  of 
the  approximation  is  due  to  the  amplitudes  of  the  oscillations  which 
decrease  monotonously  toward  sero.  But  still  there  are  only  n  points 
Xk{k  »  1,  2,  •  •  •  n),  where  the  error  ir(x)  vanishes  exactly.  If  these 
points  would  be  known,  the  coefficients  of  the  approximation  could  be 
obtained  merely  by  interpolation,  solving  the  n  conditions 

/(xO-/(x*)  ,  (k-1,2,  ...n)  (2.8) 

for  the  n  unknowns 

C,,C,,...C_,  (2.9) 

Although  the  exact  position  of  the  points  x*  is  not  known,  one  can 
frequently  estimate  them  closely  enough  to  provide  practically  the  full 
accuracy  of  the  approximating  series  (2.3).  We  consider  the  infinite 
series: 

fix)  -  C,^(x)  -I-  C,^(x)  +  •  •  •  (2.10) 

obtained  with  the  help  of  the  complete  function  system 

^(x),  ^(x),  .  • .  (2.11) 

Hence  the  error  of  the  approximation  (2.3)  becomes: 

>>«(x)  “  Cs^ii(x)  +  Cm+ltPn+l{x)  +  •••  (2.12) 

*  Instead  of  the  original  literature  we  quote  here  the  classical  reference  book: 
Cowant-Hilbert,  Ref.  1,  especially  Chapters  V  and  VI,  which  deal  with  that  class 
of  orthogonal  function  systems  we  have  particularly  in  mind :  function  systems 
generated  by  a  Sturm-Liouville  problem. 
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If  this  series  hss  a  sufficiently  rapid  convergence,  we  may  consider  the 
first  term  of  the  series  as  the  dominating  term  and  n^lect  the  higher 
terms.  Thus  we  ettimate  if»(x)  by  putting 

-  C«^.(x)  (2.13) 

and  get  the  result  that  the  error  vanishes,  i.e.  function  and  approxima¬ 
tion  coincide,  at  the  seros  of  the  function  ^m(x).  This  means:  let  the 
poinU  of  interpolation  x*  coincide  with  the  zeroe  of  the  first  neglected 
orthogonal  function. 

The  estimation  (2.13)  is  not  bad  even  if  the  series  (2.12)  converges 
slowly.  It  is  true  that  then  the  series  cannot  be  reduced  to  practically 
one  term.  But,  provided  that  n  is  sufficiently  high,  the  seros  of  ^,h-i(z), 
^■Kf«(x),  •  •  •  are  in  their  majority  near  to  the  seros  of  ^.(x)  and  thus 
the  actual  distribution  of  the  seros  of  ni>(x)  is  not  so  essentially  different 
from  the  seros  of  ^.(x).  Moreover,  it  is  not  our  purpose  to  produce 
exactly  the  coefficients  of  the  classical  approximation.  Even  if  the 
coefficients  c* ,  obtained  by  interpolation,  are  different  from  the  classical 
coefficients  C* ,  obtained  by  integration,  the  resulting  series  may  still 
compete  successfully  with  the  classical  series,  as  far  as  closeness  of  the 
approximation  is  concerned.  The  integration  method  has  the  advan¬ 
tage  that  we  get  immediately  the  final  values  of  c*  which  do  not  change  if 
more  and  more  orthogonal  functions  pkix)  are  taken  in  consideration. 
The  interpolation  method  yields  coefficients  which  are  all  the  time 
changing  with  the  number  n  of  approximating  terms.  In  the  case  of  the 
Fourier  series — the  only  case  to  which  the  method  will  be  applied  on  the 
following  pages — an  explicit  relation  can  be  established  between  the 
coefficients  obtained  by  interpolation  and  those  obtained  by  integration. 
One  can  see  here  that  the  coefficients  obtained  by  interpolation  converge 
toward  the  coefficients  (2.5),  which  are  the  classical  Fourier-coefficients, 
and  in  the  limit  n  »  <»  become  identical  with  them.  One  can  also 
show  that  the  interpolating  series,  as  far  as  maximal  error  at  any  point 
of  the  range  is  concerned,  is  not  behind  the  Fourier  series  of  the  same 
number  of  terms.* 

III.  Spedal  advantages  of  the  trigonometric  interpolation 

Amongst  all  other  orthogonal  function-systems,  the  Fourier  series  is 
distinguished  by  some  outstanding  features  which  have  particular 

*  Probably  the  same  conditions  hold  for  other  orthogonal  expansions  provided 
that  there  is  a  "natural  sequence’ ’  observed  in  the  irs(x)  established  by  the  con¬ 
dition  that  the  number  of' seros  in  the  given  interval  for  the  successive 
coincides  with  the  index  Jk  ~  0,  1,  2,  •  •  •  . 
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bearing  also  on  the  method  of  determining  the  coefficients  of  an  approxi¬ 
mation  by  interpolation.  Due  to  these  features,  the  ''trigonometric 
interpolation”  is  in  both  its  practical  and  theoretical  aspects  of  particular 
interest  and  has  its  outstanding  advantages  compared  with  other 
interpolations.  We  shortly  review  these  special  properties  of  the 
Fourier  series.^ 

The  range  of  the  Fourier  series  may  be  normalised  to 

o  -  b  ~  w  (3.1) 

The  sine  and  the  cosine  series  can  be  separated  by  forming  at  first: 

A(X)  -  i(/(x)+/(-x)l 

/.(x)  -  il/(x)  -  /(-X)) 


so  that 


/(x)  »  /i(x)  -I-  /t(x) 

The  function  /i(x)  is  an  even,  the  function /i(x)  an  odd  function: 


/i(x)  «  fii-x) 


/t(x)  -  -fti-x) 


(3.3) 

(3.4) 


Thus  the  Fourier  expansion  of  /i(x)  will  contain  only  the  cosine  terms, 
the  expansion  of  /i(x)  only  the  sine-terms.  Hence  we  split  the  complete 
series  into  the  two  respective  parts  and  reduce  at  the  same  time  the 
range  to  the  half  range 

a  -  0,  b  -  IT  (3.6) 


1.  Interpolation  by  sine-functions.  At  first  we  consider  the  expan- 
sion  of  an  odd  function  into  a  sine-series: 


/(x)  »  oi  sin  X  ot  sin  2x  -f-  •  •  •  (3.6) 

The  orthogonal  functions  are  here 

^*(x)  »  sin  ibx  (3.7) 

The  seros  of  ^*(x)  are: 


X.  -  a  ^  (a  -  0, 1, 2, ...  *)  (3.8) 

’The  method  of  trigonoiDetric  interpolation  is  usually  treated  in  the  text 
books  of  Praetioal  Analysis;  see  Ref.  8,  p.  211;  Ref.  9,  p.  126;  Ref.  10,  p.  388;  Ref. 

18,  p.  260. 
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At  the  two  endpoints  x  «  0  and  x  >  t  of  the  ran|^  the  function  has  to 
vanish  anyway  since  these  two  points  are  ctunmon  roots  for  all  the 
functions  of  expansion.  The  essential  roots  of  pnix)  are  therefore  only 

X.  -  a  -  (a  -  1, 2,  ...  n  -  1)  (3.9) 

The  roots  are  thus  equidistant  and  the  problem  of  trigonometric  inter¬ 
polation  requires  that  we  shall  determine  the  coefficients  c*  of  the 
approximation 

/(x)  —  C|Sinx-H0isin2x-f  .>*  sin  (n  —  l)x  (3.10) 

by  the  condition  that  in  the  n  —  1  points  (3.9)  /(x*)  shall  coincide  with 
the  given  values  y*  »  /(x*)  of  the  function. 

The  n  —  1  conditions 


/(**)-/(*.)  (3.11) 

yield  n  —  1  linear  equations  by  which  the  coefficients  c*  can  be  deter¬ 
mined.  Generally  the  solution  of  a  simultaneous  system  of  linear 
equations  is  a  cumbersome  process.  But  the  equations  (3.11)  can  be 
solved  explicitly  quite  easily,  due  to  the  particular  nature  of  the  trigo¬ 
nometric  functions.  These  functions  are  orthogonal  not  only  with 
respect  to  the  integrals 


jf  V<(x)^*(x)  dx  »  0 

« ..  *) 

(3.12) 

but  also  with  respect  to  the  sums: 

»— 1 

£  ^iiXm)^k(,Xm)  *  0 

a-1 

/.V*  \ 
\«,  k<nj 

(3.13) 

These  conditions  yield,  in  analogy  to  the  formula  (2.5)  for  the  Fourier- 
coefficients,  the  following  expression  for  c*  : 


Ck 


(3.14) 


This  formula  is  very  well  suited  for  numerical  computation  and  permits 
to  obtain  the  coefficients  c*(ib  1,  2,  ...  n  —  1)  without  difficulty,  even 
if  n  runs  as  high  as  24-30.  The  orthogonality  of  the  trigonometric 
functions  with  respect  to  interpolation  distinguishes  them  favorably 
from  other  orthogonal  qrstems  for  which  such  a  second  orthogonality 
does  not  hold  and,  therefore,  in  order  to  solve  the  equations  (3.11),  the 
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general  Lagrangean  interpolation  formula  has  to  be  employed,  which 
usually  involves  more  cumbersome  calculations. 

2.  Interpolation  by  cosine-functiont.  We  now  consider  the  expan¬ 
sion  of  an  even  function  g(x)  into  a  eostne-series.  We  write  it  in  the  form : 

ff(x)  “  ici  -f  Cl  cos  X  -f-  Ci  cos  2x  -h  •  •  •  c»_i  cos  (n  —  l)x  (3.16) 

The  orthogonal  functions  of  the  expansion  are  now 

^t(x)  »  cos  kx  (3.16) 

with  the  seros 

X. -^(2a-l)  (a -1,2,...*)  (3.17) 

Hence  the  points  of  interpolation  are  now: 

X. -^(2a-l)  (a-l,2...n)  (3.18) 

The  orthogonality  condition  (3.13)  holds  also  for  the  cosine-functions, 
if  the  x«  are  chosen  in  accordance  with  (3.18): 

i  Vi(x.)^*(x.)  -  0  C  T 

«■>!  \%g  K  ^  11/ 

Hence  we  get  for  the  coefficients  of  the  expansion  again: 

(3.20) 

In  the  Fourier-analysis  of  empirical  functions  it  would  not  be  practical 
to  employ  different  points  of  interpolation  for  the  sine-  and  for  the  cosine- 
series.  We  prefer  to  read  off  the  curve  at  the  2n  -|-  1  equidistant  points: 

i 

X.  -  a  -  (a  -  -n,  ...  0,  ...  -I-  n)  (3.21) 

n 

and  then  form  separately  the  ordinates  of  the  sine-series: 

Vh  -  i(/(x*)  -  /(-x*)l  (*  -  1, 2,  ...  n  -  1)  (3.22) 

and  the  ordinates  of  the  cosine-series: 

Vk  «  \ (/(x*)  +  /(-x*)l  (*  -  0,  1,  2,  . . .  n)  (3.23> 


r 
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Now,  if  we  use  the  points 


(«-0,l,2,...n)  (3.24) 


as  points  of  interpolation  for  the  cosine-series  of  an  even  function  g(x), 
the  orthogonality  condition  (3.19)  will  still  hold  for  the  new  points  x. 
provided,  however,  that  the  two  limiting  ordinates  ^(0)  and  gir)  are 
introduced  with  half  weight.  We  therefore  define  the  quantities  y*  from 
very  beginning  as  follows: 


Vh  -  gixk)  (t  -  1,  2,  ...  n  -  1) 

Then  again  the  formula  holds,  in  complete  analogy  to  (3.14)  and  (3.20): 


c*  —  -  S  CO"  —  «  (3.26) 

n  .-0  n 

with  the  only  difference  that,  having  n  -|-  1  points  of  interpolation,  we 
also  need  n  -f-  1  terms  of  the  interpolating  series,  so  that  the  series  for 
g(x)  has  to  be  set  up  in  the  following  form: 

g(x)  -  Cl  cos  X  -f-  ...  -H  fc,  cos  nx  (3.27) 

3.  Relation  between  interpolating  series  and  Fourier-series.  An¬ 
other  great  advantage  of  the  trigonometric  interpolation  is  the  fact 
that  an  explicit  relation  can  he  established  between  the  coefficients  obtained 
by  interpolation  and  the  Fourier-coefficients  of  the  infinite  series. 

We  want  to  distinguish  the  Fourier-coefficients  from  the  coefficients 
of  interpolation  by  denoting  the  former  coefficients  by  C* ,  the  latter 
one  by  c* .  We  again  separate  sine-  and  cosine-eeries  and  start  with  the 
sine-series. 

Let  us  expand  the  odd  function /(x)  in  the  range  (3.5)  into  the  infinite 
Foiuier-series 

fix)  “  Cl  sin  X  -H  C*  sin  2x  -H  ... 


C«  sin  ax  —  2  C.^«(x) 

■-1  a-l 


f 
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The  functions  ^^(x)  satisfy  the  following  algebraic  relation: 

cos  kx  (3.29) 

Owing  to  this  relation  we  can  substitute: 

~  *(x)  ^  2CH+t^it(x)  cos  kx  (3.30) 

With  the  help  of  such  substitutions  the  series  (3.28)  may  be  rewritten 
in  the  following  form: 

/(^)  “  £  Ch^hix)  +  ipn{x)F(x)  (3.31) 

v>i 

where  we  have  put: 

Ck  Ck  —  Ckn-k  +  Ctn+k  —  Ckn-k  +  Cim-t-t  —  •  •  •  (3.32) 

Now  the  sum 

/(i)  -  E  c.v».(x)  (3.33) 

•-1 

represents  an  approximation  of  /(x)  which  coincides  with  /(x)  at  the 
seros  of  pm(x).  This  is  exactly  our  series  obtained  by  interpolating  in 
the  points  (3.9).  Hence  the  formula  (3.32)  represents  the  explicit 
connection  between  the  coefficienlt  of  interpolation  c*  and  the  Fourier- 
eoefficiente  Cu  ,  deduced  for  the  sine-series. 

The  corresponding  formula  for  the  costne-series,  using  the  same 
points  of  interpolation,  is: 

c*  C*  -b  Ctn-s  +  Ct»+k  +  Ctm-k  +  +  •  •  •  (3.34) 

while  in  the  case  of  the  x.  defined  by  formula  (3.18)  we  obtain 

Ck  ^  Ck  —  Cfit-k  —  Ctmk*  +  Cim-t  +  —  •  •  •  (3.35) 

4.  The  number  approximating  terms.  One  remark  seems  to  be 
necessary  concerning  the  number  n  of  approximating  terms.  Owing  to  a 
widespread  misconception,  the  number  of  ordinates  needed  for  a  close 
evaluation  of  the  Fourier-coefficients  by  interpolation  is  frequently 
grossly  over-estimated.  In  laboratories  where  Fourier-analysis  is 
practised  by  interpolation,  the  notion  prevails  that  the  points  x.  in 
which  we  read  off  the  given  function  /(x)  have  to  be  sufficiently  close  to 
cover  all  essential  details  of  the  curve.  One  is  particularly  anxious 
that  all  the  maxima  and  minima  of  the  curve  shall  be  carefully  covered, 
which  sometimes  necessitates  a  prohibitive  amount  of  work.  The 
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reMoning  behind  this  procedure  is  that  the  sums  (3.14)  and  (3.26)  are 
merely  approximations  of  the  integrals  (2.6)  which  are  needed  in  order 
to  get  the  correct  values  of  the  Fourier-coefficients.^*  Actually,  these 
sums  need  not  be  considered  as  approximations  of  any  integrals  but  as 
the  exact  rnUaet  of  the  coefficient*  of  the  interpolating  eerie*.  How  close 
these  coefficients  come  to  the  actual  Fourier-coefficients,  depends 
entirely  on  the  more  or  less  rapid  conoergence  of  the  Fourier-eeries,  and 
this  is  a  point  that  can  never  be  decided  by  mere  inspection  of  the 
curve.  If  a  Fourier-series  has  n  terms  and  no  higher  terms  are  present, 
then  n  points  will  interpolate  the  function  not  only  approximately  but 
exactly.  For  example,  the  mere  inspection  of  the  curve 

g{x)  —  COB  X  —  I  cos  2x  -I-  |  cos  3x  (3.36) 

(between  0  and  r)  shows  a  rather  rugged  course  and  one  would  guess 
that  at  least  20  equidistant  points  are  necessary  to  reproduce  all  essential 
details  of  the  curve  with  some  accuracy.  And  still  but  four  points  are 
actually  needed  (not  indicating  even  roughly  the  course  of  the  function) 
to  get  by  interpolation  exactly  the  four  coefficients: 

c»  «  0,  Cj  "  1,  Cl  "  —  J,  C|  “  J  (3.37) 

Generally,  of  course,  the  given  empirical  curve  will  contain  an  infinite 
number  of  harmonic  components.  But  ordinarily  the  higher  harmonics 
decrease  rapidly  and  the  actual  analysis  will  seldom  include,  within  the 
limits  of  accuracy,  a  large  number  of  overtones.  Let  us  consider  e.g. 
an  acoustical  analysis  where  empirical  evidence  has  shown  before  that 
no  overtones  higher  than  10*^  order  are  practically  present.  Then  for 
the  analysis  of  the  sine-curve  we  need  not  more  than  10,  of  the  cosine- 

**  Unfortunately  the  current  text  books  on  practical  analysis  seem  to  have 
adopted  this  erroneous  concept.  The  excellent  and  most  advisable  book  of 
Runge-KOnig,  Ref.  8,  says  on  page  311  (in  En^ish  translation):  "If  the  function 
is  not  everywhere  given  but  only  in  a  finite  number  of  points,  we  substitute  the 
integrals  by  sums;"  and  on  page  223:  "Generally  one  will  be  able  to  tell  by  in¬ 
specting  the  curve  of  the  function  which  shall  be  approximated,  whether  13  or- 
<Unatea  are  able  to  reproduce  the  course  of  the  curve  in  all  essential  points.  No 
considerable  maxima  and  minima  are  allowed  between  two  neighbouring  ordi¬ 
nates."  The  very  useful  book  of  Von  Sanden,  Ref.  9,  sa3rs  on  p.  128:  "In  the 
graphical  and  numerical  methods  of  estimating  the  coefficient  a.  and  b.  about 
to  Im  described,  we  assume  that/(x)  is  given  at  a  series  of  discrete  values  through 
which  a  curve  may  be  drawn."  These  remarks  are  not  in  accordance  with  the 
fact  that  the  more  or  less  rapid  convergence  of  a  Fourier-series  cannot  be  judged 
with  any  reliability  by  men  inspection  of  the  curve  which  represents  the  sum 
of  the  series. 


136 


C.  LANCZ08 


curve  1 1  ordinates,  so  that  it  suffices  if  we  divide  the  complete  abscissa 
(betwen  —  «■  and  -(-v)  into  20  equal  parts.  Naturally,  one  will  prefer 
to  leave  some  nnargin  of  safety  and  employ  perhaps  12-14  ordinates 
for  both  curves,  checking  by  computation  that  the  coefficients  e*  above 
k  —  10  are  practically  neglectable.  But  the  further  increase  of  the 
points  in  which  we  read  off  the  function,  is  without  any  value.  In 
fact,  owing  to  the  inevitable  errors  in  reading  off  the  ordhiates,  the 
results  obtained  by  too  many  ordinates  will  be  leu  reliable  than  the 
results  obtained  by  the  minimum  number  of  ordinates. 

In  a  given  problem  where  we  cannot  guess  a  priori  the  number  of 
practically  active  Fourier-coefficients,  we  will  make  a  trial  with  a 
number  n  which  shall  be  chosen  preferably  too  low  than  too  high. 
Then  we  start  with  the  evaluation  of  the  Uut  2  or  3  coefficients  Ck  and 
see  whether  they  are  above  or  below  the  limits  of  accuracy  we  require. 
If  these  Ck  are  not  yet  neglectable,  we  have  to  increase  the  number  of 
interpolating  points,  until  we  find  that  the  highest  Fourier-coefficients 
are  already  practically  sero. 

In  the  application  of  the  trigonometric  interpolation  to  the  representa¬ 
tion  of  analytical  functions  (see  later)  the  number  of  interpolating 
points  is  even  for  high  accuracy  sometimes  amasingly  small.  Take  for 
example  the  series  which  replaces  the  Stirling  series  in  representing  the 
logarithm  of  the  Gamma-function  (see  Chapter  VI,  par.  2).  In  the 
large  range  between  x  ~  1  and  x  »  only  10  basic  values  of  the 
Gamma-function  are  needed  (8  if  we  exclude  the  two  end-points  where 
the  function  is  known  without  tabulation)  in  order  to  obtain  an  accuracy 
of  10~*  at  any  point  of  the  range.' 

IV.  Trigonometric  interpolation  and  power  series  expansions 

1.  Tshebysheff’s  polynomials.  A  very  excellent  combination  of  the 
advantages  of  the  Fourier-eeries  and  the  power-series  was  introduced 
in  approximation  problems  .by  Tahebysheff*  The  function  /(z)  shall  be 
given  in  the  range  between 

o  -  -1,  6-1  (4.1) 

'  In  the  nnnlyaia  of  economic  aeriea  we  aometimea  encounter  curvea  of  n  very 
rugsed  nature,  full  of  email  maxima  and  minima  which  indicate  a  large  number  of 
high  overtonea.  Such  curvea  are  not  auited  for  the  interpolation  method  and 
the  mechanical  analyier  givea  better  reaulta  than  mere  computation.  But  for 
amooth  curves,  particularly  if  high  accuracy  is  required,  the  calculation  competes 
succeasfully  with  the  mechanical  instruments. 

*  Concerning  the  literature  on  Tshebysheff’s  polynomials,  cf.  Frteket-Ro»en- 
thal,  Ref.  4,  p.  1168. 
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We  make  the  substitution 

X  «  cos  t  (4.2) 

and  consider /(x)  as  a  function  F(t)  of  I  in  the  range  between 

0  i  ^  X  (4.3) 

We  can  define  F(t)  for  the  corresponding  negative  range  as  an  even 
function 

^(-0  -  Fit)  (4.4) 

without  getting  any  discontinuities  either  of  the  function  or  of  any  of 
its  derivatives  at  the  point  I  «  0.  Thus  we  can  expand  F(I)  into  a  pure 
cosine-series  and  stay  within  the  natural  range  with  respect  to  which  the 
functions 

S»*(0  -  cos  kl  (k  -  0,  1,  2,  • . .)  (4.6) 

form  a  complete  orthogonal  function-8}rstem.  The  very  same  functions, 
expressed  in  terms  of  the  original  variable  x,  are  polynomials  of  the  order 
k  of  X,  called  ‘‘Tshebysheffs  polynomials.”  They  are  usually  denoted 
by  Thix)  so  that  we  have  the  definition 

7’*(x)  —  cos  (k  cos~'  x)  (4.6) 

The  range  (4.1)  is  not  always  suitable  for  practical  applications.  We 
prefer  at  present  to  have  some  flexibility  in  the  range  of  x  and  leave  the 
limits  arbitrarily  a  and  b,  instead  of  normalising  them  to  definite  values. 
We  thus  define  Tshebysheff's  polynomials  for  our  present  purposes  by 
the  equation 

7’*(x)  —  cos  kt  (4.7) 


with  the  substitution 

cos  t 


2x  —  (6  -b  o) 
h  —  a 


(4.7*) 


Tshebysheff’s  polynomials  permit  to  extend  the  outstanding  properties 
of  the  Fourier-series  to  ordinary  power  series.  The  Fourier-series  of 
Fit)  in  the  variable  t  is  an  ordinary  power  series  of  fix)  in  the  variable  x, 
arranged  in  Tshebysheff’s  polynomials  Tkix). 


2.  Curve  fitting  by  least  squares.  In  the  problems  of  fitting  a  large 
number  of  observations  by  a  smooth  curve,  the  **method  of  least 
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square^'’  ia  customarily  employed.  Let  us  suppose  that  f{x)  can  be 
represented  by  a  power  series  of  a  given  number  of  terms  and  the  number 
of  observations  surpasses  the  number  of  coefficients  at  our  disposal. 
Then,  in  order  to  get  the  ‘'closest  fit,"  we  apply  the  principle  that  the 
square  of  the  average  error: 

«■  -  Z  -  kJ  («) 

•-1 

shall  become  as  small  as  possible.  Here  z«  are  the  points  of  observations 
and  y.  are  the  observed  ordinates. 

The  minimum  conditi<ms  for  (4.8)  yield  a  system  of  linear  equations 
for  the  coefficients  of  the  power  series,  (the  "normal  equations")  which 
can  be  solved.  The  solution  of  these  normal  equations  can  be  avoided 
and  the  coefficients  of  the  expansion  obtained  explicitly,  if  we  proceed 
as  follows.  We  construct  successively  the  "orthogonal  polynomials" 
P/k(z)  of  the  order  k  which  have  to  satisfy  the  following  conditions: 

E  P<(x.)P*(z.)  -  0  (i  ^  *)  (4.9) 

•-1 

We  expand /(z)  in  these  polynomials: 

/(z)  -  coPo  -H  CiPi(z)  +  •••  c,P,(z)  (n  i  m  -  1)  (4.10) 

Then  the  coefficients  of  the  "closest  fit"  are  explicitly  determined  by 
the  following  (‘quations: 

E  VmPkix^ 

c,  -  ^ -  (4.11) 

E  P'M 

m-l 

The  construction  of  the  orthogonal  polynomials  P*(z)  requires 
considerable  amount«of  work  and  they  have  to  be  computed  for  each 
value  of  m  (number  of  observations)  separately.**  But  these  cumber¬ 
some  polynomials  can  be  completely  replaced  by  Tshebysheff's  poly¬ 
nomials  if  we  depart  from  the  traditional  custom  of  distributing  the 
points  Zft  of  the  observations  in  the  ordinary  equidistant  manner.  In 
statistical  and  actuarial  work  the  equidistant  spacing  of  the  data  is 
frequently  unavoidable  But  in  the  laboratory  measurements  of 

'*  Consult  on  this  subject  Davie,  Ref.  2;  Jordan,  Ref.  6. 
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physics  and  engineering  the  customary  equidistant  spacing  of  the 
independent  variable  is  generally  not  dictated  by  any  inherent  necessity. 
If  we  have  a  chance  to  dispose  freely  about  the  points  x*  at  which  the 
ordinates  are  read  off,  the  problem  of  curve  fitting  in  its  mathematical 
aspects  can  be  greatly  simplified.  Tahebyah^t  polynomiala  are  auio- 
maticaUy  orthogonal  ufiih  reaped  to  the  pointa 

^  (1  “  ^  +  CO"  <*)  (^'12) 

where 

(*- 1,2,  ...n)  (4.12*) 

[see  the  formula  (3.19)  together  with  the  definition  of  T8heb3r8h^’s 
polynomials  owing  to  (4.7)  and  (4.7*)]  Hence  the  formula  (3.20)  of  the 
trigonometric  interpolation  by  a  coaine-aeriea  automatically  aohea  the 
problem  of  curve  fitting  in  agreement  uhth  the  “method  of  lead  aquarea’*  (f 
the  pointa  of  obaervcUion  are  choaen  in  an  a  priori  given  unequidiatant 
faahion. 

For  reasons  of  simpler  computation  a  small  modification  is  permissible 
in  defining  the  values  x* .  Let  the  formula  (4.12)  remain  unchanged, 
but  let  the  tk  be  chosen  as  follows: 


*  tk^-k  (*-0, 1,2,  ...n)  (4.13) 

m 

We  again  have  n  unequal  intervals  but  now  the  two  end-points  of  the 
range: 

x,,«»  o,  b  (4.14) 

arc  included  amongst  the  p<^t8  of  observation  so  that  the  number  of 
observations  is  now  n  1.  The  polynomials  of  Tshebyshe£f  still 
satisfy  the  condition  of  orthogonality,  provided  that  the  weight  factor  }  is 
applied  in  countirtg  the  two  limiting  ordinatea  y*  and  y.  .  The  formula 
(3.26)  has  now  to  be  used  for  the  evaluation  of  the  coefficients  c* ,  and 
in  using  this  formula  we  have  to  remember  that  the  two  limiting  ordi¬ 
nates  yo  and  y«  are  but  one-half  of  the  observed  values. 

For  many  problems  of  curve  fitting  and  approximations  it  is  practical 
to  put  the  sero  of  the  independent  variable  in  the  left  end-point  a  of 
the  range.  Moreover,  the  total  breadth  of  the  range  can  easily  be 
normalised  to  1  by  choosing  a  proper  unit  in  which  the  variable  x  is 
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measured.  Hence  the  following  limits  are  particularly  suited  for 
practical  applications: 

a  -  0,  6-1  (4.15) 

Considering  the  great  usefulness  of  Tshebysheff’s  polynomials  for 
approximation  problems,  we  give  in  the  following  table  the  explicit 
expressions  of  the  first  10  TshebyshefTs  polynomials,  adjusted  to  the 
range  (4.15): 

Ux)  -  1 

Tiix)  -  2x  -  1 

r,(x)  -  8x*  -  8x  +  1 

T,ix)  -  32x*  -  48x*  -I-  18x  -  1 

Tiix)  -  128x*  -  25«x*  -H  160i*  -  32x  =}=  1  (4.16) 

Tiix)  -  512*‘  -  1280x*  +  1120x*  -  400x*  +  60tt  -  1 
^(i)  -  2048x‘  -  6144x‘  +  6912i*  -  3584x*  +  840i*  -  72x  +  1 
7’7(x)  -  8192x'  -  28672X*  +  39424x‘  -  26880x*  +  9480x*  -  1568x* 

+  98x  -  1 

^.(x)  -  32768X*  -  131072x’  212992x‘  -  180224x‘  +  84480x* 

-  21504X*  +  2688x*  -  128x  +  1 

r,(x)  -  131072X*  -  589824X*  -|-  1105920x'  -  1118208x*  +  658944x‘ 

-  228096x"  +  44352X*  -  4320x*  +  162x  -  1 

T»(x)  -  524288x‘*  -  2621440x*  +  5570560x*  -  6553600x'  -f  4659200x* 

-  2060048x‘  +  549120X*  -  84480x*  +  6600x*  -  200x  -|-1 
$ 

This  table  can  be  constructed — and  eventually  continued — by  recur¬ 
sion,  making  use  of  the  simple  algebraic  muUiplicatum  theorem  of  the 
polynomials  Tkix) : 

7’.(x)7’.(x)  -  k[T^,ix)  +  r._(x)I  (4.17) 

Putting  m  —  1  we  get: 

r,+,(x)  -  27’.(x)r,(x)  -  T^xix)  (4.18) 
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0 


and  thus,  starting  with 

Ux) 

Tx(x) 


1 

2x  -  1 


(4.19) 


all  the  latter  polynomials  can  be  obtained  successively. 

Ordinarily  the  polynomials  ^^(x)  are  adapted  to  the  range  (4.1)  which 
is,  however,  leas  suited  for  various  approximation  problems.  One 
can  show  easily  that  the  table  (4.16)  can  be  obtained  by  selecting  all 
the  polynomials  of  even  order  of  the  customary  table,  and  then 
replace  x*  by  x. 

The  following  table  gives  the  selected  points  x* ,  adapted  to  the  range 
(4.16): 

X*  -  ^ (l  +  cos  ^  (4.20) 


to  4  decimal  places,  for  all  even  values  of  m  between  m  «  2  and  m  ~ 
12“); 


m 

2 

1  1 

o 

H 

“ 

p 

bi 

4 

x»  ~  1,  Xi  B  .8836,  Zf  .6 

X4  -  0,  Z|  -  .1464 

6 

Xt  -  1,  *1  -  .9330,  *,  -  .78,  x»  -  .8  rt|\ 

X,  -  0,  i»  -  .0670,  »«  -  .28 

8 

X,  -  1,  z,  -  .0610,  zt  -  .8836,  z«  -  .6013,  z«  -  .8 

X,  -  0,  Zt  -  .0381,  z«  -  .1464,  z.  -  .3087 

10 

X,  -  1,  zi  -  .9788,  z«  -  .9048,  z.  -  .7939,  x*  -  .6848,  z.  -  .8 
xi«  -  0,  z*  -  .0248,  zi  -  .0988,  Zt  -  .2061,  z.  -  .3488  . 

12 

X,  -  1,  zi  -  .9830,  X,  -  .9830,  x»  -  .8836,  z«  -  .78,  zi  -  .6294 

Xii  ■■  0,  Zii  ~  .0170,  Zi(  ~  .0670,  Zt  .1464,  Zg  .26,  Zt  »  .3706 
z«  -  .8 

»  The  aynunetry  of  the  trigonometric  functions  in  all  the  four  quadrants  of 
the  full  circle  grants  particular  advantages  in  calculating  the  coefficients  of 
the  trigonometric  interpolation  if  m  is  even.  It  is  thus  advisable  to  subdivide 
the  range  of  the  observations  into  an  even  number  of  intervals. 
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With  the  help  of  these  tables  the  problem  of  curve  fitting  is  now 
reduced  to  the  following  elementary  procedure.  We  choose  a  suitable 
odd  number  m  I  (m  being  even)  for  the  number  of  points  at  which  the 
ordinates  shall  be  recorded.  Then  we  divide  the  given  interval  into  m 
unequal  parts,  according  to  the  z*  listed  in  the  table  (4.21).  The 
ordinates  /(z*)  have  to  be  observed  in  these  selected  m  -|-  1  points. 
The  recorded  values  are  called  jfk ,  with  the  exception  of  the  two  limiting 
ordinates  belonging  to  z.  —  0  and  Zo  «  1,  where  the  recorded  values 
have  to  be  haloed  in  order  to  get  ym  and  yo  . 

We  now  form  the  following  series: 

/(z)  -  i  c  +  Cxr.(z)  +  . . .  c,r.(z)  (4.22) 

The  order  n  coincides  with  the  order  of  the  polynomial  by  which  /(z) 
shall  be  represented.  That  order  is  naturally  smaller  or  at  most  equal 
m  (If  n  happens  to  be  equal  m,  the  last  coefficient  c.  shall  be  introduced 
with  the  factor  1/2,  like  in  formula  (3.27).)  The  coefficients  c*  are 
explicitly  determined  by  the  formula  (3.26).  After  evaluating  the 
coefficients  c*  we  form  the  series  (4.22)  and  finally  rearrange  the  series 
to  an  ordinary  power  series  according  to  the  table  (4.16),  obtaining 
finally  /(z)  in  the  form: 

fix)  -  0*  +  oiz  +  •  •  •  o,z"  (4.23) 

We  see  that  the  convenient  and  for  numerical  work  exceedingly  agree¬ 
able  formulae  of  the  trigonometric  interpolation  are  able  to  solve  rather 
simply  the  ordinarily  much  more  cumbersome  problem  of  “curve  fitting 
by  least  squares,”  avoiding  completely  the  laborious  solution  of  the 
normal  equations  that  we  ordinarily  encounter  in  such  problems.” 
The  only  condition  is  that  we  have  to  observe  the  curve  at  certain 
definitely  chosen  unequidistant  points  z*  instead  of  the  customary 
equidistant  spacing.  This  condition  can  frequently  be  satisfied  without 
greater  inconveniences.  But  if  we  prefer  equidistant  spacing,  we  can 
choose  our  points  close  enough  and  then  employ  the  method  described 
in  the  next  paragraph. 

>*  In  fact  even  the  trigonometric  interpolation  need  not  be  carried  out  to  full 
extent,  since  n  is  usually  much  smaller  than  m.  All  the  coefficients  higher  than 
Ca  would  come  out  automatically  as  sero  if  it  would  not  be  for  experimental  errors. 
The  evaluation  of  the  higher  coefficients  is  useful  for  the  estimation  of  the  proba¬ 
ble  error  of  the  lower  coefficients,  caused  by  experimental  errors.  Eventually  a 
systematic  departure  of  fix)  from  the  asstuned  law  may  be  detected  if  the  co¬ 
efficient  Ca^i  turns  out  to  be  larger  than  it  should  be  expected  by  the  inaccuracy 
of  the  measurements. 
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3.  Cttrre  fitting  of  smooth  functions.  Considering  the  great  accuracy 
of  modem  recording  instruments  the  full  application  of  the  method  of 
least  squares  is  but  seldom  required.  If  the  experimental  errors  are 
small  and  the  observations  sufficiently  close,  the  procedure  of  the 
previous  paragraph  can  be  modified  and  the  unequal  spacing  of  the 
points  of  observation  avoided.  We  record  the  ordinates  y*  in  close 
equidistant  steps  and  set  up  a  difference  table.  Then  a  * 'smoothing 
process”  can  be  applied  to  get  rid  of  the  small  unevenness  of  the  curve 
due  to  the  experimental  errors.  This  simple  and  effective  process  is 
described  in  Von  Sanden's  “Practical  Analysis”,  Ref.  9,  page  121. 
Owing  to  the  close  steps  by  which  the  abscissa  proceeds,  the  fourth 
differences  Ay(z)  can  be  considered  as  merely  the  result  of  experimental 
errors,  and  this  assumption  may  be  checked  by  the  irregular  nature  of 
the  fourth  column  of  the  difference  table.  Then  the  correction 

-^aV(x)  (4.24) 

is  applied  on  each  observed  ordinate  y* .  With  these  corrected  values  a 
new  difference  table  can  be  set  up.  The  smoothing  of  the  new  curve  will 
manifest  itself  by  the  smallness  of  the  still  remaining  4th  differences. 

With  the  help  of  the  corrected  difference  table  the  observed  function 
/(z)  may  be  interpolated  at  any  point  of  the  range,  with  the  help  of  the 
Qregory-Newton  interpolation  formula  (1.2),  employing  4  terms.  We 
select  again  our  points  z*  of  the  trigonometric  interpolation  according 
to  the  table  (4.21)  but  now  we  determine  the  values  of  the  ordinates  y» 
at  the  selected  points  z*  by  calcutation,  (interpolation),  instead  of  direct 
observation.  The  remaining  part  of  the  procedure  coincides  with  the 
procedure  of  the  previous  paragraph.  The  advantage  of  the  present 
method  is  that  the  unequal  spacing  of  the  points  of  interpolation  enters 
only  in  the  calculation  but  the  observations  themselves  are  made  in 
equidistant  steps.  The  only  conditions  for  the  success  of  this  simple 
method  are:  sufficiently  small  experimental  errors  and  sufficiently 
smooth  /(z),  i.e.  sufficiently  close  steps. 

4.  Comparison  wifii  Legendre’s  polynomials.  If  an  empirical 
function  /(z)  is  tabulated  and  can  be  interpolated  practically  at  any 
point  of  a  given  range,  the  current  “method  of  least  squares”  suggests 
the  application  of  Legendre’s  polynomials  for  the  problem  of  approxi¬ 
mating  that  function  by  powers.  We  normalise  the  range  to 

o  -  -1,  6-1  (4.24) 


* 
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and  set  up  the  series 

-  7.  +  tiPxix)  +  . . .  7.P-(*)  (4.25) 


where  P*(x)  are  Legendre’s  polynomials.  The  coefficients  y*  have 
then  to  be  determined  by  the  formula 


Hk 


(k  +  i)£'/(x)P,(x)dx 


(4.26) 


Since /(x)  is  not  given  in  analytical  form,  the  integrals  (4.26)  are  usually 
obtained  by  numerical  integration,  i.e.  by  substituting  the  integrals 
by  sums.  For  this  process  many  more  terms  have  to  be  engaged  than 
for  the  sums  (3.20).  The  latter  sums  are  not  merely  the  approxima¬ 
tions  of  integrals  but  the  exact  values  for  the  coefficients  of  a  series 
which  is  obtained  by  interpolation.  Now  the  interpolation  method 
may  also  be  adopted  for  Legendre’s  polynomials,  interpolating  the  series 
(4.25)  at  the  seros  of  the  first  neglected  polynomial,  i.e.  at  the  seros  of 
Pm+i(x).  This  cuts  down  the  laborious  task  of  numerical  integrations 
and  involves  a  much  smaller  number  of  ordinates  y* .  But  still  the 
Lagrangean  interpolation  formula  has  to  be  applied  for  the  evaluation 
of  the  coefficients  a*  of  the  resulting  power  series  (4.23).  This  task 
is  still  much  more  laborious  than  the  trigonometric  interpolation.  The 
formulae  of  the  trigonometric  interpolation  (3.20)  have  no  analogy  in 
working  with  other  orthogonal  polynomials  because  these  formulae 
are  based,  as  we  have  seen  above,  on  an  independent  ^’second  ortho¬ 
gonality  property”  of  the  Fourier  functions  which  has  no  analogy  for 
other  orthogonal  functions.  This  feature  distinguishes  the  trigono¬ 
metric  interpolation  favorably  and  renders  it  better  suited  for  practical 
applications  than  any  other  interpolation. 

In  addition  to  the  simplified  method  of  calculation  there  is  a  second 
reason  which  speaks  for  the  superiority  of  Tshebysheff’s  polynomials 
in  comparison  with  Legendre’s  pol3momials.  Let  us  suppose  that  the 
same  function  /(z)  is  expanded  once  in  Tschebysheff  and  once  in  Leg¬ 
endre  polynomials.  We  then  keep  in  both  cases  the  first  n  -f-  1  terms 
of  the  expansion  and  neglect  the  rest.  We  assume  that  both  series  are 
sufficiently  convergent  so  that  the  simple  estimation  (2.11)  of  the  error 
can  be  applied.  Then  the  error  of  the  Legendre  series  is 

-  -r^xP^M  (4.27) 

and  the  error  of  the  Tshebysheff  series: 

a^)  -  Cn+xTn^(x)  (4.28) 
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Both  errors  have  the  same  oscillatory  character.  They  differ,  however, 
in  the  behaviour  of  the  amplitude.  The  functions  Pk(x)  have  a  variable 
amplitude  which  assumes  the  maximal  value  1  at  both  ends  of  the  range 
and  decreases  toward  the  middle  of  the  range.  The  amplitude  of  the 
fluctuations  of  Tshebysheff’s  polynomials,  on  the  other  hand,  is  con¬ 
stantly  equal  1.  Thus  the  error  has  the  tendency  to  increase  toward  the 
end  of  range  in  the  case  of  Legendre’s  polynomials  while  it  has  the 
tendency  to  be  distributed  uniformly  over  the  range  in  the  case  of 
Tsbebysheff’s  polynomials.  It  is  true  that  Legendre’s  polynomials 
guarantee  a  smaller  avemge  error.  But  the  greater  possible  error  at  any 
point  of  the  range  is  reduced  in  using  Tshebysheff’s  polynomials,  owing  to 
the  more  uniform  distribution  of  the  errors  over  the  complete  range, 
which  eliminates  the  increase  of  the  error  toward  the  end  of  the  range. 
In  fact,  Tshebysheff  discovered  his  polynomials  in  connection  with  the 
problem,  how  to  find  an  approximation  which  reduces  the  maximal 
possible  error  at  any  point  of  the  range  to  a  minimum.” 

V.  Economization  of  a  given  power  series 

If  an  empirical  function  has  been  interpolated  by  the  method  of  the 
previous  paragraph,  the  inspection  of  the  coefficients  c*  of  the  Tsheby- 
sheff-series  will  show  it  directly,  how  many  terms  of  the  series  have  to  be 
kept  for  a  certain  required  accuracy,  no  matter  whether  the  accuracy  is 
determined  by  the  accuracy  of  the  measurements  or  by  other  view 
points.  Those  terms  of  the  series,  the  coefficients  of  which  are  below 
the  required  accuracy,  even  if  the  sum  of  their  absolute  values  is  taken 
in  account,  can  be  neglected.  If  a  power  series  is  arranged  in  Tsheby¬ 
sheff’s  pol3momial8,  then  it  is  reduced  already  to  its  most  economical 
form.  But  frequently  a  power  series  is  given  whose  economy  can  be 
greatly  improved  because  one  is  able  to  replace  the  given  series  by 
another  series  of  a  smaller  number  of  terms,  without  sacrificing  essentially 
in  accuracy. 

The  range  of  our  problem  shall  again  be  limited  to  the  convenient 
range  0  to  1,  in  accordance  with  (4.15).  The  given  power  series  shall  be 

y  -  a«  -I-  OiZ  -f  •  •  •  o,z"  (5.1) 

The  last  coefficient  a.  shall  not  be  below  the  limit  of  accuracy  and  thu^ 
the  term  a^x*  is  not  neglectable.  And  still  the  reduction  of  the  series 
to  a  polynomial  of  lower  order  may  be  possible. 

>*  See  Ref.  1.  p.  76;  Ref.  4.  p.  1168. 
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CoDaidering  the  fact  that — according  to  the  table  (4.16) — the  higheat 
coefficient  of  Tahebyaheff’a  poijmomiala  r*(*)  ia  2**“*  we  may  write 

^  (6,» 

Vi  A 

Thua  *  ,  M 

z’-  +■■•«,) +'^  ^  (6.3) 

Thia  equation  shows  that,  instead  of  neglecting  z”,  we  may  reduce  z* 
to  lower  powers,  with  an  amazingly  great  efficiency.  If  we  put 

z"  “  — (a»_iz"  *  +  •  •  •  at),  (6.4) 

we  have  committed  an  error  which  does  not  exceed  at  any  point  of  the 
range  the  amount  of  2-4~”.  Thus,  although  a.  itself  may  be  far  above 
the  limit  where  it  can  be  neglected,  the  multiplication  by  2>4~*  may 
diminish  it  to  far  below  the  limit.  Hence,  replacing  z"  by  (5.4),  the 
original  series  (4.20)  may  be  reduced  to  a  new  series  of  n  —  1**  order. 
Now  the  process  may  be  repeated  again  for  z"~‘  and  eventually  the  last 
coefficient,  after  multiplying  by  2*4“‘"““,  may  still  drop  below  the 
required  limit.  This  process  of  successive  reductions  can  be  continued 
until  the  last  coefficient  a«  of  the  series  is  already  so  large  that  even  the 
multiplication  by  2'4~'"  does  not  diminish  it  sufficiently.  Then  the 
reduction  process  is  completed  and  the  series  is  reduced— for  the  given 
accuracy— to  its  most  economical  form.  Since  we  know  exactly  the  error 
committed  at  each  reduction,  we  can  estimate  the  resulting  error  by  the 
absolute  sum  of  all  the  single  errors,  committed  at  each  step. 

Instead  of  these  successive  reductions,  the  following  systematic 
method  yields  the  same  result  and  is  particularly  advisable  if  the  number 
of  terms  which  can  be  saved  is  large.  We  express  the  powers  of  x  in 
Tshebysheff  8  polynomials  and  rearrange  the  given  series  in  Tk(x). 

y J  Co  -I-  Cl  Tiix)  +  •  •  •  c,  r,(z)  (6.5) 

The  Ck  coefficients  decrease  much  faster  than  the  original  coefficients  a* 
did.  From  a  certain  Cm  on  we  neglect  all  the  higher  terms  if  even  the 
sum  of  the  absolute  values  of  all  the  neglected  coefficients  stays  under 
the  required  limit.  Then  we  replace  in  the  remaining  series  the  7o(z) 
again  by  the  corresponding  polynomials,  making  use  of  the  table  (4.16), 
and  rearrange  the  series  hnally  to  an  ordinary  power-series.  The  new 
series  has  a  smaller  number  of  coefficients  than  the  original  series  had, 
and  the  coefficients  are  completely  different. 


TRIGONOMETRIC  INTERPOLATION 


147 


t 


The  following  table  expands  the  powers  of  x  in  Tshebyaheff’s  poly¬ 
nomials,  until  x'*: 

1  -  r, 

X  -  \{j.  +  r.) 

X*  -  iOr. +  47’,  r.)  (5.6)* 

X*  -  Afior,  +  isr,  +  er,  +  r,) 

X*  -  Tif(35r,  +  56r,  +  28r,  +  8T,  +  TO 

“  rbcizer,  +  2107’,  +  120r,  +  45T,  +  lOr,  +  Ti) 

X*  -  ¥Ax(4627’o  +  7027’,  +  496r,  +  2207,  +  667’,  +  127,  +  7,) 
x’  -  ,tVw(17167,  +  30037,  +  20027,  +  10017,  +  3647,  +  917, 

+  147,  +  Tj) 

x*  -  T¥l¥»(64357o  +  114407,  +  80087,  +  43687,  +  18207, 

+  5607,  +  1207,  +  167t  +  7,) 

X*  -  TnVM(243107,  +  437587,  +  318247,  +  185647,  +  85687, 

+  30607,  +  8167,  +  1537,  +  187,  +  7,) 
x**  -  ttiW(923787,  +  1679607,  +  1259707,  +  775207,  +  387607, 
+  155047,  +  48457,  +  11407,  +  1907,  +  207,  +  7„) 

The  mathematical  law  of  these  coefficients  can  easily  be  stated.  The 
common  divisor  of  the  expansion  of  x*  is  }  •  4*.**  The  factor  of  7/  inside 
of  the  parenthesis  of  the  same  expansion  is  the  binomial  coefficient 


/  2*  \  (2fc)! 

\k-jj  ”  (k-j)l(k+j)l 


(J  ^  k)  (5.7) 


with  the  only  exception  of  7,  the  coefficient  of  which  is  but  one  half 
of  the  general  expression. 

The  following  example  illustrates  the  application  of  the  rearrange¬ 
ment  method. 

Problem:  In  the  range  between  x  —  0  and  x  ~  2*’  a  power  series  is 
required  which  shall  represent  y  sin  x  with  an  accuracy  of  +.01 
with  the  smallest  number  of  terms. 

**  We  conveniently  atari  the  proceaa  of  rearrangement  of  the  aeriea  (6.1)  by 
dividing  at  firat  all  the  a,  by  i  •  4*.  We  then  have  only  multiplieationa  by  integera 
and  no  diviaiona  any  more. 


ft 


148 


C.  LANCZ06 


At  first  we  normalise  the  range  to  the  standard  limits  by  changing 
the  scale  of  x.  We  call  the  original  variable  (  and  put 


Then  we  have 


e  -  2« 


(6.8) 


f{x)  —  sin  2wx  (6.9) 

In  the  Taylor-expansion  of  sin  2rx  we  have  to  go  as  high  as  x'*  until 
the  error  becomes  smaller  than  0.01.  Thus  we  start  with  the  following 
“uneconomical”  series: 


/(*) 


2rz  — 


+ 


(2ir)‘^ 

17! 


(M’x*. 

19! 


(6.10) 


The  rearrangement  of  the  series  in  Tshebysheff’s  pol}rnomial8  yields:** 


f(x)  «  _  0.0001  r,  -  0.56967,  -  0.000271  +  0.66677, 

-  0.000174  -  0.10447,  -  0.00007,  +  0.00687,  +  •  •  • 


(6.11) 


Thus  with  a  maximal  error  of  :t0.007  we  can  put 

/(F)  -  -  0.6697,  -H  0.6677,  -  0.1047,  (6.12) 

Expressing  7,(x)  again  in  powers  of  z  we  obtain  finally  the  follow¬ 
ing  approximation: 

sin  2tx  -  0.007  -|-  5.642x  -|-  9.768x*  -  96.694x*  -f-  133.632x* 

(513) 

-  63.463x‘  ±(0.008) 

The  original  pol3rnomial  of  10th  order  has  been  reduced,  within  the 
limits  of  accuracy,  to  a  polynomial  of  only  6th  order. 

This  method  of  rearranging  a  given  power  series  in  Tshebysheff’s 
polynomials  and  then,  after  dropping  the  neglectable  terms,  arrange 
back  again  in  powers  of  x  is  practically  only  advisable  if  the  number  of 
terms  in  the  given  series  is  neither  too  small  nor  too  large.  For  a  short 
power  series  the  before-mentioned  successive  reduction  process  is  fre¬ 
quently  preferable  since  it  avoids  the  changing  from  x*  to  7,(x)  and 
then  back  to  x*  again.  On  the  other  hand,  if  the  number  of  terms 
gets  too  large,  we  better  make  use  of  the  same  method  of  “trigonometric 

**  The  very  snukU  coefficients  of  all  the  even  7,(z)  find  their  explanation  in  the 
fact  that  in  the  infinits  expansion  of  sin  2wx  in  the  7,(z)  all  the  even  C,  drop  out. 


TRIGONOMETRIC  INTERPOLATION 


149 


interpolation”  we  have  employed  in  the  approximation  of  empirical 
functions.  We  then  use  the  series  only  in  obtaining  the  yt-values  at 
the  characteristic  points  x*  of  the  trigonometric  interpolation  (see 
table  (4.21)).  With  these  y*  we  go  again  in  the  formulae  (3.26)  and 
obtain  directly  the  e*  of  the  rearranged  series.  This  method  recom¬ 
mends  itself  by  the  relatively  small  number  of  points  in  which  the  func¬ 
tion  has  to  be  known  and  by  the  simple  structure  of  the  formulae  (3.26) 
which  are  better  adapted  for  numerical  computation  than  the  rearrange¬ 
ment  of  a  long  series. 

VI.  Trigonometric  interpolation  of  analytical  functions 

The  method  of  trigonometric  interpolation  is  customarily  limited 
to  the  representation  of  empirical  functions.  The  Fourier-eeries  is 
particularly  adapted  to  the  representation  of  non-analytical  functions 
or  functions  whose  analytical  formulation  is  not  available.  The  pur¬ 
pose  of  the  present  investigation  is  to  show  how  successfully  the  same 
methods  apply  to  the  representation  of  purely  analytical  functions. 
The  classical  method  of  representing  analytical  functions  is  the  ex¬ 
pansion  in  a  power  series.  These  expansions  have  an  exfrapolotory 
character.  On  the  other  hand,  Tshebysheff’s  polynomials  bring  power 
series  and  Fourier  series  in  close  contact  with  each  other  and  permit 
to  apply  the  interpolatory  methods  of  the  Fourier  series  to  analytical 
functions.  This  results  in  a  new  type  of  power  series  expansions  which 
is  more  efficient  than  the  ordinary  extrapolating  series  by  which  analytic 
functions  are  ordinarily  represented.  By  the  application  of  these 
principles  the  convergence  of  the  Taylor  series  can  be  greatly  improved. 
In  the  case  of  another  type  of  expansions,  called  "asymptotic  expan¬ 
sions,”  the  gain  is  twofold:  not  only  is  the  convergence  improved  if  we 
compare  the  same  number  of  terms  of  the  old  and  the  new  series,  but 
the  error  converges  monoUmicaUy  toroard  ttro  with  increasing  number  of 
terms,  whereas  the  asymptotic  series  reduces  the  error  at  first  with 
increasing  number  of  terms,  but  then  a  finite  limit  is  attained  and  the 
error  begins  to  increase  again. 

For  the  sake  of  a  short  manner  of  speaking,  we  want  to  use  the  term 
"economisation”  in  the  sense  that  a  power  series,  which  approximates 
a  given  function,  may  be  replaced  by  another  power  series  which  yields, 
within  a  certain  definite  range,  a  smaller  error  for  the  same  number  of 
terms.  In  the  present  chapter  we  confine  ourselves  to  a  definite  real 
range  of  the  variable  x.  The  extension  of  the  power  series  to  the  com¬ 
plex  domain  shall  be  the  subject  of  chapter  VII. 
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1.  Economization  of  the  Taylor-eeries.  We  consider  at  first  the 
Taylor-series  and  distinguish  between  two  possibilities:  the  range  in 
which  the  given  analytical  function  /(z)  shall  be  represented  may  be 

a)  inside 

b)  partly  outside 

of  the  range  in  which  the  Taylor-series  converges. 

For  the  present  theoretical  discussion  we  want  to  put  the  origin  of 
our  reference  system  in  the  middle  of  the  given  range  and  normaliK 
the  limits  to  (4.1).  In  order  to  combine  Fourier-series  and  power- 
series  we  introduce  the  angle  variable  t  by  putting 

z  «  cos  1  (6.1) 

The  function /(z)  between  the  limits  z~  — Itoz*  lis  now  a  function 
F{t)  between  the  limits  1  »  0  to  f  We  expand  this  function  with 

respect  to  the  ccxnplete  orthogonal  function  system  «  cos  kt.  That 
means  in  the  original  variable  z  the  infinite  series: 

fix)  -  JC,  -H  Cl Ti(x)  +  Ct r,(z)  +  (6.2) 

The  absolute  convergence  of  this  series  is  guaranteed  by  the  regularity 
of  fix). 

If  the  range  (4.1)  is  inside  of  the  range  of  convergence  of  the  Taylor- 
expansion  about  the  point  z  —  0,  the  coefficients  C*  may  be  obtained 
by  mere  rearrangement  of  the  Taylor-series 

fix)  Oo  +  Gix  +  a,z*  -!-•••  (6.3) 

expressing  z*  in  terms  of  Tshebysheff's  polynomials.  This  method  was 
described  in  Chapter  V  in  connection  with  a  finite  series  but  it  holds 
without  alteration  for  an  infinite  series,  too,  provided  the  given  series 
is  convergent  all  over  the  range  (4.1).  The  advantage  of  the  series 
(6.2)  compared  with  the  series  (6.3)  is  its  quicker  conoerqence,  that 
means:  for  a  given  accuracy  a  smaller  number  of  terms  is  sufficient. 
Neglecting  all  the  terms  above  a  certain  order  n  in  the  series  (6.2)  we 
can  rearrange  the  series  again  in  powers  of  z  and  thus  obtain,  instead 
of  the  Taylor  series,  a  new  series  with  modified  coefficients  which  ap¬ 
proximates  closer  than  the  original  series,  if  we  take  in  both  cases  the 
same  number  of  terms.  To  be  sure,  the  coeficiente  of  the  new  eerie* 
are  ail  the  time  changing  a*  n  change*  while  the  Taylor-series  has  rigid 
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coefficients.  The  series  arranged  in  Tkix)  has  also  rigid  coefficients  but 
not  the  series  that  we  obtain  by  rearranging  the  first  n  -f-  1  terms  o(  the 
infinite  series  (6.2)  in  powers  of  x.  The  greater  efficiency  of  these  series 
may  be  explained  by  the  fact  that  the  coefficients  of  the  successive 
approximations  are  not  a  priori  established  rigid  quantities  like  the 
coefficients  of  the  Taylor-series  but  are  permanently  changing  with 
the  number  of  approximating  terms.  They  are  adapted  to  the  range 
in  which,  and  to  the  number  of  powers  by  which,  we  approximate. 

If  the  radius  of  convergence  of  the  Taylor-series  is  smaller  than  1 
because  there  is  a  singularity  of  /(z)  inside  of  the  unit-circle — although 
fix)  is  still  everywhere  regular  along  the  real  axis — we  are  encountered 
with  the  case  b)  where  the  chosen  range  of  approximation  is  partly 
<nUnde  of  the  realm  of  convergence  of  the  Taylor-series.  The  series 
(6.2)  which  is  equivalent  to  the  Fourier-expansion  of  Fit),  between  0 
and  r,  is  still  everywhere  absolutely  convergent,  owing  to  the  funda¬ 
mental  properties  of  orthogonal  expansions.  But  now  we  can  no  longer 
obtain  the  coefficients  of  the  series  (6.2)  by  merely  rearranging  the 
Taylor-series  (6.3).  The  nature  of  the  successive  approximations, 
however,  is  again  the  same  as  before:  taking  the  first  n  -f  1  terms  of 
the  series  (6.2)  and  rearranging  them  in  powers  of  x  we  get  a  sequence 
of  series  which  approximate  the  function  fix)  everywhere  inside  of  the 
chosen  range  —1  to  -(-1  (including  the  limits)  arbitrarily  closely,  al¬ 
though  the  Taylor-series  fails  completely  in  one  portion  of  the  range. 
The  interpolating  nature  of  the  new  series  and  the  flexibility  of  the  co¬ 
efficient*  is  again  responsible  for  the  greater  economy  of  the  series. 

In  order  to  get  the  coefficients  C*  in  the  present  case  we  should  make 
use  of  the  classical  method  of  determining  the  coefficients  of  a  Fourier- 
expansion.  The  classical  formula,  written  in  the  variable  z,  gives: 

c.  -  ?  (6.4) 

V  J-l  VI  -  X* 

Actually  these  integrals  are  but  seldom  practically  available.  Even 
relatively  simple  analytic  functions  lead  to  very  complicate  forms  of 
definite  integrals  which  cannot  be  easily  handled.  But,  fortunately, 
other  devices  are  available  which  yield  the  C*  indirectly,  if  not  exactly 
but  with  sufficient  closeness.  The  method  of  trigonometric  interpda- 
tion  is  particularly  advisable,  due  to  the  small  number  of  terms  which 
enter  in  the  summation  process  that  replaces  the  integration  oi  the 
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formula  (6.4).  If  the  series  (6.2)  has  a  rapid  convergence,  the  function 
/(x)  has  only  to  be  given  in  a  small  number  of  fundamental  points 

X*  —  cos  -  Jfc  (ifc  “  0, 1, 2,  •  •  •  n)  (6.6) 
n 

in  order  to  evaluate  the  coefficients  c*  of  the  approximating  series 

/(*)  “  ici  CiTiix)  +  •  •  •  +  \cnTjjc)  (6.6) 

The  method  in  this  form  coincides  exactly  with  the  method  discussed 
above  in  approximating  empirically  given  functions,  (see  IV,  2  and  3) 
the  only  difference  being  that  the  ‘‘ordinates’'  y*  «  /(x*)  are  now  the 
calculaUd  values  of  /(x)  at  the  selected  points  x* ,  and  not  the  results  of 
measurements. 

This  purely  numerical  method  can  frequently  be  avoided  and  sub¬ 
stituted  by  more  analytical  means.  In  many  instances  the  coefficients 
c*  of  the  approximating  series  (which  are  not  identical  with  the  true 
Fourier  coefficients  C»  but  only  approach  them)  can  be  obtained,  with¬ 
out  making  any  explicit  use  of  the  actual  numerical  values  of  /(x), 
merely  by  solving  a  S3rstem  of  recur$ion  formulae  similar  to  those  by 
which  the  coefficients  of  the  Taylor-series  can  be  determined.  This  is 
particularly  true  if  /(x)  is  defined  as  the  solution  of  a  linear  differential 
equation  with  rational  coefficients.  The  methods  then  available  will 
be  discussed  in  chapter  VIII.  At  present  we  consider  a  purely  algebraic 
example  which  does  not  involve  any  differentiations.  The  example  is 
exceedingly  suited  for  the  demonstration  of  the  different  behaviour  of 
extrapolating  and  interpolating  infinite  series.  At  the  same  time  the 
obtained  expansion  is  quite  fundamental  for  the  problem  of  the  next 
chapter:  the  extension  of  a  series,  obtained  by  trigonometric  inter¬ 
polation,  to  the  complex  domain. 

Problem:  The  function 

,  /W  -  ^  (6.7) 

shall  be  expanded  in  Tshebysheff’s  polynomials.  The  constant  a  may 
be  any  real  or  complex  number  which  is  not  on  the  portion  —  1  to  -|- 1 
of  the  real  axis. 

Before  obtaining  the  infinite  expansion  of  /(x)  we  discuss  the  inter- 
polation  of  /(x),  choosing  the  points  of  interpolation  as  the  seros  of 
r»(x).  We  set  up  the  following  equation: 

- “  ico  +  ciTiix)  +•••-!-  c«_i7’„_i(x)  -1-  T  -  (6.8) 

a  —  X  a  —  X 
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The  poanbiiity  of  this  equation  b  established  by  the  fact  that  the 
quotient 


r.(o)  -  Tn(x) 
a  —  X 


(6.9) 


is  a  polynomial  of  x  of  n  —  Ist  order.  This  determines  r  directly  to 


1 

^  “  r.(o) 


(6.10) 


The  expansion  at  the  right  of  (6.8),  leaving  out  the  last  term,  obviously 
coincides  with  the  approximation 

/(x)  -  +  CiTiix)  +  . . .  c,_,7’,_,(x)  (6.11) 

obtained  by  interpolating /(x)  at  the  seroe  of  7m(x).  Indeed:  if  r,(x) 
vanishes,  /(x)  and  /(x)  coincide. 

The  possibility  of  determining  the  c*  by  mere  recursion  is  based  on 
the  simple  (dgebraic  multiplication  theorem  (4.17)  of  Tshebysheff’s  poly¬ 
nomials.  We  multiply  the  equation  (6.8)  by  a  —  x,  replacing  x  by 
Tiix).**  The  multiplication  theorem  (4.17)  combined  with  collecting 
terms  yields  the  following  recursion  formulae  for  the  coefficients  c*  : 


ack  -  ^(Ck+i  -H  c*_i)  -  0  (*  «  1,  2,  •  • .  n  -  1)  (6.12) 

iaco  -  ic,  -  1  (6.13) 

The  hrst  set  of  equations  may  be  solved  by  the  assumption: 

Cm  -  Aq"  (6.14) 

which  yields  for  q  the  quadratic  equation 

9*  -  2o9  +  1  -  0  (6.15) 


with  the  roots 

?i  »  o  -f  y/a*  —  1,  9*»o  —  \/a*  —  I  (6.16) 


Thus 


Cm  *  i4i9i  -|- 


(6.17) 


But  Cn  must  be  lero.  This  yields  the  following  relation  between  the 
two  constants  Ai  and  At : 


Atqt  +  ilt9t  “  0 


(6.18) 


'*  Our  range  is  at  present  the  classical  range  —  1  to  +I  and  thus  the  tradi¬ 
tional  definition  (4.0)  holds.  The  polynomials  listed  in  table  (4.16)  are  adjusted 
to  the  range  0  to  1  and  are  thus  not  identical  with  the  present  Tm(*). 
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and  we  may  put 

c*  “  B(9r9t  —  9i?i) 

(6.19) 

or  considering  that 

9i9i  -  1 

(6.20) 

we  have 

c*  -  Biqr"  -  ?.""*) 

(6.21) 

Then  the  condition  (6.13)  determines  B  and  we  obtain 

»_  2  > 

V^o*  —  1 

(6.22) 

which  yields  finally: 

_  2  qi  —  Qt 

•>/o*  —  1  71+71 

(6.23) 

An  interesting  modification  of  this  formula  is  possible  which  will  be 
of  importance  for  the  later  application  of  our  series  in  chapter  VII. 
Let  us  introduce  the  complex  angle  $  by  putting 

a  »  cos  $ 

(6.24) 

then 

i$  —i$ 

(6.25) 

»  Sin  0  cos  nd 

(6.26) 

_  2  sin  (n  —  k)$ 
sin  0  cos  ntf 

(6.27) 

Ck>nsidering  the  definition  of  Tshebysheff’s  polynomials  due  to  (4.6) 
we  can  put 

cos  n$  *■  Tnia) 

(6.28) 

sin  V  n  —  K 

(6.29) 

We  thus  obtain  the  following  expansion: 

1 

o  —  z 

_  T'M  ,  2  V!  r'—w  ^ 

nr,(a)  r,(a)  “i  n-a 

(6.30) 

-J 


T1 
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with  the  remainder: 

r.(»)  1 

Tmia)  a  —  X 


(6.31) 


The  result  may  be  written  more  symmetrically  in  form  of  the  following 
formula: 


r.(o)  -  T.ix)_T:(a)  ^  2  V 

a  —  X  n  n  —  a 


T.(x) 


(6.32) 


This  formula  could  have  been  derived  also  with  the  help  of  Lagrange’s 
interpolation  formula  or  by  the  summation  of  a  geometrical  series  if 
instead  of  x  the  angle  variable  t  would  have  been  introduced.  But  we 
wanted  to  follow  a  procedure  which  is  applicable  to  a  large  class  of 
problems:  to  obtain  the  coefficients  of  the  interpolating  series  by  the  solu¬ 
tion  of  recursion  formulae. 

What  happens  with  the  series  (6.30)  if  n  increases  toward  infinity? 
We  consider  the  original  expression  (6.23).  One  of  the  two  roots 
9i  t  9t  larger  absolute  value.  Let  us  suppose  it  is  91 . 

Then  with  increasing  n  the  powers  of  91  will  be  practically  neglectable 
compared  with  91  and,  as  n  approaches  infinity,  we  get  in  the  limit: 


^  2  1  _  2  . 
0*  "  — ■  -I  “  — . . 1  .  9*  ' 

Vo*  —  1  9i  Vo*  —  1 

and  the  following  infinite  expansion  results: 


The  alternative  formula,  if  91  is  absolutely  larger,  follows: 


1 


a  —  X 


-1 

Vo*  —  1 


(6.33) 


(6.34) 


(6.34*) 


We  finally  want  to  introduce  again  the  modified  range  (4.15)  for  the 
power  expansion.  For  this  purpose  we  replace  x  by  2a:  —  1.  The  new 
X  now  varies  between  0  and  1  and  the  old  Tk(2x  —  1)  become  identical 
with  the  Tk(x)  listed  in  table  (4.16).  Now  the  following  formula 
results: 
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whem 

9  -  2a  -  1  =F  2\/a*  -  a  (6.36) 

and  the  upper  or  lower  Hign  ia  decided  by  the  condition  that  the  root 
with  the  gmaller  absolute  value  has  to  be  chosen. 

As  a  special  application  of  the  formula  (6.35)  we  put 

a  -  -1  (6.37) 

and  obtain  tlie  following  interesting  expansion: 

^  -  v^(i  -  pUx)  +  p*T,(x) - )  .  (6.38) 

1  +  z 

when* 

p  -  3  -  2V2  -  0.17157  . . .  (6.39) 

The  ratio  of  two  successive  coefficients  of  the  series  is  constant,  sim¬ 
ilarly  to  the  ordinary  Taylor-development: 

-i-  -  1  -  z  +  z*  -  X*  +  . . .  (6.40) 

1  -f-  z 

But  here  that  ratio  is  —  1  whereas  in  the  development  before  it  is  only 
about  i  of  that  value.  Both  series  hold  in  the  same  realm 

0  ^  z  ^  1  (6.41) 

An  interesting  discussion  can  be  linked  up  with  the  two  series  (6.38) 
and  (6.40),  illustrating  the  divergent  nature  of  interpolating  and  extra¬ 
polating  series.  Let  us  keep  the  first  seven  terms  of  the  series  (6.38) 
and  drop  the  rest.  We  substitute  for  ^^(z)  their  expressions  aecording 
to  the  table  (4.16)  and  obtain  the  following  approximation  of  the 
function 

'  /(^)  -  rx:;:  (6-42) 

1  +  X 

7(i)  -  0.9999925  -  0.9992202z  -|-  0.9863809z*  -  0.9070856z* 

-I-  0.6753632X*  -  0.3293104z‘  -f  0.0738853z*  (6.43) 

The  error  within  the  given  range  exceeds  nowhere  the  amount  of  6.10"^. 

We  now  integrate  and  obtain  the  following  approximation  of  the 
function 


/(z)  -  log(l  -1-  z): 


(6.44) 
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/(x)  -  0.9999925X  -  0.4996101x*  0.328793ftx*  -  0.22677 14x* 

+  0.1350726x‘  -  0.0548851X*  +  0.0105550x’  (6.45) 

The  error  at  any  point  of  the  range  ta  limited  by 

€  *<  ±10^  (6.46) 

The  Taylor-expanfdon  of  the  same  function  ia 

log  (1+  x)  -  X  -  I*  +  I* -  (6.47) 

Here  the  error  ia  amaller  than  the  firat  neglected  term.  In  order  to 
guarantee  the  exactneaa  of  the  aeriea  (6.45)  for  the  complete  rangt* 
(6.41),  1  million  terma  of  the  Taylor-aeriea  would  be  required. 

Thia  example  ahowa  quite  characteriatically  the  great  auperiority 
of  an  interpolating  aeriea  for  the  purpoaea  of  an  approximation  in  the 
large.  The  Taylor-aeriea  (6.47)  produces  the  function  /(x)  with  the 
help  of  the  value  of  the  function  and  all  ita  derivatives  at  the  point 
X  —  0.  The  values  of  /(x)  in  the  distance  are  determined  by  knowing 
/(x)  only  at  a  certain  point  and  its  infiniteeimal  surroundinge.  This  ia 
extrapolation.  The  convergence  of  the  aeries  slows  down  more  and 
more  as  we  move  away  from  the  center  of  expansion  and  is  tremendously 
retarded  if  we  approach  the  boundary  of  the  circle  of  convergence.'^ 

Let  us  consider,  on  the, other  hand,  the  series  (6.38).  This  series 
has  an  interpolating  nature  as  one  can  readily  see  by  estimating  the 
error  of  the  sum  of  the  first  n  terms  of  the  series.  The  points  of  inter¬ 
polation  at  which  function  and  approximation  coincide  are  very  near 
to  the  leros  of  the  first  neglected  polynomial,  i.e.  7'»(x).  All  these 
zeros  are  real  and  within  the  given  range,  although  they  are  not  evenly 
distributed  over  the  range.  But  their  number  is  n  and  thus  one  can 
define  uniquely  an  approximation  by  a  polynomial  of  n  —  !■*  order 
by  the  condition  that  function  and  approximation  shall  coincide  at  the 
zeros  of  r,i(x).  The  formula  (6.11)  with  the  coeflScients  (6.23)  solves 
this  interpolation  problem.  These  coefficients  e*  are  slightly  different 

>*  The  “fairneM”  of  comparison  may  be  objected  to  by  the  fact  that  the  point 
of  expansion  of  the  Taylor-series  has  been  chosen  at  the  end-point  x  »  0  of  the 
range,  instead  at  the  middle  z  »  I,  which  would  have  lessened  the  distance  of 
extrapolation  and  thus  weakened  the  favorable  balance  of  the  interpolating 
series.  The  author  believes,  however,  that  the  example  in  the  form  above  is 
actually  characteristic,  because  in  so  many  instances  the  Taylor-expansion  is 
actually  only  available  at  the  one  end-point  of  the  range  while  the  expansion 
about  the  middle  of  the  range  has  coefficients  which  are  practically  not  accessible. 
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from  the  coefficients  Ch  the  infinite  series  (6.34)  but  the  closeness  of 
approximation  is  in  both  cases  essentially  the  same.  The  infinite 
series  (6.34)  has  still  the  nature  of  an  interpolating  series,  with  slightly 
shifted  positions  of  the  points  of  interpolation. 

Of  noticeable  interest  is  also  the  fact  that  the  seven  terms  of  the 
series  (6.45)  and  the  million  terms  of  the  series  (6.47)  approximate 
both  the  same  function  log  (1  x)  so  that  the  difference  between  these 
two  series  of  widely  different  coefficients  and  number  of  terms  is  less 
than  10“*  at  any  point  x  between  0  and  1.  These  two  power  series, 
the  one  of  a  small,  the  other  of  a  large  number  of  terms,  represent  two 
very  different  functions  ouUide  of  the  chosen  range  but  are  practically 
identical  for  a  whole  finite  interval.  The  difference  c  which  was  here 
smaller  than  10~*  in  its  absolute  value,  may  decrease  to  any  arbitrarily 
small  amount.  And  still  we  will  have  two  series  of  a  different  number 
of  terms  and  entirely  different  coefficients.  Their  sum  approach  each 
other  indefinitely  but  their  coefficients  never  coincide. 

This  l>ehaviour  seems  to  contradict  a  well  known  theorem  proved 
in  the  theory  of  analytical  functions  of  a  complex  variable.**  According 
to  this  theorem  there  is  only  one  infinite  power  series  into  which  a  given 
analytical  function  can  be  expanded.  If  we  have  two  infinite  series 

a«  +  OiZ  -f-  OiZ*  -!-•••  (6.48) 

and 

6,  +  fhz  +  fciz*  +  ...  (6.49) 

which  converge  in  an  arbitrarily  small  finite  interval  toward  the  same 
function  /(z)  then  all  the  corresponding  coefficients  a*  and  b*  of  the  tw'o 
series  must  be  the  same: 

a»  -  hk  (6.50) 

The  contradiction  is  only  apparent  if  we  realise  that  the  quoted  the¬ 
orem  assumes  a  limit-procedure  which  differs  essentially  from  the  way 
in  which  the  interpolating  series  approximates.  The  two  power  series 
(6.48)  and  (6.49)  have  both  rigid  coefficients  which  do  not  change  as 
the  number  of  approximating  terms  increases.  We  merely  add  new 
and  new  terms  to  the  sum  without  altering  the  partial  sum  we  have 
obtained  before.  This  is  the  way  in  which  the  Taylor-series  approxi¬ 
mates.  But  the  series  obtained  by  successive  interpolations  behaves 


**  See  e.g.  Osgood,  Ref.  7,  p.  134. 
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quite  differently.  Here  the  coefficients  of  the  approximation  are 
permanmtly  changing,  i.e.  the  coefficients  hk  of  the  approximation 

-  6o  -H  6,1  -f  6,x*  -H  . . .  6.x"  (6.51) 

are  functione  of  n: 

6*  -  6*(n)  (6.52) 

It  is  exactly  the  flexible  nature  of  the  approximating  coefficients,  adapted 
to  the  given  range  and  to  the  number  of  terms  by  which  we  approxi¬ 
mate,  which  is  responsible  for  the  possibility  of  extending  the  realm 
and  efficiency  of  the  Taylor-series  in  3  directions: 

1)  to  include  functions  which  are  non-analytical) 

2)  to  extend  the  realm  of  convergence  of  the  Taylor-series  outside 
of  the  natural  realm; 

3)  to  increase  the  convergence  of  the  Taylor-series  within  the  natural 
realm. 

We  might  expect  some  relation  between  the  coefficients  of  the  inter¬ 
polating  series  and  of  the  Taylor-series.  The  relation  actually  exists 
in  form  of  an  asymptotic  approach:  with  increasing  number  of  approxi¬ 
mating  terms  the  coefficients  6*  converge  monotonously  toward  the  co¬ 
efficients  of  the  Taylor-series: 

lim  6i(n)  —  a*  (6.53) 

This  relation  holds,  no  matter  whether  the  chosen  range  of  the  inter¬ 
polating  series  is  smaller,  equal  or  larger  than  the  realm  of  convergence 
of  the  Taylor  series,  as  long  as  the  point  of  expansion  of  the  Taylor 
series  is  within  or  at  the  limit  of  the  chosen  range.  The  smaller  the 
range  the  quicker  the  convergence.  But  the  convergence  is  by  no 
means  “uniform.”  That  means:  if  i  is  the  permitted  difference  between 
bkin)  and  a* ,  the  n  necessary  to  reach  this  difference  depends  on  k  and 
increases  unlimitedly  with  increasing  k.  For  a  given  definite  value  of 
n,  however  large  it  may  be,  there  are  always  coefficients  6*  with  suffi¬ 
ciently  high  index  k  which  differ  from  a*  by  a  finite  amount.'* 

2.  Economizatioii  of  an  asymptotic  series.  Quite  similar  to  the 
results  obtained  for  the  Taylor-series  are  the  results  obtainable  for  the 
asymptotic  expansions.  Taylor-series  and  asymptotic  expansions  are 

'*  The  proof  of  these  etatements  follow*  from  the  consideration  of  the  general 
interpolation  formula  of  Newton  for  unequal  intervals  (see  Whiitaker-Robinson, 
Ref.  18,  p.  34). 
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very  mmilar  in  their  nature — as  mentioned  before — since  they  are  both 
extrapolating  series.  The  only  difference  is  that  the  as3rmptotic  series 
makes  use  of  the  successive  derivatives  of  the  function  f{x)  at  a  point 
where  those  derivatives  do  not  exist  in  the  complex  sense  because  we 
are  at  a  point  of  singularity.  But  they  do  exist  if  we  approach  the  point 
from  one  direction  only.  We  want  to  normalise  this  direction  as  the 
direction  of  the  positive  real  axis.  For  example  considering  the  function 

I 

y  -  e~^  (6.64) 

the  point  x  »  0  is  a  point  of  singularity  but  ail  derivatives  of  the  func¬ 
tion  exist  at  that  point  if  we  approach  it  from  the  positive  i-axis. 

Now  the  formal  series 

/7HT7)  -  /(a)  -H  r{a)x  -I-  X*  +  . . .  (6.65) 

can  again  be  considered  as  the  limit  of  the  Qregory-Newton  interpola¬ 
tion  formula,  the  points  of  interpolation  being  infinitely  near  to  the 
point  X  ■*  0  and  all  toward  the  right  from  that  poii>t.  The  only  differ¬ 
ence  is  that  the  radius  of  convergence  of  the  series  is  now  lero.  The 
radius  of  convergence  of  the  Taylor-series  being  determined  by  the 
“nearest  point  of  singularity,”  this  radius  converges  toward  sero  if  the 
point  of  expansion  moves  nearer  and  nearer  to  the  point  of  singularity, 
although  the  coefficients  of  the  Taylor-series  may  remain  finite  and 
approach  definite  limits.  These  limits  are  the  coefficients  of  the  asymp¬ 
totic  series. 

Transforming  the  Taylor-series  into  an  interpolating  series  we  saw 
two  advantages  connected  with  such  procedure:  a)  the  convergence 
was  quickened  inside  of  the  realm  of  convergence;  b)  the  realm  of  con¬ 
vergence  was  extended  outside  of  the  original  realm.  Both  advantages 
remain  valid  for  asymptotic  expansions  although  the  first  point  has 
to  be  modified  since  these  series  are  divergent  from  the  beginning. 

We  choose  an  arbitrary  finite  range  of  the  x-axis,  limited  at  the  left 
by  the  point  of  singularity  x  »  a.  The  function  shall  be  ever3rwhere 
regular  inside  and  at  the  limit  of  the  range,  even  at  the  point  x  «■  a 
if  we  only  approach  it  along  the  x-axis,  coming  from  the  right.  We 
then  construct  an  approximating  series,  obtained  by  trigonometric 
interpolation  in  n  points.  The  interpolating  series  has  the  following 
two  advantages,  compared  with  the  asymptotic  series: 

a)  Using  n  terms  of  the  interpolating  series  the  maximal  error  of  the 
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approximation  at  any  point  of  the  range  is  smaller  than  the  correspond¬ 
ing  error  by  using  n  terms  of  the  asymptotic  series. 

b)  This  error  converges  monotonically  toward  lero  if  we  go  with  n 
higher  and  higher,  while  the  error  of  the  asymptotic  series  decreases  at 
first  and  then  increases  again  with  increasing  n. 

We  want  to  add  that  the  same  asymptotic  relations  we  have  observed 
between  the  coefficients  of  the  Taylor-series  and  of  the  interpolating 
series,  hold  again  between  the  coefficients  of  the  asymptotic  expansion 
and  of  the  interpolating  series: 

lim  6t(n)  >■  a*  (6.56) 

The  coefficient  of  the  interpolating  seriet  converge  numotonously  toward 
the  coefficient  of  the  aeymptotic  expansion.  Again  the  speed  of  con¬ 
vergence  depends  on  k  and  decreases  with  increasing  k. 

Example:  Economization  of  the  Stirling  series.  One  of  the  most 
important  transcendental  functions:  the  Gamma-function  is  defined 
by  the  following  functional  equation: 

r(x  -I-  1)  -  xVix)  (6.57) 

together  with  the  boundary  condition : 

r(l)  -  1  (6.58) 

For  large  values  of  x  the  function  r(x)  can  be  asymptotically  repre¬ 
sented  as  follows: 

r(x)  -  y/^e-’x^  (6.59) 

Let  us  define  the  following  analytical  function: 

This  function  has  a  singularity  at  the  point  x  »  oo  of  the  complex 
plane,  but  no  singularity  occurs  if  we  approach  the  point  of  infinity 
along  the  positive  real  axis. 

We  change  the  point  of  infinity  x  *  «  into  the  point  x'  0  by  the 
reciprocal  transformation 


Then,  interpolating  p(x')  in  the  infinitesimal  surroundings  of  x'  «  0 
we  can  expand  p(x')  in  a  divergent  power  series  of  x'.  The  coefficients 
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of  this  series  can  be  obtained  with  the  help  of  the  functional  equation 
(6.57)  which  defines  the  Ganuna-f unction.  The  expansion  of  r(z)  has 
the  form: 


«r(x) 


1  + 


12x 


■f 


1 

288i» 


139  1 

51840  z*  ■” 


(6.62) 


This  infinite  series  was  the  first  historical  example  of  an  “asymptotic 
expansion"  which  does  not  satisfy  the  ordinary  requirements  of  con¬ 
vergence  for  any  value  of  x.  The  series  was  discovered  by  Moivrt 
and  Stirling  and  is  usually  called  the  “Stirling  series."*  Frequently 
the  logarithm  of  the  function  ^(x)  is  preferable  to  the  function  itself. 
We  denote  this  new  function  by  B{x)  and  thus  put: 


fi(x)  -  log  r(x)  -  (x  -  i)log  X  -f  X  -  i  log  2ir  (6.63) 


The  functional  equation  which  defines  B{x)  is  now: 

B(x  -I-  1)  -  B{x)  -  1  -  (x  -I-  i)  log  (l  -I-  1)  (6.64) 

together  with  the  boundary  condition 


B(«)  -  0 


(6.65) 


The  equation  (6.64)  is  able  to  furnish  the  successive  derivatives  of 
B{x')  at  the  point  x'  0  which  determine,  according  to  the  formula 
(1.2)  of  Gregory-Newton  with  infinitesimal  «,  the  coeflScients  of  the 
series-expansion  of  B(x').  We  obtain 


Bix) 


1111  1  1 
12  X  360  X*  1260  X* 


(6.66) 


Generally 


B(x) 


B.  1 

2a(2a  -  1)  x*^‘ 


(6.67) 


where  B.  are  the  so-called  “Bemoulli-numbers." 

Our  program  now  is  to  transform  the  divergent  asymptotic  series 
(6.66)  into  a  strictly  convergent  series  by  changing  from  extrapolation 
to  interpolation.  The  range  of  the  variable  x'  shall  coincide  with  the 
range  (4.15);  that  means  for  x  the  range 


1  ^  X  ^  00 


(6.68) 


**  Concerning  the  hietory  and  theory  of  the  Stirling  eeriee  cf.  Dan»,  Ref.  3, 
p.  179;  WkiUaker-WtUton,  Ref.  14,  p.  251. 
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Although  in  chapter  Vlll  a  method  will  be  shown  by  which  the  co¬ 
efficients  of  the  interpolating  series  could  have  been  obtained  directly 
on  the  basis  of  the  functional  equations  (6.64),  without  knowing  the 
actual  course  of  the  function  B{x),  we  prefer  here  the  simple  method  of 
numerical  interpolation  in  view  of  the  fact  that  the  numerical  values 
of  the  Gamma-function  are  available  with  great  accuracy  in  tabulated 
form.  The  table  of  Dcms,  Ref.  3,  furnishes  directly  the  Briggian 
logarithm  of  the  Gamma-function  to  10  decimal  places  at  any  point 
X  >  1  provided  that  the  necessary  interpolations  are  applied.  Hence 
the  values  of  B{xk)  can  be  calculated  according  to  the  formula  (6.63) 
if  we  possess  also  a  table  of  the  ordinary  logarithms  to  10  decimal  places. 

The  details  of  the  numerical  work  are  here  omitted,  only  the  general 
procedure  shall  be  outlined.  At  first  the  points  of  interpolation  x* 
have  been  determined  with  an  accuracy  of  10  decimal  places,  according 
to  the  formula 

X*  -  - ^ -  (6.69) 

1  -1-  cos  -  k 
n 

For  n  the  value  12  has  been  adopted.  The  ordinates  y*  »  B{xi,)  (add¬ 
ing  the  factor  |  for  yo  and  yn,)  were  obtained  with  the  help  of  the  10- 
place  tables  of  Davie  and  the  10-place  logarithms  of  Vega.  The  last 
ordinate  yu  is  zero.  The  two  ordinates  before :  yu  and  yu  ,  were  com¬ 
puted  by  using  the  asymptotic  series  (6.66). 

The  following  table  gives  the  points  of  interpolation  and  the  cor¬ 
responding  ordinates: 


k 

Xh 

Vh 

0 

1 

0.0176022738 

1 

1.0173323802 

346326224 

2 

1.0717967696 

329489700 

3 

1.1716728766 

302499071 

4 

4:3 

266962666 

5 

1.6887907066 

226064634 

6 

2 

179640369 

(6.70) 

7 

2.6983963724 

133629164 

8 

4 

90292739 

9 

6.8284271261 

62963126 

10 

1:0.0669872981 

24239890 

11 

1:0.0170370868 

6166868 

12 

00 

0 
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TbcHe  values  of  y*  were  entered  in  the  formula  (3.26)  of  the  trigon¬ 
ometric  interpolation  and  the  computed  coefficients  follow: 


iC. 

- 

177756330.10 

c, 

- 

176235580 

c, 

- 

-1758491 

c. 

- 

-212360 

c« 

- 

25225 

c. 

- 

-549 

c. 

- 

-319 

Ct 

- 

68 

c, 

- 

-6 

c, 

- 

0 

Cio 

- 

0 

Cii 

- 

0 

Cu 

0 

The  last  digit  of  these  figures  (lO***  decimal  place)  may  be  unreliable 
to  ±  1  units. 

For  an  exactness  of  ±10~'  the  last  valuable  coefficient  Ci  may  be 
omitted  and  the  polynomial  of  7“*  order: 


fix)  -  ico  +  c,  T,  Q  -h  . .  ■  CtTt  (6.72) 

formed.  If  we  substitdte  for  their  expressions  according  to  the 

table  (4.16),  we  obtain  the  following  expansion: 


fix)  -  10 


6  -I-  361911590  -  +  6368 1  -  12084960  i 

XX*  X* 


-  101248  1  -I-  4359680  4  -  2603008  4  -H  557056 

F  Xr  XT  X‘ 


(6.73) 
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This  series  represents  the  function  B{x)  if  iogsrithms  of  the  base  10 
are  used,  instead  of  natural  logarithms  of  the  base  e.  Multiplying  our 
series  by  the  factor 

^  -  2.3025850930  (6.74) 

Id 

we  convert  the  Briggian  logarithms  to  natural  logarithms  and  obtain 
finally  the  following  representation  of  the  natural  logarithm  of  the 
Gamma-function,  valid  between  x  ~  1  and  x  »  «> : 

log  r(x)  »  (x  —  J)  log  X  —  X  -f-  i  loR  2t  -|-  0.0000000014 

+  0.833332232  -  +  0.0000014663  1  -  0.0027826649  4 

X  X*  X* 

-  0.0000233132  i  -1-  0.0010038534  ^  -  0.0005993647  ^  (6.75) 

X*  X*  X" 

-I-  0.0001282669  ^ 

The  following  table  shows  the  comparison  of  the  coefficients  of  the 
economised  series  with  the  original  asymptotic  coefficients 


k 

A.  8. 

E.  8. 

0 

0 

0.000000001 

1 

0.083333333 

0.083333223 

2 

0 

0.000001466 

3 

-0.002777778 

-0.002782665  (6.76) 

4 

0 

-0.000023313 

5 

0.000793651 

0.001003853 

6 

0 

-0.000599365 

7 

-0.000595238 

0.000128267 

The  optimum  of  the  as3rmptotic  series  (6.66)  for  the  range  (6.68)  is 
obtained  by  keeping  the  first  3  terms  and  dropping  the  rest: 


'  ^  12  X  360  x»  ^  1260  x* 


(6.77) 


with  a  maximum  error  of  —6.10  *.  This  limit  cannot  be  improved. 
The  economised  series  brings  the  error  down  to  ±2.10”*  by  going  until 
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the  power  tT'  and  going  to  higher  and  higher  powers  the  error  diminishes 
to  arbitrarily  small  amounts. 

A  very  close  approximation  is  obtainable  already  by  the  abbreviated 
series  of  4*^  order: 

/(*)  “  ic#  +  +  •  •  •  (6.78) 

If  we  rearrange  this  series  again  to  an  ordinary  power  series  and  change 
to  natural  logarithms  we  obtain  the  following  approximation: 

B(x)  «  0.08333272  ^  -|-  0.00003715  ^  -  0.00305164  1 

*  '  (6.79) 

+  0.000743461  (±2.10"^) 

Ir 

The  corresponding  asymptotic  development*'  with  the  coefficients 

h’  *•  -3^’  ®  <«**> 

approximates  with  a  maximal  error  of  8.10~^. 

The  present  example  illustrates  all  the  characteristic  properties  of  an 
interpolating  approximation:  1)  the  error  decreases  indefinitely  with  in¬ 
creasing  order  n  of  the  approximatii^  polynomial ;  2)  the  error  is  always  / 
smaller  than  that  of  the  corresponding  portion  of  the  asymptotic  series.  « 

3)  The  coefficients  of  the  power  expansion  have  no  rigid  values  but  are 
all  the  time  changing  with  the  order  n;  4)  they  converge  more  and  more 
to  the  coefficients  of  the  as3rmptotic  expansion,  but  for  a  given  definite 
n  the  coefficients  of  high  order  always  differ  by  a  finite  amount  from  the 
asymptotic  coefficients. 

One  more  feature  of  the  series  (6.71)  is  of  noticeable  interest.  We 
have  used  13  points  of  interpolation  in  obtaining  the  13  coefficients  c* 
of  the  table  (6.71).  The  last  4  coefficients  came  out  as  lero,  within  an 
accuracy  of  10~'*.  Thus  only  the  fii^  9  powers  of  Vs  (including  the 
power  xero)  are  employed  in  the  representation  of  /(x)  with  an  accuracy 
of  10~'*.  Nine  points  of  interpolation  would  have  given  already  the 
coefficients  C»  of  the  table  and  any  further  increase  of  the  number  of 
interpolating  points  does  not  change  the  final  values  of  e*  within  the 
given  accuracy. 

»  “Corresponding*’  means:  “the  polynomial  of  the  same  order."  If  some 
of  the  coefficients  of  the  asymptotic  series  vanish,  tkey  have  to  be  counted  never- 
theleee. 
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Now  let  ua  consider  the  infinite  Fourier-eeries: 

/(*)  -  iC,  +  Cl  Ti  (0  +  C,  r,  Q)  +  . . .  (6.81) 

where  the  coefficients  C*  are  determined  by  the  definite  integrals: 


C* 


^  j  Fit)  cos  ktdt 


dx 


xy/x  —  1 


(6.82) 


Since  the  coefficients  c*  ,  obtained  by  interpolation,  do  not  change  with 
increasing  number  of  interpolating  points,  they  are  already  identical 
with  the  final  Fourier-coefficienta  Ct ,  toward  which  the  c*  always  con¬ 
verge.  This  holds,  of  course,  only  within  the  accuracy  of  10~“.  In 
other  words:  the  difference  between  the  interpokUing  coefficients  c*  and 
the  Fourier  coefficients  C*  is  smaller  than  10”“. 

Thus  we  have  obtained,  by  interpolating  in  a  small  number  of  points, 
a  series  which  is  very  accurate  not  only  as  far  as  its  sum  is  concerned, 
but  also  as  far  as  its  coefficients,  in  comparison  with  the  coefficients  of 
the  infinite  series,  are  concerned.  Similar  conditions  will  always  hold 
whenever  it  happens  that  the  last  coefficients  of  an  interpolating  series 
are  practically  neglectable. 

VII.  Extension  of  the  interpolating  series  to  a  complex  domain 

If  we  interpolate  an  empirical  function  we  are  only  interested  in  the 
representation  of  the  function  i^ithin  the  given  limits.  But  if  we  inter¬ 
polate  an  analytical  function,  the  question  arises:  can  we  extend  the 
series,  obtained  by  interpolating  the  function  in  a  finite  range  of  the  real 
axis,  to  the  surrounding  complex  domain? 

We  are  not  concerned  here  with  the  convergence  properties  of  the 
infinite  series  to  which  the  interpolating  series  converges  if  the  number 
of  interpolating  points  increases  toward  infinity.  Practically  more 
important  is  the  problem  to  estimate  the  error  of  the  interpolating 
series  with  a  finite  number  of  terms.  We  assume  a  given  finite  n  and 
consider  the  series: 


fix)  *  ico  +  CiTiix)  +  ”■  c_ir_,(x) 


(7.1) 
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obtained  by  the  condition  that  function  and  approximation  shall  coin¬ 
cide  at  the  n  xeroe  of  the  Srst  neglected  polynomial,  i.e.  TJji).  The 
error  of  the  approximation  shall  be  called 

,(x)  -  /(x)  -  /7F)  (7.2) 

Our  problem  is  to  estimate  ir(x)  not  only  within  the  limits  of  interpola¬ 
tion  but  also  for  limited  portions  of  the  complex  plane. 

We  restrict  our  considerations  to  the  inside  of  a  circle  of  the  complex 
plane.  The  radius  of  this  circle  shall  be  normalised  to  1  and  its  center 
shall  coincide  with  the  origin  s  »  0.  This  circle  is  shortly  called  the 
“unit-circle.”  We  assume  that  the  range  of  the  given  interpolation  of 
fix)  extends  from  —1  to  -|-1,  i.e.  Tshebysheff’s  polynomials  shall  be 
normalised  to  the  classical  range 

o  -  -1,  6-1.  (7.3) 


Thus  the  problem  may  be  formulated  as  follows.  We  have  interpolated 
the  function  /(x)  along  the  diameter  of  a  circle.  How  much  is  the  error 
of  the  series  if  we  extrapolate  it  within  the  area  of  that  circle? 

We  want  to  deal  only  with  a  restricted  class  of  analytical  functions 
fit)  which  are  analytical  everywhere  inside  of  the  unit-circle.  Singu¬ 
larities  on  the  unit-circle  may  occur,  but  even  here  we  do  not  permit 
any  infinities  of  fit)  if  we  approach  those  singularities  from  the  ineide 
of  the  circle.  These  conditions  are  frequently  satisfied  by  those  trans¬ 
cendental  functions  for  which  powerful  approximations  by  pol3rnomiai8 
are  possible  not  only  in  the  real  but  even  in  the  complex  range. 

We  start  with  Cauchy’s  fundamental  integral  formula 

M  ^  a-*) 


The  region  of  integration  shall  be  completely  inside  of  the  unit-circle 
and  shall  include  the  point  z  and  also  all  the  seros  of  Tnit). 

We  expand  the  function 


1 

f  -  * 


(7.5) 


in  Tshebysheff’s  polynomials,  according  to  (6.30)  and  (6.31): 


1 

f  -  * 


rUf) 


Z  T,it)  -I- 


i 


nTnif)  Tnif)  —1  n  -  O 


r.(f)(r  -  *) 


T,it)  (7.6) 
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Subetituting  this  expansion  in  (7.4)  we  obtain  an  approximating  series 
of  the  form: 

/■(i)  »  4-  c,  Tx{x)  +  . . .  r^,(x)  (7.7) 


where  the  c*  are  defined  as  foUow’s: 


Ck 


2 

2iri 


f 

ij  (n-k)T,i 


(f) 


rff 


In  addition  we  have  the  remainder 


(7.8) 


n(«) 


mdi 
r,(f)(f  -  z) 


^Tn{z) 


(7.9) 


We  see  that  /(*)  and  /(z)  coincide  at  the  n  zeros  of  r,(z)  and  thus  the 
series  (7.8)  is  identical  with  the  series  obtained  by  trigonometric  inter¬ 
polation. 

In  the  integrals  (7.8)  we  may  integrate  separately  around  each  one 
of  the  n  poles: 

7’,(x.)  -  0  (a-1,2,  ...n)  (7.10) 


Integrating  around  x«  we  can  put: 


Tn(i) 


dC 


t  -  X,  df 

TniS)  i  -X, 


(7.11) 


which  yields,  remembering  Cauchy’s  integral  formula  (7.4) : 


Ck 


2  y  r»-»(x«) 

(n  -  jb)r;(x.) 


/(x.) 


(7.12) 


The  definition  of  Tshebysheff’s  polynomials  was: 


where 


7’*(x)  *  cos  kt 


Thus 


X  a  cos  t 


Tn-kix)  —  ksin(n  —  k)i 

rl(x)  n  sin  n/ 


(7.13) 

(7.14) 

(7.16) 


Due  to  this  relation  we  get 

1  T1^(x.)  ^  1  sin  (n  -  k)t, 

n  —  k  ri(x«)  n  sin  nt. 


1  1.. 
-  cos  kta 
n 


-  r*(x.)  (7.16) 

n 
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which  yields 

(7.17) 

n  a-l 

Hence  we  have  obtained  once  more  the  fundamental  formula  (3.20) 
of  the  trigonometric  interpolation,  at  present  deduced  by  integration 
in  the  complex,  on  the  basis  of  Cauchy's  integral  theorem. 

Our  specific  problem,  however,  is  to  investigate  the  error  (7.9)  of  the 
approximation.  For  this  purpose  the  integral 


L  [  /(f) 

2in]  T.(f)(f-s) 


(7.18) 


has  to  be  studied.  The  contour-integral  (7.18)  defines  an  analytical 
function  p(z)  of  the  variable  z  which  remains  finite  everywhere  inside 
and  even  on  the  pt'riphery  of  the  unit-circle.  The  maximum  of  p(z) 
along  the  p<‘riphery  of  the  unit-circle  shall  be  denoted  by  K.  Then 
due  to  a  well  knonvn  estimation  of  Cauchy;** 


1  P(z)  I  ^  K 


(7.19) 


Thus  we  obtain  for  the  error  *r(z)  the  following  estimation  which  holds 
everywhere  inside  and  on  the  boundary  of  the  unit-circle: 


1  ,(z)  1  ^  /C  1  r.(z)  1  (7.20) 

The  estimation  (7.20)  is  frequently  sufficiently  close,  vis.  if  the  con¬ 
dition  is  fulfilled  that  |  p(z)  |  shows  no  large  variations  inside  of  the 
unit-circle.  Then  the  absolute  value  of  the  error  ij(z)  is  essentially 
determined  by  the  absolute  value  of  ^.(z). 

The  extension  of  a  series,  obtained  by  interpolation  along  the  real 
axis,  into  the  complex  domain  is  by  its  very  nature  an  extrapolcUion. 
Hence  we  cannot  expect  that  the  uniform  distribution  of  errors,  that 
we  have  experienced  as  a  characteristic  feature  of  the  interpolating 
series,  shall  still  hold. '  The  error  has  to  increase  the  further  we  move 
away  from  the  line  of  interpolation.  Indeed:  while  7',i(z)  merely  oscil¬ 
lates  between  —  1  and  -f- 1  along  the  real  axis,  this  is  no  longer  true  in 
the  complex.  We  have  generally 

Tniz)  =  i(«‘"'  +  «■•"')  (7.21) 

where 

-  *  +  VT^* 


**  See  Osgood,  Ref.  7,  p.  119. 


(7.22) 
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The  largest  increase  of  Tni*)  occurs  along  the  imaginary  axis  and  the 
maximum  of  |  7'»(z)  |  is  assumed  at  the  two  poles  t  «  ±t.  Here  we 
have 

-  ±1(1  4-  y/2)  (7.23) 

and  we  can  put  with  good  approximation: 

i  Tni±i)  I  -  id  +  y/2r  (7.24) 

We  see  that  whereas  the  estimated  maximum  error  of  the  real  range 
is  K  the  estimated  maximum  error  of  the  complete  unit  cirde  is  larger 
in  the  ratio 

id  +  V2)"  (7.25) 

Also  the  comparison  with  the  Taylor  series  shows  a  different  picture 
if  we  extend  our  considerations  to  the  complex  range.  In  chapter  4 
we  have  reduced  a  given  power  series 

y  »  oo  +  OiZ  -I-  otr*  +  •  •  •  '  (7.28) 

to  the  order  n  —  1  by  expressing  z"  in  lower  powers  with  the  help  of 
Tshebysheff’s  polynomials.  The  error  of  the  reduction  is” 

n  -  Tn{z)  (7.27) 

while  the  mere  neglect  of  the  term  0.2 "  causes  the  larger  error 

■  V  -  o,z"  (7.28) 

If  we  only  take  into  account  the  real  axis,  the  economized  series  is  in 
advance  by  the  factor  2"“‘  compared  with  the  Taylor  series  of  the  same 
number  of  terms.  The  favorable  balance  ceases  to  be  valid  if  we  include 
in  the  realm  of  approximation  the  entire  unit-circle.  The  absolute 
maximum  error  of  the  Taylor-series  is  then  still 

IVU-la-l  (7.29) 

while  the  intorpolating  series  yields  now  for  the  same  quantity  the 
larger  value: 


-  |a,|.1.207-, 


assumed  at  the  two  points  z  «  dtx. 

**  The  denominstor  3^*  in  compsriaon  with  the  larger  denominator  2**~i  of 
formula  (6.3)  ia  due  to  the  fact  that  the  range  of  interpolation  extenda  at  preaent 
from  —1  to  +1  inatead  of  0  to  +1  aa  before. 
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NeverthelesB,  in  large  portions  of  the  unit-circic  the  balance  ia  still 
in  favor  of  the  interpolating  series  and  only  in  a  small  section  around 
the  two  poles  z  —  d:i  is  the  Taylor  series  in  advance.  But  even  more 
important  is  the  circumstance  that  frequently  the  Taylor-development 
is  practically  not  available  about  the  center  of  the  range  considered, 
while  we  may  be  able  to  produce  without  great  efforts  the  interpolating 
series.  In  such  cases  we  may  well  be  reconciled  with  the  somewhat  too 
large  error  of  the  interpolating  series  around  the  two  poles  of  the  com¬ 
plex  range. 

Example:  For  the  natural  logarithm  of  the  Gamma-function,  the 
power  series  (6.75)  has  been  found  which  approximates  in  the  range 
(6.68)  with  a  maximal  error  not  exceeding  db2.10~'.  The  ‘'uni^:ircle'’ 
has  now  the  diameter  x'  «  0  to  —  1  where  x'  is  the  reciprocal  of  x 
(see  (6.61)).  Hence  this  circle  has  the  center  at  x'  }  and  the  radius 
1/2.  For  the  original  variable  x  itself  the  corresponding  range  is  the 
complete  complex  half  plane  to  the  right  of  the  line  x  ~  1.  Although  the 
error  increases  at  worst 

i(l  +  V2)*  -  290 

times  we  will  still  have  the  great  accuracy  of 

UU  <  0.6.10-*  (7.31) 

everywhere  inside  of  the  large  complex  range  x  ^  1,  y  arbitrary.  Thus 
merely  replacing  x  by  the  complex  variable 

z  -  X  -h  »y  (7.32) 

we  obtain  an  approximation  of  log  r(z)  which  holds  in  a  large  complex 
domain  with  an  accuracy  which  is  still  remarkably  high,  although  essen¬ 
tially  reduced  compared  with  the  accuracy  of  the  interpolation.  Also 
the  distribution  of  errors  is  no  longer  uniform. 

We  see  that  it  is  sometimes  quite  advantageous  to  compute  a  func¬ 
tion  in  the  real  rang^  with  excessive  accuracy.  Frequently  the  values 
of  a  function  are  much  more  accessible  along  the  real  axis  than  any¬ 
where  else.  In  such  cases  we  may  reproduce  the  function  in  a  suitably 
chosen  real  range  by  trigonometric  interpolation,  employing  an  ex¬ 
aggerated  accuracy.  Then  we  extrapolate  the  series  to  the  complex 
and  the  remaining  accuracy  will  still  be  satisfactory. 

It  has  to  be  pointed  out  that  such  favorable  conditions  for  the  ex¬ 
tension  of  the  series  into  the  complex  only  hold  if  the  convergence  of  the 
given  interpokUing  eeries  ie  sufficiently  strong.  If  the  convergence  of  the 
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series  is  unsstisfsctory  this  might  msr  considerably  the  extrapolation 
to  the  complex.  But  such  series  are  of  no  practical  use  even  in  the  real 
range.  An  mteresting  example  for  a  series  of  this  type  is  the  function 

/W  -  (7.33) 

where  <  is  a  small  positive  quantity  and  the  range  of  interpolation  is 
between  0  and  1.  The  expansion  of  this  function  in  Tshebysheff’s 
polynomials  has  a  very  slow  convergence.  The  error  of  the  interpolat¬ 
ing  series  converges  toward  sero  only  if  we  stay  in  the  immediate 
neighborhood  of  the  real  axis.  The  Taylor-eeries  is  here  by  far  superior 
as  far  as  representation  inside  of  the  unit-circle  is  concerned. 

VIII.  Methods  of  determining  the  coefficients  of  the  trigonometric 
interpolation 

1.  The  numerical  metiliod.  If  the  function  /(z)  is  tabulated,  the 
coefficients  of  the  interpolating  power  series  can  be  obtained  by  direct 
numerical  computation.  We  use  the  formulae  (3.26)  of  the  trigono¬ 
metric  interpolation,  obtaining  at  first  the  ordinates  y*  »  /(z*)  at  the 
characteristic  points  z*  directly  from  the  table,  eventually  after  proper 
interpolations.  In  this  way  we  determine  the  coefficients  c*  of  the 
expansion 

/(i)  -  icb  +  cTiCz)  +  . . .  ic,r,(z)  (8.1) 

and  then  rearrange  the  series  to  an  ordinary  power  series  of  order. 
An  example  of  this  procedure  is  the  expansion  (6.75)  by  which  the 
logarithm  of  the  Gamma-function  has  been  approximated. 

2.  Integration  of  a  linear  differentiAl  equation  of  first  order  with 
rational  coefficients.  If  the  function  y  >■  /(z)  satisfies  a  linear  differen¬ 
tial  equation  with  rational  coefficients,  the  coefficients  of  the  inter¬ 
polating  series  may  be  obtained  by  purely  analytical  tools,  without 
knowing  the  explicit  values  of  y  at  some  points  of  the  range.  We  wish 
to  develop  a  method  for  the  approximate  solution  of  such  differential 
equations  by  which  the  coefficients  of  the  interpolating  power  series 
can  be  determined  solely  with  the  help  of  the  differential  equation. 

We  restrict  our  considerations  to  a  linear  differential  equation  of 
firat  order  although  the  method  is  equally  applicable  to  linear  differen¬ 
tial  equations  of  higher  order  as  it  will  be  pointed  out  briefly  in  a  later 
part  of  the  present  chapter. 
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Th«  general  type  of  the  differential-equation  we  want  to  consider  at 
present  may  be  written  as  follows: 

A(z)y'  -f-  B(x)y  -  C(x)  (8.2) 

where  Aiz),  B(z),  C(z)  are  some  given  polynomials  of  z.  Before 
formulating  the  general  procedure  we  want  to  explain  the  method  on  the 
basis  of  three  simple  examples.  These  examples  are  characteristic  of  a 
large  class  of  problems,  although  the  routine-work  of  solving  the  recur¬ 
sion  formulae  is  particularly  simple  in  these  examples,  in  order  to  put 
the  emphasis  on  the  essential  mathematical  details  of  the  procedure. 

Probiem  1.  (Economitaiion  of  the  Taylor-aeries.)  In  the  range  0  to  1 
the  function  e~*  ahall  be  developed  in  an  economical  power  eeriea. 

The  function 

y  -  e-  (8.3) 

satisfies  the  following  differential  equation 

y'  +  y  -  0  (8.4) 

with  the  boundary  condition 

y(0)  -  1  (8.5) 

If  wc  expand  y  in  the  infinite  series 

y  -  0*  +  oiz  -H  aix*+  •  •  •  (8.6) 

and  put  this  series  in  the  differential  equation  (8.4),  we  can  obtain  the 
coefficients  of  the  expansion  at  once  by  equating  the  resulting  coefficient 
of  x*~*  to  lero.  This  yields  the  recursion  formula 

kok  4-  a*_i  ■»  0  (8.7) 

which  is  solved  by 

' 

while  the  boundary  condition  (8.5)  gives: 

0,  -  1  (8.9) 

Now  let  us  approximate  y  by  the  finite  power  series 

^  -  0*  +  oix  -b  •  •  •  o,x"  (8.10) 

We  again  put  this  development  in  the  differential  equation  (8.4)  and 
equate  the  resulting  coefficient  of  x*~'  to  sero.  This  can  be  done  until 
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finally  we  arrive  at  the  Uui  power  x*.  Here  we  have  to  stop  as  the  next 
higher  coefficient  Oit^i  is  not  at  our  disposal.  But  we  still  can  say  that 
the  finite  series  (8.10)  is  the  exact  solution  of  a  differential  equation  if 
we  modify  the  given  differential  equation  as  follows: 

y'  -H  1/  -  rx"  (8.11) 

where  r  is  a  constant  that  we  may  adjiist  in  any  way  we  want. 

We  may  generally  say  that  instead  of  solving  the  given  differential 
equation 

D{y)  -  0  (8.12) 

by  an  infinite  series,  we  modify  the  differential  equation  by  putting  a 
suitable. term  on  the  right  side  of  the  equation: 

Dig)  -  Tx"  (8.13) 

due  to  which  modification  the  differential  equation  becomes  solvable 
»  by  a  finite  power-series. 

This  artificial  modification  of  the  given  differential  equation  can  be 
considered  as  an  ‘‘error"  which  becomes  neglectable  if  r  is  sufficiently 
small.  For  the  range  (4.15)  the  error  increases  steadily  from  x  ~  0 
and  assumes  for  x  —  1  the  maximum  value  r.  Now  the  error  can  be 
greatly  reduced  by  reducing  x*  to  lower  powers  according  to  the  method 
t  discussed  in  Chapter  V.  A  considerable  portion  of  x"  can  be  absorbed 
by  the  lower  powers  if  we  replace  x"  by  the  expansion  (5.4).  The  error 
which  still  remains  has  the  form 

r.«  ».M) 

and  is  greatly  reduced  due  to  the  large  factor  Moreover,  it  has 

an  oodUatory  character  instead  of  the  monotonically  increasing  function 
rx".  The  transformation  of  the  right  side  of  the  differential  equation 
from  (8.13)  to 

Din)  -  r7’,(x)  (8.15) 

has  actually  the  effect  that  the  extrapolating  power  eeriee  ie  replaced  by 
an  interpolating  power  seriee  of  the  same  order. 

We  apply  the  method  to  the  given  differential  equation  (8.4),  modi¬ 
fying  it  in  the  form 

P'  +  V  -  rT,(x).  (8.16) 
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Let  ua  denote  the  coefficients  of  the  polynomial  7'.(z)  by  B!: 

r.(z)  -  b;  +  Brx  +  . . .  b:x*  (8.i7) 

Then  the  recursion  formulae  which  solve  the  differential  equation 
(8.16)  become 

kbk  +  6*_i  ■■  rBk-i  {k  “  1,  2,  •  •  •  n) 

6.  -  tB:  (8.18) 

These  n  -f  1  equations  are  able  to  determine  all  the  coefficients  b*  in 
terms  of  r.  Finally  the  initial  condition  (8.9)  yields  the  value  of  r. 
For  example,  let  us  approximate  y  by  a  polynomial  of  5*^  order.  We 
take  the  coefficients  Bl  out  of  the  table  (4.16)  and  obtain  the  following 
system  of  successive  recursions,  starting  with  k  ~  5  and  going  back¬ 
wards. 

b|  -  512r 

64  -  -  1280r  -  56.  - 

bt  -  1120r  -  4b4  - 

6,  -  -400r  -  36,  - 

6,  -  50r  -  26,  - 

6,  -  -  6,  - 

The  condition  (8.9)  yields: 

1 

"  99731 

and  our  series  becomes: 

«“*  -  ws4tt(W731  -  99730X  +  49840x’  -  16480x*  +  3840x*  -  512x*) 

-  1  ~  0.9999900X  +  0.4997443x*  -  0.1652446x*  +  0.0386036x* 

'  -  0.0051338X*  (±10“^  (8.21) 

The  estimation  of  the  error  (see  later)  shows  that  the  maximal  error 
at  any  point  of  the  range  is  approximately  which  is  ±10~*. 

O 

The  corresponding  Taylor-expansion  is  as  follows: 

-  Tis(120  -  120x  +  60x*  -  20x*  +  5x*  -  x*) 

-  1  -  X  -H  0.6x*  -  0.16667X*  -|-  0.04167x*  -  0.00833x‘  (8.22) 

(+1.4.10-) 


-3840r 
16480r 
-49840r 
99730r 
-  99731 r 


(8.19) 


(8.20) 
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At  the  end  of  the  range:  x  «  1  the  economical  series  yields  the  following 
rational  approximation**  of  the  constant  —  0.36787944  •  •  •  : 

1  3QASQ 

-  "  "  0.36787959  (error:  -0.00000015)  (8.23) 

while  the  approximation  of  the  Taylor-series  is: 

^  -  0.3667  (error:  +0.0012)  (8.24) 

An  alternative  treatment  of  the  same  method  is  possible  with  identical 
results  but  without  needing  the  numerical  values  of  B*  .  We  arrange 
our  expansion  from  the  very  beginning  in  Tshebysheff’s  polynomials: 

^  "  ici  +  eiTt(z)  +  ...  +  c,r,(x)  (8.25) 

and  put  this  expansion  in  the  modi6ed  differential  equation,  without 
converting  ^^(x)  into  a  power  series.  Again  we  get  recursion  formulae 
for  the  Ck  which  can  be  solved  successively.  For  our  present  example 
and  with  n  —  5  the  recursion  formulae  become: 


-  T 

e«  +  20ct  -  0 

c$  +  J6c4  -  0 

Ck  +  12c«  +  20ei  -  0 

Cl  +  8oi  +  16c4  “  0 

Ck  +  4ci  +  12ei  +  20ck  »  0 

The  solution  is 


(8.26) 


Ok  - 

T 

c«  - 

-20t 

Cl  - 

320r 

Cl  - 

-3860r 

Cl  - 

31200r 

- 

-128660r 

**  Whenever  the  polynomiaU  A(x),  B(x),  C(x)  of  the  determining  differential 
equation  (8.2)  have  rational  coefficients,  the  coefficients  of  the  Taylor  series  or  of 
the  asymptotic  expansion  will  likewise  be  rational  numbers.  The  same  holds 
of  the  new  coefficients  of  the  economised  series.  The  common  denominator  of 
these  coefficients,  however,  will  be  mucA  largtr  than  before. 
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The  initial  condition  requires: 

ici-ci-j-ci-c,  +  c4-c»-l  (8.28) 

and  we  obtain  again  the  value  (8.20)  for  r.  The  resulting  series  follows: 

«■'  -  sskr  -  31 2007’, (x)  +  38607’, (x) 

99731  (8.29) 

-  320r,(x)  +  207’4  (x)  -  r.(x)) 


The  arrangement  of  the  economised  power  series  in  Tshebysheff’s 
polynomials  is  theoretically  much  more  satisfactory  than  the  arrange¬ 
ment  in  powers  of  x.  The  natural  functions  of  a  trigonometric  inter¬ 
polation  are  the  Fourier  functions  cos  kt  and  these  are,  expressed  in 
terms  of  x,  the  7’*(x).  Moreover,  the  convergence  of  the  series  can 
only  be  judged  properly  if  the  series  is  arranged  in  T,(x)  and  not  in  x* . 
The  coefficients  b,  of  the  power  series  are  not  characteristic  and  are 
unfit  for  any  theoretical  conclusions,  due  to  their  flexible  nature  which 
changes  all  the  time  with  n.  The  coefficients  c,  of  the  orthogonal  series 
change  only  slightly  with  increasing  n  if  the  series  has  a  rapid  conver¬ 
gence.  They  are  almost  from  the  very  beginning  nearly  equal  to  the 
Ch  of  the  final  Fourier  series  toward  which  they  converge  as  n  increases 
toward  infinity. 

On  the  other  hand,  for  practical  applications  of  the  approximating 
series  the  arrangement  in  powers  of  x  is  by  far  more  convenient.  More¬ 
over,  the  recursion  formulae  which  determine  the  coefficients  of  the 
series  are  frequently  of  a  much  simpler  structure,  and  thus  easier  to 
solve,  if  the  series  is  arranged  in  (wwers  of  x  instead  of  in  Tshebysheff’s 
polynomials  r,(x). 

Problem  2.  {Economization  of  an  asymptotic  expansion.)  The 
transcendental  integral 

'  £(x)  -  jf  dx  (8.30) 

is  called  the  “logarithmic  integral”  of  x.  The  following  asymptotic 
expansion  holds: 


The  expansion  in  the  bracket  shall  be  replaced  by  a  convergent  interpolating 
series  valid  for  the  range 


2  ^  X  ^  00 


(8.32) 
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By  definition 

E>{x)  -  (8.33) 

X 

Thus  the  function 

y  -  xe’E{x)  (8.34) 

satisfies  the  following  differential  equation: 

y'-(l+^)y--l  (8.35) 

We  apply  the  reciprocal  transformation 

x'  -  -  (8.36) 

X 

and  get  in  x'  the  following  differential  equation,  calling  the  new  variable 
again  simply  x: 

xV  +  (1+  x)y  -  1  (8.37) 

The  new  x  ranges  between  0  and  ).  In  order  to  adjust  the  polynomials 
Tkix)  to  the  new  limits,  we  have  to  use  them  in  the  form  Th(2x). 

We  now  solve  the  differential  equation  (8.37)  exactly  along  the  lines 
before.  The  asymptotic  series  would  be  obtained  if  we  would  correct 
the  right  side  by  a  term  of  the  form  tx".  We  change  this  term,  however, 
to  r7'«(2x)  and  set  up  our  differential  equation  in  the  following  form: 

X  y*  x)y  ■*  1  -f"  'r7’»(2x)  (8.38) 

This  simple  modification  transforms  the  extrapolating  asymptotic 
series  to  a  strictly  convergent  interpolating  series.  The  recursion 
formulae  for  the  bk  are  now 


kbk-i  +  h* 

ho 


tB:  (lb 

1  +  rBl 


1, 2,  . . .  n) 


(8.39) 


where  Bl  are  the  coefficients  of  Tk(2x).  They  can  be  obtained  with  the 
help  of  the  table  (4.16),  replacing  x  by  2x. 
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Let  U8  chooee  n  »  8  and  solve  the  recursion  formulae  successively, 


starting  with  k  —  0: 


bo  - 

1  4-  r 

5i  - 

-256t  -  bo 

5i  - 

10752t  -  26, 

6,  - 

-172032t  -  36, 

64  - 

1351680T  -  46, 

ho  - 

-6767168T  -  664 

bo  - 

13631488r  -  66, 

b,  - 

-16777216r  -  76, 

bo  - 

8388608r  -  867 

The  last  condition  determines  r  to 
40320 

^  “  6497738112  ’ 


-1  -  267r 

2  4-  n266r 

-6  -  205830t 

24  +  2175000r  (8.40) 

-120  -  16642168r 

720  -1-  113484496r 

-6040  -  811168688r 
40320  +  64977381 12r  -  0 

«- 0.620523624.10"*  (8.41) 


Putting  back  this  value  of  r  in  the  expressions  (8.40)  we  obtain  the 
following  expansion  for  the  logarithmic  integral  function,  valid  for  the 
range  (8.32) : 

E{x)  -  —  (0.9999938  -  0.9984063  -  +  1.9300918 

X  \  X  X* 

-  4.7227762  1  +  10.5036112  i  -  16.7314160  i  (8.42) 

Zr  Xr  XT 

16.8018929 1  -  6.5066618  ^ ) 
x*  x^/ 

The  estimation  of  the  error  shows  that  the  error  of  the  expansion  in  the 
bracket  is  everywhere  smaller  than  d=r,  i.e.  ±0.6.10"*.  The  estimated 
error  of  the  asymptotic  expansion  (8.31)  at  the  end  x  ■«  2  of  the  range 
is  4-0.5. 

The  function  Six)  is  an  important  transcendental  function  not  only 
in  the  real  range  but  everywhere  in  the  complex  domain.  The  series 
(8.42)  can  be  extended  to  the  complex  range,  although  with  reduced 
accuracy,  according  to  the  principles  discussed  in  Chapter  VI.  In 
large  sections  of  the  complex  plane,  to  the  right  of  the  line  x  2,  we 
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still  get  a  rather  high  accuracy,  with  the  exception  of  a  limited  region 
around  the  points  s  —  2  d:  2i  where  the  error  increases  considerably. 

Instead  of  trying  to  overstress  the  range  of  quick  convergence  of  the 
series  (8.42)  we  better  proceed  in  a  somewhat  different  manner.  We 
divide  the  complex  half  plane  (or  even  the  full  plane  if  necessary)  in 
$tction*  and  set  up  the  interpolating  series  independently,  along  a 
number  of  half  ra3rs.  Then  we  can  stay  within  reasonable  limits 
concerning  the  extrapolation  of  each  series  and  still  the  entire  complex 
plane  can  be  covered.  For  example,  in  the  present  problem  of  the 
logarithmic  integral  function,  we  would  set  up  the  interpolating  series 
not  only  for  the  range  2  ^  z  ^  oo  in  reciprocal  powers  of  s  ■-  z  +  ty,  as 
we  have  done  before,  but  we  would  repeat  the  process  for  the  range  z  >■  0, 
2  ^  y  ^  00 .  These  two  series,  together  with  an  ateending  power  series 
obtained  for  the  range  |  z  |  »  0  to  |  s  |  3  along  the  line  y  —  z  (after 

taking  out  the  logarithmic  singularity  at  the  point  s  0)  permit  a 
mutually  interlocking  extrapolation  which  covers  the  complete  right 
half  of  the  complex  plane,  without  overstressing  the  capacity  of  either 
one  of  the  interpolating  series  beyond  their  natural  limitations. 

Considering  the  great  importance  of  the  function  along  the  imaginary 
axis  (the  "integral-sine”  and  "integral-cosine”)  we  give  here  the  result 
of  the  calculation  for  the  interpolation  between  y  «  2  and  y  w  of 
the  imaginary  axis.  The  series  is  obtained  exactly  by  the  method 
before,  except  that  the  polynomials  7*(z)  have  to  be  adjusted  to  the 
new  range.  This  is  done  by  replacing  z  by  2zt  so  that  the  differential- 
equation  to  be  solved  is  now 

z*y'  -f  (1  +  x)y  “  1  4-  rTn{2ix)  (8.43) 

The  result  is  the  following  set  of  coefficients  which  has  to  be  substituted 
in  place  of  the  coefficients  of  the  expansion  (8.42)  (inside  of  the  bracket) : 

6«  ->  0.9999753  -|-  0.0000125 1 

5i  -  -  0.9967732  4-  0.0063114 1 

bi  -  2.2591489  -  0.1471114 1 

6,  -  -  8.9292661  -  3.8083061  t 

(8.44) 

5«  -  2.3270328  4-  32.1403774  i 

b»  -  60.5020224  -  18.2377517  i 

in  -  -26.2787232  -  61.0795674  » 

hr  -  -25.90257024  +  13.1158522  « 
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The  value  of  r  is: 

T  .  (-2.47026159  +  1.25082513  »)10"*  (8.45) 

and  the  abeolute  value  of  the  error  is  at  any  point  of  the  range  smaller 
than  2.8. 10"*. 

ProbUm  3.  The  following  elementary  problem  is  interesting  owing 
to  the  extreme  values  of  the  asymptotic  coefficients. 

In  the  range  x  ^  Otolihe  furuiion 

y  •  -X  log  X  (8.46) 


ehall  be  expanded  into  an  interpolating  power  teriee. 

The  given  function  satisfies  the  following  differential  equation 


which  yields 

xy'  -  y  •  -X 

and  we  add  the  boundary  condition 

y(i)  -  0 

The  coefficients  of  the  asymptotic  series  are  now: 

0,  00,  -  00,  00,  ... 

In  accordance  with  the  method  employed  in  the  previous  examples 
we  put  again 

xy'  _  y  -  _x  +  rr.(x)  (8.51) 


(8.47) 

(8.48) 

(8.49) 

(8.50) 


and  obtain  the  following  recursion  formulae 


(t  _  1)6*  -  tb: 

0  -  -1  +  tb; 
The  second  condition  determines  r: 

1 


(*-0,2,3,...n) 

(8.52) 


(8.53) 


and  thus  our  series  becomes: 

frix  (8.54) 

where  &i  has  to  be  determined  by  the  boundary  condition  (8.49). 
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For  example  for  the  choice  n  10  we  obtain 

.  0.005  +  4.1442  X  -  33  X*  +  211.2  x*  -  915.2  x* 

+  256.256  x‘  -  4659.2  x*  +•  5461.3333  x'  -  3978.9714  x*  (8.55) 

+  1638.4  X*  -  291.2711  x“  (±0.005) 

Although  the  coefficients  of  the  series  (8.55)  show  large  variations  and 
these  variations  increase  with  increasing  n,  each  coefficient  converging 
toward  infinity,  (with  the  only  exception  of  a«  which  converges  toward 
sero):  the  series  approximates  nevertheless  closer  and  closer  the  given 
function  —  x  log  x  at  any  point  of  the  given  range. 

One  mighi  conjecture  that  the  extreme  values  (8.50)  of  the  a8}rmp- 
totic  coefficients  are  responsible  for  the  very  slow  convergence  of  the 
series.  This  is  theoretically  correct,  if  n  is  growing  toward  infinity. 
But  considering  a  tmaU  number  of  approximating  terms,  the  conjecture 
does  not  hold  that  merely  by  inspecting  the  coefficients  of  the  asymp¬ 
totic  series  one  may  be  able  to  tell  something  about  the  possible  value  of 
the  maximal  error  of  the  interpolating  series.  In  the  case  of  the 

function  y  e  •  for  example,  the  coefficients  of  the  asymptotic  expan¬ 
sion  about  X  >■  0  are  all  aero.  And  still  the  convergence  of  the  inter¬ 
polating  series,  if  we  expand  again  from  0  to  1,  is  rather  slow  for  small 
values  of  n. 

Formxdaiion  of  the  general -procedure.  After  the  foregoing  examples 
we  can  easily  outline  the  general  procedure.  We  consider  the  solution 
of  the  linear  differential  equation  of  first  order 

D(y)  -  0  (8.57) 

where 

D(y)  -  A(x)y'  -|-  B(x)y  -  C(x)  (8.58) 

The  coefficients  A(x),  B{x),  C(x)  are  given  polynomials  of  x,  one  of 
which  may  eventually  be  sero.  A  (x)  and  B(x)  shall  not  vanish  simul¬ 
taneously  at  a  point  which  belongs  to  the  given  range. 

At  first  we  normalise  the  given  range  to  our  standard  range  (4.15). 
This  can  always  be  done  by  a  suitable  linear  transformation  of  x. 

If  we  substitute  for  y  an  infinite  power  series  of  the  form 

y  -  do  +  OiX  -1-  otx*  -H  .  • .  (8.59) 

the  coefficients  of  this  expansion  can  be  determined  formally  by  letting 
D  operate  on  the  infinite  series  (8.59)  from  term  to  term,  then  collect 
the  terms  of  the  same  order  and  set  each  coefficient  of  the  resulting  sum 
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equal  lero.  The  coefficients  thus  determined  are  the  coefficients  of  the 
Taylor  series  if  i4(0)  is  different  from  lero,  and  the  coefficients  of  the 
asymptotic  expansion  if  A  (0)  ~  0. 

We  now  put  the  ftmle  series 

^  -  6,  -H  ihJ  +  •  •  •  h-a:"  (8.60) 

in  the  differential  equation.  We  are  able  to  modify  the  given  differen¬ 
tial  equation  (8.67)  by  suitable  terms  of  the  form  rx"  on  the  right  side 
with  the  effect  that  the  modified  differential  equation 

D(ff)  -  r.x"  -h  r.x-^‘  -»-•••  r«x-*"  (8.61) 

shall  be  solvable  by  the  finite  series  (8.60).  So  far  we  have  obtained  the 
coefficients  of  a  series  which  extrapolates  y  in'  the  neighbourhood  of 
X  «  0.  We  now  change  the  character  of  the  approximation  from  extra¬ 
polation  to  interpolation  by  replacing  in  the  terms  of  correction  x*  by 
Tk(x)  so  that  the  approximating  differential  equation  (8.61)  shall  be 
put  down  in  the  following  modified  form: 

D(0  -  t,T.(x)  -t-  riTn+i(x)  -!-•••  r^T^^ix)  (8.62) 

Letting  D  operate  on  the  finite  series  (8.60)  and  comparing  coefficients 
of  the  same  order  on  both  sides  of  the  equation  we  get  recursion  formulae 
by  which  both  the  coefficients  6*  of  the  approximation  and  also  the 
undetermined  factors  r<  may  be  determined.  The  r-factors  are  decisive 
for  estimating  the  error  of  the  approximation  fj,  as  it  will  be  shown  in  the 
next  part  of  the  present  chapter. 

In  order  to  avoid  cumbersome  numerical  work  it  is  frequently  pref¬ 
erable  to  apply  the  correction  of  D(y)  in  the  following  form : 

DiS)  -  T,(x)(t,  +  tiX  -H  •  •  •  T«x")  (8.63) 

which  involves  but  one  set  of  numerical  coefficients  Bl  in  evaluating  the 
coefficients  of  the  approximation.  On  the  other  hand,  we  may  arrange 
the  approximation  f)  in  the  form 

P  -  i  c«  -I-  CiTifx)  +  • « •  c,7’,(x)  (8.64) 

and  work  consistently  with  the  polynomials  ^^(x)  instead  of  the  powers 
X*.  For  this  purpose  we  have  to  express  the  polynomials  i4(x),  B{x), 
C(x)  of  the  given  differential  equation  in  terms  of  Th{x)  which  can  be 
done  with  the  help  of  the  table  (5.6).  Then  we  have  to  make  use  of  the 
formula  for  the  differentiation  of  Tshebysheff’s  polynomials: 

^^(x)  -  ik[TU*)  TU*)  +  •••] 


(8.65) 
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and  of  the  algrbraic  multiplication  theorem  (4.17).  In  thia  procedure 
the  numerical  values  of  the  coefficients  of  r*(x)  do  not  enter  at  all. 
The  form  (8.62)  of  the  modified  differential  equation  is  now  preferable 
to  the  form  (8.63). 

Etiimaiion  of  ike  error.  The  principle  of  the  above  discussed  ap¬ 
proximation  method  is  to  modify  the  given  differential  equation  (8.57) 
in  the  following  manner: 

-  r7’,(x)  (8.66) 

Generally  more  than  one  correction  term  will  be  present.  But  it 
suffices  to  treat  the  problem  for  one  term  alone  because  for  a  sum  of 
terms  we  apply  the  same  principles  for  each  term  separately  and  then 
obtain  the  estimation  of  the  resulting  error  as  the  absolute  sum  of  the 
partial  errors  due  to  each  term. 

The  error  of  the  approximation  if  shall  be  called 

nix)  -  y(x)  -  y{x)  (8.67) 

Since  D  is  a  linear  differential  operator,  we  have 

D.in)  -  Diy)  -  Din)  -  -r7’.(x)  (8.68) 

D%  is  the  notation  for  the  homogeneous  part  of  the  differential  operator 
(8.58),  i.e. 

D,(,)  -  A(x),'  -I-  B(x)n  (8.69) 

For  the  solution  of  the  inhomogeneous  differential  equation 

I\in)  -  -rr.(x)  (8.70) 

we  use  the  method  of  variation  of  the  constants”.  Let  us  denote  by 
u(x)  the  solution  of  the  homogeneous  equation: 


1 

o 

(8.71) 

We  now  put 

nix)  -  X(x)u(x) 

(8.72) 

and  obtain 

A(x)V(x)u(x)  -  -tTM 

(8.73) 

which  yields 


X(x)  “  r«(x)a(x)dx 


(8.74) 
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where  we  have  denoted 

o(x) 


1 

A(z)u(x) 


(8.75) 


Let  us  suppose  that  we  satisfy  a  given  initial  condition  at  the  point 
X  «>  0.  Then  the  error  there  is  sero  and  we  obtain : 


,(x)  -  _  mix)  jf’  TMoix)  dz  (8.76) 

This  expression  of  the  error  holds  not  only  inside  but  also  outside  of  the 
range  of  interpolation  and  thus  allows  us  to  estimate  the  error  equally 
well  for  the  eventual  extrapolation  of  the  series  into  the  complex 
domain. 

An  estimation  of  the  integral  (8.76)  is  possible  on  the  basis  of  Cauchy’s 
inequality 

I  f  fix)gix)  dx  I  ^  ,|/J  I  /(x)  l*dx  j  \g{x)  |*dx  (8.77) 


But  frequently  this  estimation  would  overrate  the  error  considerably. 
In  order  to  get  a  closer  estimation  we  integrate  at  first  by  parts  and  thus 
separate  one  part  of  the  integral  that  usually  dominates  compared 
with  the  remaining  part.  The  justification  of  this  procedure  lies  in  the 
fact  that  ^.(x)  has  an  oaciUaiory  character  while  A{x)  and  u(x)  are 
comparatively  smooth,  at  least  if  we  go  with  m  high  enough,  and  if  we 
assume  that  A  (x)  does  not  come  too  near  to  sero  in  the  given  range. 

Now  the  integration  of  Tshebysheff’s  polynomials  yields  the  follow¬ 
ing  expression,  proved  easily  by  the  basic  definition  of  Tkix): 


S*(x) 


1  /r.„(x) 

4  V*  +  1 


7’*_,(x)^  1 

k  -  1/  2(ib*  -  1) 


(8.78) 


We  thus  obtain  by  integrating  (8.76)  by  parts: 


jf  7’,(x)a(x)  dx  «  <S«(x)o(x)  -  S*(x)a'(x)  dx 


(8.79) 


If  a(x)  is  sufficiently  smooth  and  finite,  the  first  terms  at  the  right  of 
(8.79)  is  dominating.  We  can  see  that  by  integrating  again  by  parts, 
which  again  brings  m  -|-  1  in  the  denominator.  We  therefore  get  practi¬ 
cally  the  estimation : 


fl(x) 


SM 

^  Aix) 


(8.80) 
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Furthermore,  inside  of  the  range  of  interpolation  we  can  put,  consider¬ 
ing  the  maximum  value  1  of  7’t(x) : 


K 


1 


1 


,m  -f  1  m  —  1 


This  yields 


|l(x)|  ^ 


2(m  -  l)J-A(x)l 


1  1 
2m  -  1 


(8.81) 

(8.82) 


This  estimation  breaks  down  if  (x)  gets  too  small  or  even  sero  in  the 
given  interval. 

In  the  foregoing  “Problem  1”  the  A{x)  —  1  and  we  obtain  for  the 
complete  interval  0  to  1 : 


|n(x)|  ^  ^  -  1.3. 10-*  (8.83) 

The  form  (8.80)  of  the  error  is  a  very  convenient  estimation  also  for 
the  extension  of  the  series  to  the  complex  if  only  A  (x)  does  not  become 
too  small.  Naturally,  the  estimation  (8.81)  does  not  hold  any  more  in 
the  complex  domain.  Here  we  have  to  make  use  of  the  expression 
(8.78)  and  the  corresponding  maximum  of  Tm+t{x). 

The  “Problem  2“  is  an  example  of  the  case  when  the  estimation 
(8.80)  breaks  down  because  A(x)  has  a  sero  inside  of  the  range.  We 
have  at  present:  i4(x)  ■■  x*.  Around  the  end  x  ~  1  of  the  range  the 
previous  method  of  integrating  by  parts  still  holds  good.  But  around 
the  other  end  of  the  range:  x  »  0  the  integration  by  parts  has  to  be 
employed  in  the  opposite  direction,  integrating  the  second  factor  a(x). 
Hence  we  cannot  give  here  one  single  expression  for  the  error  n(x) 
which  would  hold  all  over  the  range  and  at  the  same  time  would  be  close 
enough.  It  is  easy  to  estimate  for  the  complete  range 

u  I  ^  1  r  I  (8.84) 

but  this  estimation  overrates  the  error  approximately  7  times  around  the 
point  X  «■  1.  The  distribution  of  errors  is  in  this  problem  much  less 
uniform  than  in  the  problem  before.  In  the  next  paragraph  a  method 
will  be  discussed  by  which  in  such  cases  the  distribution  of  errors  can  be 
smoothed  and  the  maximal  error  reduced. 

The  method  of  excessive  accuracy.  The  estimation  of  the  remainder 
of  the  interpolating  approximation  has  to  be  accomplished  with  sufficient 
accuracy  in  order  to  be  of  any  practical  value.  In  mere  convergence 
proofs  the  error  of  the  finite  series  may  be  frequently  overrated  without 
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essential  damage,  because  we  do  not  care  how  many  terms  of  the  series 
are  employed  for  a  definite  accuracy.  But  at  present,  being  interested 
in  a  finite  power  series  which  shall  represent  a  given  function  within  a 
given  range  in  the  most  economical  way,  i.e.  with  the  smallest  number  of 
terms  for  a  given  accuracy,  we  are  bound  to  estimate  the  error  rather 
closely;  if  the  estimated  maximum  is  essentially  larger  than  the  actual 
maximum  of  the  error,  we  cannot  take  full  advantage  of  the  approxima¬ 
tion  obtained.  The  estimation  (8.82)  was  based  on  the  ''smoothness” 
of  the  function  (8.75).  But  this  smoothness  is  occasionally  not  suffi¬ 
ciently  fulfilled.  In  such  cases  we  may  find  it  difficult  to  obtain  a 
satisfactory  estimation  of  the  error.  And  also,  the  distribution  of 
errors  over  the  given  range  tends  to  be  less  uniform  than  it  could  be  if 
the  points  of  interpolation  were  distributed  in  a  more  adequate  manner. 
Both  difficulties  may  be  eliminated  by  the  following  "method  of  exces¬ 
sive  accuracy”. 

The  coefficients  b*  of  the  interpolating  series  depend  on  the  order  n 
of  the  approximating  polynomial.  Even  if  we  arrange  the  series  in 
Tshebysheff’s  pol3momials,  we  still  have  the  dependency  of  the  c*  on 
n,  although  much  less  pronounced.  Thus  we  cannot  evaluate  the 
coefficients  of  the  approximation  with  increasing  n  ntccessively,  in  the 
same  manner  as  we  can  do  it  with  the  coefficients  of  the  Taylor  series. 
Each  n  has  to  be  treated  independently,  with  the  full  set  of  coefficients. 
However,  whereas  we  are  unable  to  increau  the  n  without  starting  the 
evaluation  of  all  of  the  b*  coefficients  over  again,  we  can  proceed  in  the 
opponie  direction.  We  may  decompose  successively  a  given  approxima¬ 
tion,  starting  with  a  large  value  of  n  and  proceeding  to  smaller  and  smaller 
values.  If  the  series  is  arranged  in  the  Tk(x),  we  merely  drop  succes¬ 
sively  the  highest  terms  and  thus  reduce  the  series  to  a  polynomial  of 
smaller  order  and  diminished  accuracy.  If  the  series  is  arranged  in  the 
powers  x‘,  we  make  use  of  the  reduction  process  discussed  in  Chapter  V. 

This  method  of  excessive  acccuray  has  the  following  3  advantages: 

a)  an  extrapolation  of  the  series  to  the  complex  domain  diminishes 
the  accuracy  of  the  series.  Elxcessive  accuracy  along  the  real  axis  can 
guarantee  satisfactory  accuracy  in  the  complex  range; 

b)  the  error  of  the  series  with  an  excessive  number  of  terms  is  small 
compared  with  the  error  permitted.  Hence  even  an  overrated  estima¬ 
tion  of  the  error  is  not  damaging,  in  view  of  the  fact  that  we  increase 
the  error  anyway  by  reducing  the  series  to  a  smaller  number  of  terms; 

c)  the  reduction  process  smoothes  the  distribution  of  errors  if  the 
original  distribution  was  not  even  enough. 
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Each  step  of  the  reduction  process  involves,  of  course,  a  new  error. 
But  we  have  complete  control  over  these  errors  by  knowing  exactly  the 
amount  by  which  the  maximal  possible  error  increases  if  we  reduce  the 
series  from  m  to  m  —  1 ;  omitting  the  term  Ca,7’.(x)  we  merely  add  to  the 
previous  maximal  error  the  amount  |  c.  | . 

Example  1.  The  series  (8.42)  for  the  logarithmic  integral  in  the 
interval  z  «  2  to  «  was  obtained  by  employing  an  interpolating  power 


series  of  ^  or  7*^  order.  If  we  employ  in  exactly  the  same  manner  a 

power  series  of  9^  order,  and  then  reduce  it  by  two  powers,  we  obtain 
the  following  approximation: 


Eix) 


0.9989710  .  1.9487646  4.9482092 

"  I  U.tfUWVOO  —  '  T  - S -  “*  — « — 

X  \  X  z*  z* 

,  11.7850792  20.4523840  .  21.1491469  9.5240410^ 

z*  z»  Z»  z»  / 


(8.85) 


The  maximal  error  of  the  series  in  the  bracket  is 


I  n«l  -  0.35.10"‘  (8.86) 

which  is  slightly  over  one  half  of  the  previous  maximum. 

Example  2.  For  almost  all  the  fundamental  transcendentals  of 
mathematical  physics  and  engineering  the  present  approximation 
method  yields  new  power  expansions  which  are  more  eflScient  than  the 
series  so  far  existing.  The  range  of  the  variable  z  can  frequently  be 
divided  into  two  sections:  from  z  —  0  to  a  certain  z  ~  a  we  expand  in 
aacending  powers:  from  z  a  to  z  «  oo  we  expand  in  deacending 
powers.  The  limit  z  —  a  is  arbitrary  but  we  may  choose  it  by  the 
consideration  that  we  shall  not  need  too  many  powers  of  either  series. 
The  accuracy  obtained  depends,  of  course,  on  the  number  of  powers 
employed.  By  decomposing  a  series  of  high  accuracy  we  get  a  whole 
apedrum  of  power  series  of  decreasing  order  n,  and  for  any  given  degree 
of  accuracy  one  may  pick  out  the  power  series  of  the  right  number  of 
terms. 

The  following  example  shows  how  one  may  tabulate  such  a  spectrum 
of  series  starting  with  the  order  6  and  successively  go  down  to  the 
order  0.  We  have  chosen  the  important  transcendental  Jt{x)  i.s. 
Bessel’s  function  of  the  order  0.  J«(z)  can  be  represented  within  the 
range 


1  ^  z  ^  w 


(8.87) 
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as  the  real  part  of  the  following  expression : 


The  coefficients  b*  are  complex  numbers  and  are  listed  in  the  table  on 
page  191.  The  last  column  q.  gives  the  absolute  maximum  of  the  error 
of  the  expansion  in  the  bracket,  at  any  point  of  the  range.  The  first 
row  (n  >■  00 )  contains  the  coefficients  of  the  asymptotic  expansion; 
(the  estimation  i;..  connected  with  this  row  assumes  that  we  employ 
but  txDO  terms  of  the  series  since  otherwise  the  error  increases  again). 
All  these  series  are  included  in  one  single  expansion  which  is  arranged  in 
Tshebysheff’s  polynomials  and  where  the  successive  reductions  are 
obtained  by  merely  dropping  successively  the  last  term  of  the  series. 
The  coefficients  of  this  series,  with  the  choice  n  »  8,  were  obtained  as 
follows: 

C  -  0.98336963  -  0.05217279  i 

Cl  -  -0.02049421  -  0.04806489  t 
C  -  -0.00296541  +  0.00420792  i 
C  -  0.00079028  -  0.00004889  i 

.  -0.00011483  -  0.00010662  t  (8.90) 

Cl  -  0.00000304  +  0.00003515  % 

ct  -  0.00000575  -  0.00000665  i 

Or  -  -0.00000285  H-  0.00000053  t 
Cl  -  0.00000062  +  0.00000004  t 

(,.  -  1.5.10-’) 

3.  Linear  differential  equations  of  second  and  higher  order,  with 
rational  coefficients.  The  method  of  solving  a  linear  differential  equa¬ 
tion  with  rational  coefficients,  as  discussed  in  the  previous  point,  can 
obviously  be  generalised,  without  essential  modifications,  to  differential 
equations  of  higher  than  first  order.  Again  a  range  of  x  can  be  chosen, 
the  solution  set  up  in  form  of  a  finite  power  series,  the  correction  terms 
established  which  render  it  possible  to  solve  the  differential  equation 
in  form  of  a  finite  series,  then  cOmes  the  transformation  of  the  terms  x* 
to  7'i(x)  and  finally  the  deduction  of  the  recursion  formulae  which  deter- 
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mine  the  coefficients  of  the  approximation,  together  with  the  r-factora 
of  the  correcting  terms. 

The  formal  application  of  the  method  is  quite  elementary  but  con¬ 
siderable  care  is  necessary  to  prepare  the  given  differential  equation 
for  a  power  series  expansion.  We  have  to  remember  that  not  all  types 
of  functions  are  suitable  for  an  approximation  in  the  large,  if  some 
accuracy  is  required  and  a  prohibitive  number  of  terms  shall  be  avoided. 
Functions  of  an  exponential  type,  or  functions  with  many  maxima  and 
minima  cannot  be  expanded  efficiently  in  a  power  series  if  the  requested 
range  is  large.  Now  differential  equations  with  ametanU  coefficients 
yield  exactly  this  type  of  functions.  Differential  equations  with 
variable  coefficients  have  still  the  same  type  of  solutions  except  that  the 
ampliiudet  of  those  exponential  (or  periodic)  solutions  are  no  longer 
constant  but  functions  of  x.  The  purpose  of  the  approximation  is  to 
expand  not  the  complete  solution  but  the  amplittide  alone  in  a  power 
series.  For  example,  solving  Bessel’s  differential  equation  of  the  order 
sero  in  the  range  between  x  «  1  to  x  «  w  we  have  separated  from 
very  beginning  the  factor 

-L  e"  (8.91) 

V* 

and  set  up  the  differential  equation  only  for  the  amplitude  factor,  using 

^  as  the  independent  variable.  We  then  obtain  a  descending  power 

series  in  x  and  the  complete  solution  of  the  differential  equation  gets  the 
form  (8.88). 

This  example  shows  already  that  the  general  problem  of  solving 
differential  equations  on  the  basis  of  the  present  method  is  an  extended 
study  in  itself  which  cannot  be  included  in  the  present  investigation. 
The  fact  shall  only  be  mentioned  that  the  differential  equations  of 
mathematical  physics  and  of  wave-mechanics  can  be  treated  success¬ 
fully  by  the  above  discussed  approximation  method  which  also  helps 
efficiently  in  determining  the  eharacterutic  values  of  a  differential  equa¬ 
tion  of  Schroedinger’s  type.  In  many  problems  the  points  x  —  0 
and  X  <■  00  are  the  essential  singularities  of  the  differential  equation 
and  one  can  expand  about  the  point  x  —  0  in  ascending  and  about  the 
point  X  >■  oo  in  descending  powers  of  x.  The  characteristic  value  of  the 
differential  equation  can  be  obtained  by  joining  continuously  the 
function  and  its  derivatives  at  the  conunon  end-point  x  >■  a  of  the  two 
ranges.  Ordinarily  the  joining  of  those  two  series  offers  considerable 
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difficulties  since  both  Taylor-series  and  asymptotic  expansion  converge 
rather  badly  at  the  point  where  they  shall  join.  This  difficulty  is  here 
eliminated.  Since  our  series  are  of  an  interpolating  and  not  of  an  extra¬ 
polating  nature,  the  error  does  not  increase  rapidly  as  we  move  away 
from  the  point  of  expansion  but  oscillates  all  over  the  range  with  prac¬ 
tically  uniform  amplitude.  Hence  the  ascending  and  the  descending 
series  join  without  difficulty,  in  fact  any  overlapping  of  the  two  regions 
can  be  obtained,  if  wanted.  The  accuracy  of  a  certain  number  of  terms 
surpasses  considerably  the  accuracy  of  either  the  Taylor  series  or  the 
asymptotic  expansion  of  the  same  number  of  terms.  Moreover,  the  I 

error  of  the  descending  power  series  converges  steadily  toward  xero,  , 

while  the  asymptotic  series  is  bound  to  a  definite  minimum  of  the  error 
— depending  on  the  point  x  —  o  where  we  make  use  of  the  series— which 
cannot  be  improved. 

In  the  problem  of  preparing  a  given  differential  equation  to  the  power 
series  expansion  the  original  form  of  the  differential  equation  has  to  be 
abandoned.  The  one  differential  equation  of  order  has  to  be  re-  |  ’ 

placed  by  a  simultaneous  system  of  n  differential  equations  of  first 
order,  where  the  function  and  its  first  n  —  1  derivatives  are  treated  as 
independent  variables.  We  get  by  far  more  efficient  approximations 
if  we  do  not  differentiate  the  approximation  of  the  function,  increasing 
thereby  the  error  considerably,  but  approximate  independently  the 
function  and  its  first  n  —  1  derivatives.  Thus  the  approximation 
problem  of  a  differential  equation  is  closely  linked  with  a  special  form 
into  which  we  can  transform  that  differential  equation,  vis.  the  "canon¬ 
ical  form,"  corresponding  to  the  "canonical  equations"  of  Hamilton.** 

The  preparation  of  the  differential  equation  to  the  application  of  a 
power  series  expansion  is  equivalent  to  the  performance  of  a  suitable 
linear  canonical  transformation  of  these  equations.  Further  details 
have  to  be  omitted  at  present  and  postponed  to  an  independent  in¬ 
vestigation. 

4.  The  method  of  selected  points.  The  above  discussed  method  for 
the  solution  of  linear  differential  equations  can  be  approached  from  a 
somewhat  different  angle  which  permits  us  to  generalise  the  method  to 
differential  equations  the  coefficients  of  which  are  not  necessarily  ra¬ 
tional  functions  of  x.  Also  linear  functional  equations  may  be  included 
in  the  scope  of  the  method. 


•*  See  Ref.  0. 
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If  we  interpolate  a  given  function  by  a  power  series  of  order,  we 
have  only  n  -|- 1  coeflBcients  at  our  disposal,  while  the  function  represents 
an  infinity  of  independent  values.  We  thus  cannot  expect  to  meet  the 
values  of  the  function  in  more  than  n  -f  1  points.  These  n  -|-  1  points 
may  be  distributed  over  the  given  range  in  an  arbitrary  manner,  but  the 
distribution  of  these  points  will  determine  uniquely  the  approximation 
together  with  the  manner  in  which  the  error  varies  along  the  given 
range.  The  method  of  trigonometric  interpolation  distributes  these 
points  in  a  definite  unequidistant  fashion,  in  order  to  get  the  optimal 
conditions  for  reducing  the  maximal  error  at  any  point  of  the  range. 
On  the  other  hand,  Taylor  series  and  as}rmptotic  expansion  may  be 
characterised  by  the  fact  that  the  points  of  interpolation  are  all  crowded 
around  one  particular  point  of  the  range:  the  point  of  expansion. 

A  quite  similar  discussion  is  possible  if  an  a  priori  unknown  function 
y  ~  fix)  is  characterised  by  a  differential  equation  or  a  functional  equa¬ 
tion.  Suppose  we  are  able  to  approximate  the  function  with  sufficient 
accuracy  by  the  finite  power  series 

^  (8.92) 

Then,  if  we  substitute  for  y  the  approximation  g  in  the  given  deter¬ 
mining  equation,  we  will  not  be  able  to  satisfy  that  equation  in  more 
than  n  points,  since  we  have  only  the  n  -f-  1  constants  at  our  disposal 
and  one  boundary  condition  has  to  be  satisfied,  if  the  differential  equa¬ 
tion  is  of  first  order.  Generally  the  number  of  points  in  which  the 
given  equation  can  be  exactly  satisfied,  will  equal  the  number  n  -f-  1 
of  available  constants,  minus  the  number  of  boundary  conditions. 
Again  the  choice  of  the  points  in  which  the  determining  equation  is 
exactly  satisfied,  will  decide  the  character  of  the  approximation  ob¬ 
tained.  For  example,  if  we  choose  ail  those  points  in  the  infinitesimal 
surroundings  of  one  point  x  •»  a  of  the  range,  then  again  the  coefficients 
bk  of  the  expansion  (8.92)  will  become  identical  with  the  first  n  -|-  1 
coefficients  of  the  Taylor  series  or  the  asjrmptotic  expansion.  But 
we  will  obtain  a  series  of  interpolating  character  if  the  points  in  which 
the  differential  equation  is  satisfied  are  spread  more  evenly  over  the 
given  range. 

We  refer  to  the  differential  equation  (8.63).  We  have  corrected  the 
given  differential  equation  (8.57)  by  a  “right  side”  in  order  to  adjust  it 
to  an  approximation  by  a  finite  power  series.  The  right  side  vanishes 
at  the  n  zeros  of  7',i(x).  Hence  we  may  characterise  the  approximation 
obtained  by  solving  the  modified  differential  equation  (8.63)  as  follows. 
We  replace  the  function  y  by  the  approximation  (8.92)  and  evaluate 
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the  coefficients  6*  of  the  approximation  by  establishing  the  given  differ¬ 
ential  equation  (8.67)  at  n  selected  points,  vis.  at  the  n  seros  of  Tsheby- 
sheff’s  polynomial  Tniz).  We  thus  get  n  linear  equations  which,  in 
connection  with  the  given  boundary  condition  which  can  be  satisfied 
exactly,  determine  the  n  1  coefficients  of  the  approximation. 

This  “method  of  selected  points"  for  the  interpolating  approximation 
of  a  given  differential  equation  yields  exactly  the  same  coefficients  that 
we  have  obtained  before  by  solving  a  set  of  recursion  formulae.  Natu¬ 
rally,  we  will  prefer  the  recursion  formulae  to  the  solution  of  n  -|-  1 
simultaneous  equations,  each  containing  eventually  all  the  n  -{-  1  vari¬ 
ables.  But  the  importance  of  the  new  formulation  of  the  method  lies  in 
the  fact  that  it  is  no  longer  bound  to  differential  equations  with  rational 
coefficients.  Also  differential  equations  with  non-rational  coefficients, 
or  other  functional  equations  may  be  included. 

Instead  of  choosing  the  selected  points  in  which  we  set  up  the  differ¬ 
ential  equation  in  coincidence  with  the  leros  of  a  certain  Tkix)  we  may 
pursue  the  following  procedure  which  yields  eventually  a  more  uniform 
distribution  of  errors  and  thus  a  lowering  of  the  maximal  error.  We 
assume  that  the  function  y  »  /(z)  is  approximated  in  the  given  range 
by  trigonometric  interpolation.  Thus  we  set  up  y  in  the  following 
form: 

y  »  6»  +  Ihx  d-  •  •  •  +  /3(x)7’m.i(x)  (8.93) 

Then  we  can  estimate  the  position  of  those  points  where  the  given 
differential  or  functional  equation  will  be  exactly  satisfied  if  we  replace 
y  by  the  approximating  series  on  the  right  side  of  (8.93),  omitting  the 
last  term.  The  estimation  cannot  be  exact,  of  course,  in  view  of  the 
fact  that  the  function  /9(x)  is  not  known.  But  we  get  a  satisfactory 
estimation  if  we  handle  fi{x)  for  the  purposes  the  estimation  as  a 
constant.  This  is  particularly  justified  if  the  Fourier  expansion  of  /(x) 
in  Tshebysheff ’s  polynomials  has  a  sufficiently  rapid  convergence. 

Example.  In  the  approximation  (6.76)  of  the  logarithm  of  the 
Gamm»-fimction  a  function  B(x)  was  introduced,  defined  by  (6.63), 
which  satisfies  the  functional  equation  (6.64),  together  with  the  bound¬ 
ary  condition  (6.66).  Let  us  expand  B(x)  in  the  finite  series 

^)  -  4c,  -I-  +  •  •  • 

and  obtain  the  coefficients  of  the  expansion  by  the  method  of  selected 
points.  The  following  table  shows  the  results  of  the  application  of  the 
method,  selecting  n  »  1,  2,  3  and  4  suitable  points  of  the  range  x  ~  1 
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to  z  ~  00 .  The  estimation  of  the  position  of  these  points  occurred 
in  accordance  with  the  method  described  at  the  end  of  the  last  para¬ 
graph.  For  the  sake  of  comparison,  the  exact  values  C*  of  the  Fourier 
coefficients  are  likewise  included,  to  8  decimal  places.  With  increasing 
n  the  coefficients  c*  converge  more  and  more  toward  the  coefficients  C» . 
The  absolute  term  was  obtained  by  satisfying  the  boundary  con¬ 
dition  (6.65). 


n 

1  t/i« 

!  •• 

1  •• 

^  * 

1 

0.04071403 

ufllTOiErXM 

2 

-0.CC041373 

3  1 

-0.000^01 

-0.CGC?!?83 

^  i 

0.04002084 

0.04057077 

-0.00040401 

— O.GOCO^^Osj 

1 

i 

■e  I 

0.04002001 

0.04057074 

-0.C~^^| 

0.00000581 

It  is  of  noticeable  interest  how  quick  the  convergence  is  and  how  well 
the  obtained  approximation  compares  with  the  approximation  by  the 
Fourier  series  of  the  same  number  of  terms.  A  handicap  of  the  method 
is  the  circumstance  that  it  seems  not  very  easy  to  obtain  a  reliable 
estimation  of  the  error,  except  by  increasing  the  number  n  of  selected 
points  and  employing  the  “method  of  excessive  accuracy,"  which  was 
discussed  before. 

Conclusion 

In  the  theory  of  anal3rtical  functions  the  Taylor  series  plays  a  r61e  of 
fundamental  importance.  The  simple  convergence  behaviour  of  the 
series  combined  with  the  method  of  analytical  continuation  renders 
this  series  to  an  invaluable  tool  in  studying  the  mathematical  properties 
of  anal3rtical  functions.  For  the  practical  representation  of  the  func¬ 
tion  in  a  given  range  the  Taylor  series  has  the  disadvantage  of  very 
slow  convergence.  This  is  due  to  the  fact  that  the  expansion  utilises 
the  infinitesimal  surroundings  of  one  point  of  the  complex  plane  and 
extrapokUes  the  function  everywhere  else.  The  present  investigation 


makes  use  of  power  series  expansions  of  an  irUerpoltUing  nature.  Such 
series  are  ordinarily  employed  only  in  connection  with  functions  of  a 
real  variable.  The  present  study  intends  to  show  how  beneficial  such 
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series  are  in  approximating  also  analytical  functions.  The  advantage 
of  the  interpolating  series  is  its  improved  efficiency,  being  able  to  yield 
with  the  same  number  of  terms  a  much  more  accurate  approximation 
than  the  Taylor  series.  Moreover,  the  customary  asymptotic  expan¬ 
sions  can  be  replaced  by  expansions  of  similar  form  but  modified  co¬ 
efficients,  expansions  which  converge  toward  the  given  function  at  any 
point  of  the  chosen  range  and  which  have  an  improved  accuracy  com¬ 
pared  with  the  asymptotic  expansion  of  the  same  number  of  terms. 

The  coefficients  of  these  expansions  can  be  obtained  by  recursion 
formulae,  similarly  to  the  recursions  by  which  the  coefficients  of  the 
Taylor  series  or  the  asymptotic  series  are  obtained,  provided  that  the 
function  satisfies  a  linear  differential  equation  with  rational  coefficients. 
But  the  disadvantage  of  these  coefficients  is  that  they  depend  on  the 
order  n  of  the  approximating  polynomial.  It  is  difficult  to  obtain  ex¬ 
plicit  expressions  for  the  coefficients  in  their  dependence  on  k,  the  order 
of  the  coefficient  in  the  series,  and  on  n,  the  order  of  the  approximating 
polynomial.  Another  disadvantage  of  these  series  is  their  complicated 
convergence  behaviour  in  the  complex,  compared  with  the  simple 
convergence  behaviour  of  the  Taylor  series.  In  the  range  of  inter¬ 
polation  the  convergence  of  the  series  is  guaranteed  by  the  general 
theory  of  orthogonal  function  systems,  particularly  the  general  theory 
of  the  Fourier  series.  But  to  find  the  exact  realm  of  convergence  of  the 
series  in  the  complex  domain  is  generally  quite  a  difficult  problem.** 

On  the  other  hand,  the  purpose  of  these  expansions  is  not  to  replace 
the  infinite  Taylor  series  by  another  infinite  expansion.  The  practical 
importance  of  these  series  is  the  circumstance  that  already  a  small 
number  of  terms  is  able  to  yield  a  powerful  approximation  of  the  given 
function.  Hence  it  is  sufficient  if  the  series  can  be  produced  without 
difficulty  for  a  given  n,  and  that  is  always  possible.  In  view  of  this  fact, 
it  is  in  the  nature  of  the  problem  that,  instead  of  the  general  convergence 
investigation,  we  shall  be  interested  in  the  remainder  of  the  series  for  a 
given  n.  Actually  a  close  estimation  of  the  remainder  is  possible  with¬ 
out  great  efforts,  owing  to  the  oscillatory  nature  of  the  error.  Such  an 
estimation  can  be  given  not  only  inside  of  the  realm  of  interpolation 
but  also  for  the  extension  of  the  series  into  the  complex  domain.  Here 
the  error  naturally  increases  but  still  in  extended  regions  of  the  unit- 
circle  (although  not  in  the  entire  unit-circle)  the  series  can  successfully 
compete  with  the  Taylor  series  of  the  same  number  of  terms. 


**  Consult  on  this  problem  WaUh,  Ref.  12. 
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Considering  the  importance  of  these  series  for  powerful  approxima¬ 
tions  in  the  large,  it  seemed  to  be  adequate  to  include  a  number  of 
characteristic  examples,  giving  the  interpolations  of  some  important 
transcendentals  and  comparing  them  with  the  customary  Taylor  or 
asjrmptotic  expanaonsT 

These  investigations  grew  out  of  a  lecture  course  on  ‘‘Orthogonal 
Function  Systems”  and  another  course  on  ‘‘Approximation  Methods  of 
Analysis,”  given  at  Purdue  University  in  two  successive  years.  The 
basic  ideas  of  the  method  were  developed  in  remembrance  of  a  conver¬ 
sation  with  Prof.  O.  Ssasi — himself  a  pioneer  in  the  field  of  power  series 
approximations,” — from  whom,  many  years  ago,  the  author  learned 
about  the  amasingly  high  degree  ot  ‘‘non-orthogonality”  of  the  powers  of 
X  due  to  which  a  high  power  of  z  in  a  given  range  can  almost  completely 
be  replaced  by  a  proper  combination  of  the  lower  powers.  Various 
attempts  have  been  made  in  different  directions  until  finally  the  view 
point  of  interpolation  has  been  adopted  as  probably  the  most  adequate 
platform  of  discussion. 

Table  of  the  More  Frequent  Notations 

Q  «  approximation  of  y. 

Ok  “  coeflScients  of  the  Taylor  series  or  asymptotic  series. 

bt  *>  coefficients  of  the  interpolating  power  series  of  finite  order. 

c*  “  coefficients  of  the  same  series  if  arranged  in  Tshebysheff's 
polynomials. 

Ck  ■■  coefficients  of  the  infinite  Fourier  expansion  in  Tkix). 

Tk{x)  *  Tshebysheff’s  polynomials  but  mostly  adapted  to  the  range 
between  z  »  0  and  z  >■  1. 

Bk  “  coefficient  of  z*  in  the  expansion  of  ^.(z). 

n  *■  order  of  tho  approximating  polynomial;  (occasionally  n  —  1 
instead  of  n). 

a,  b  ^  limits  of  the  range  of  approximation. 

**  Many  more  applicationa  have  been  made  which  could  not  be  included  in  the 
present  publication.  The  method  ie  very  useful  for  the  precision  tabulation  of 
the  higher  transcendentals.  A  suitable  subdivision  of  a  large  range  into  smaller 
intervals  with  readjusted  coefficients  permits  us  to  obtain  high  accuracy  with  a 
small  number  of  approximating  powers. 

*»8ee  Ref.  11. 
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ABRIDGED  FORMULAS  FOR  THE  SOLUTION  OF  DIFFER- 
ENTUL  EQUATIONS  OF  THE  THEORY  OF  ELASTICITY 
BY  MEANS  OF  INTEGRAL  POLYNOMIALS 

Bt  8.  A.  Satin 

1.  Abridged  denotations  of  integral  polynomials  and  their  derivatiyes 

In  many  problems  of  the  theory  of  elasticity  its  differential  equations 
are  solved  by  means  of  integral  poI}momials.  With  a  view  to  simplify 
these  solutions  we  may  use  abridged  denotations  for  the  integral  poly¬ 
nomials,  which  were  suggested  by  the  author  in  1923.' 

Let  us  briefly  denote  the  integral  algebraic  function  u  of  degree  w 
with  the  three  independent  variables  x,  y,  t 

fix,  !/,*)-£  D,„x*y'z\  (1) 

0 

where  the  summation  is  extended  over  all-possible  combinations  of  the 
integral  positive  indices  a,  «,  v  between  the  limits  0  and  w.  Here  the 
indices  a,  c,  v  as  well  as  their  sum  take  all  the  integral  positive  values 
from  0  to  w  which  may  be  expressed  symbolically  by  the  condition : 

0  <  [a,  *,  !»,  o  -H  «  -I-  r]  <  w  (2) 

Let  us  call  the  sum  of  the  indices  a,  «,  s  of  the  constant  coefficient 
D«, ,  vis.— the  quantity  a  -f-  «  -f  i*,  the  order  of  this  coefficient. 

Taking  the  partial  derivative  of  the  function  (1)  with  respect  to  x  we 
obtain  the  integral  polynomial  of  degree  w  —  1 : 

dx  ^ 

The  exponents  of  the  degree  a  —  1,  <,  i'  in  this  polynomial  are  connected 
by  the  condition: 

0  <  [o  —  1,  €,  s,  (a  —  1)  *  -b  r]  <  «  —  1. 

The  introduction  of  new  denotations  instead  of  a,  «,  r  shall  not  alter 
the  final  result  of  summing  up  the  terms  under  the  sign  provided 
they  satisfy  the  last  condition.  Therefore,  replacing  the  index  a  under 

*  Savine,  8.  A.,  Ouvrages  aur  la  thSorie  de  TAlasticiM,  faac.  1,  article  1. 
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the  sign  of  the  sum  by  the  new  denotation  a«  4-  1  the  partial  derivative 
of  the  function  f{x,  y,  z)  may  be  presented  as: 

«  E  (a.  + 

OX  • 

Returning  from  a«  to  the  former  denotation  of  the  index  a  and  ad* 
joining  analogous  expressions  for  ^  and  ^  we  obtain  the  formulas  for 
partial  derivatives  of  the  first  order  from  the  function  (1) : 

^  -  Z  («  + 

OX  • 

f  -  Z  (.  + 

ay  0 

%  -  Z  (-  + 

OZ  0 

where  the  integral  positive  indices  a,  «,  r  and  their  sum  a  c  +  r  are 
already  connected  by  a  new  condition : 

0  <  [a,  €,  »,  o  -j-  €  +  r]  <  w  —  1.  (4) 

In  a  similar  way  we  obtain  from  the  formula  (3)  the  expressions  of 
partial  derivatives  of  the  second  order  from  the  function  (1): 

S  -  Z  («  +  l)(«  +  2)D,.^..x‘y-z- 

OX*  0 

E  («  4-  1)(«  +  l)D(,+i)(,+i),x“y*r' 

Olay  0 


in  which  the  integral  positive  indices  a,  c,  p  are  connected  by  the  con¬ 
dition  : 

0  ^  l«>  «>  •'»  «  +  «  +  r]  <  «  —  2.  (6) 

In  a  general  case,  as  it  is  known,  the  number  of  terms  of  the  integral 
polynomial  (1)  of  degree  w  with  three  variables  is  defined  by  the  formula: 


(w  =H  3)(w  +  2)(«  -4-1) 
1-2-3 


(7) 
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Consequently,  in  a  general  case  each  formula  of  the  system  (3)  gives  the 
number  of  terms: 

(w  -f  2)(«  +  1)«  ,o\ 

1-2-3  ’ 

and  each  formula  of  the  system  (5) — the  number  of  terms: 

(«  +  —  1) 

1-2-3  ' 

Hence  it  is  seen  that  the  abridged  denotations  (1),  (3),  (5)  con¬ 
siderably  simplify  the  formulas. 

2.  Condition  for  the  coefficients  of  a  harmonic  polynomial 

Having  the  abridged  formulas  (5)  it  is  easy  to  obtain  in  a  general 
form  the  relation  of  the  coefficients  of  the  harmonic  pol}momial  (1), 
i.e.  when  it  satisfies  Laplace’s  harmonic  equation  with  three  independent 
variables  x,  y,  z: 

r*/(x.,,,)-g  +  0  +  g-O.  (10) 

By  the  formulas  (5)  we  find  the  expression  of  the  Laplacian  of  the 
function /(at,  y,  *): 

V*f(x,y,z)  -  £  x*y*z'-((a.+  l)(a  +  2)Dc^)..  ,  . 

»  (11) 

+  («  +  1)(«  -f-  2)Dmu^),  +  (»'  +  !)(>'  +  2)D„(,+i)]. 

In  order  that  this  expression  with  the  variables  x,  y,  z  he  equal  to 
sero  the  following  condition  is  necessary: 

(o  +  1)(“  +  +  («  +  1)(«  +  2)D«(,+*), 

+  (*'  +  !)(*'  +  2)Z),,(h4)  “  0. 

This  equation  must  be  applied  for  all  the  integral  positive  values  of  the 
indices  a,  «,  r  and  their  sum  a  -f  c  -)-  according  to  the  condition  (6). 
The  number  of  the  equations  of  the  type  (12)  for  an  integral  polynomial 
of  degree  u  is  defined  by  the  formula  (9). 

3.  Condition  for  the  coofficienta  of  a  biharmonic  polynomial 

Another  important  equation  in  the  theory  of  elasticity  is  the  bi¬ 
harmonic  equation: 


V’V'A*,  y,  z)  -  0, 


(13) 
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where  the  symbol  of  the  Laplacian  V*  denotes  as  before  the  sum  of  the 
second  derivatives  of  the  function  V*f{x,  y,  *),  i.e. 


V* 


4- 

di*  dy* 


(14) 


Taking  from  the  function  (11)  the  partial  derivative  of  the  second 
order  with  respect  to  z  we  obtain  by  the  formulas  (5)  of  the  differentia¬ 
tion  of  the  polynomials: 

^  V*/(z,  y,  z)  "  (<*  +  1)(“  +  2)I(a  -1-  3)(a  +  4)D(«44)» 

ax*  0 


+  («  +  !)(•  +  2)Z)(«+i)(,+i),  (r  -h  l)(r  -H  2)D, 

Analogous  formulas  may  be  obtained  from  (11)  also  for  the  partial 
derivatives: 


ay* 


il 

az* 


v7. 


Summing  up  these  three  equalities  and  knowing  that  the  biharmonic 
equation  (13)  is  to  be  satisffed  for  all-possible  values  of  x,  y,  t  we  obtain  a 
dependence  among  the  coefficients  of  the  biharmonic  polynomial  (1): 


(a  -f-  l)(a  2)(a  -J-  3)(a  4)D(a^),r 

+  («  +  !)(•  +  2)(€  3)(«  -|-  4)Da(,44)» 


+  (^  +  !)(»'  +  2)(i'  +  3)(i'  -f  4)Da.(,+4) 

+  2(a  4-  l)(a  2)(t  l)(e  -j-  2)D(a44)(«-»-i)* 


(15) 


-f-  2(t  -}-  1)(«  -|-  2){p  -)-  l)(r  2)Da(«.f<)(»4>) 

+  2(»'  !)(•'  2)(a  •+•  1)(®  +  2)D(a+i)«(»+t)  “  0, 


i.e.  of  an  integral  pol3rnomial  satisfying  the  equation  (13). 

The  equation  (16^  is  to  be  applied  for  all-possible  values  of  the 
integral  positive  numbers  a,  «,  p,  subordinate  to  the  condition : 


0  <  (o,  €,  s,  a  -h  «  -I-  r]  ^  w  -  4.  (16) 


Therefore  the  number  of  the  equations  of  the  type  (15)  for  the  integral 
polynomial  (1)  of  degree  w,  according  to  the  formula  (7),  is  equal  to: 
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4.  Applicatioii  of  integral  polynomiale  for  the  solution  of  the  equetiona 
of  the  internnl  equilibrium  <rf  an  ieotropk  body 

Let  UB  suppose  that  the  expressions  of  the  displacements  u,  v,  ir  of  an 
isotropic  body  are  given  under  the  form  of  integral  polynomials  of 
degree  w: 

M  -  S  ir  -  ^  C„,x*y'x\  (17) 

•  ‘0  0 


Denoting  the  cubic  dilatation  in  a  current  point  of  a  body  by  A 
we  obtain  from  (17)  according  to  the  formulas  of  differentiation  (3): 


du  dv  ,  dw 
dx'*'  dy'*"dz 


M-1 

E 


x'y’z’Ka  4-  1)4 


(18) 


4-  (€  4-  l)B«(,^i),  4-  (»  4-  l)C.«(M-ul* 


If  the  volume  force  is  but  the  own  weight  of  an  isotropic  body  then  its 
displacements  must  satisfy,  as  it  is  known,  the  equations  of  the  internal 
equilibrium  of  Lam4:* 


(X  4-  m)  ^  4-  mV*  u 


-9  cos  (q,  x) 


(X  4-  m)  ^  4-  MV*r  -  -q  cos  {q,  y) 
ay 

(X  4-  m)  4-  mV* ic  -  -?  cos  (g,  i) 


(19) 


where: 

X,  M — Are  the  coefficients  of  Lamf’s  elasticity, 
q — is  the  weight  of  the  body  per  unit  volume. 

The  own  weight  of  the  body  in  the  differential  equations  (19)  is  a 
constant.  Therefore,  solving  these  equations  by  means  of  integral 
polynomials,  the  influence  of  the  own  weight  may  be  considered  sepa¬ 
rately  according  to  the  principle  of  superposition. 

Therefore  let  us  consider  firstly  the  case  when  the  volume  force  is 
absent,  vis.  when 


g  -  0. 


(20) 


Forming  a  partial  derivative  with  respect  to  x  from  the  function  (18) 
and  taking  according  to  the  formula  (11)  the  I.apiacian  r*u,  we  put 


'Poincftire,  H.  Lemons  sur  Is  theorie  de  I'^lssticite,  Psria,  1802,  p.  86. 
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them  into  the  left  hand  member  of  the  equation  1  (19)  and  then,  after 
reduction,  we  obtain: 

(X  4-  m)  ^  +  ftV'u  «  2  x*y*z'{(X  +  m)(«  +  OKr  +  1)C'(,+u«(h-i) 

01  t 

+  (•  +  +  (X  -f  2n)(a  4-  l)(a  4- 

4=  mI(«  4-  1)(«  4-  2)i4,(,+i),  4-  (»'  4-  !)(»’  4-  2)i4a,(,44)]). 

Hence  it  is  seen  that  in  the  above  case  (20)  the  equation  I  (19)  shall 
be  satisfied  for  the  current  point  (x,  y,  *)  of  the  body  only  on  the  con¬ 
dition  : 

(^  4-  m)(o  4"  1)((*  4-  l)fi(«+i)(»+i)»  4-  (*'  4-  l)C'(«+»«(»+wl 

-b  (X  4=  2/i)(o  4"  l)(a  4"  2)i4(«+i)„  (21) 
4"  m[(‘  4*  1)(*  4-  2)i4,(,+*),  4*  (*’  4"  !)(•'  4-  2)i4«,(H-i)]  "  0. 

In  the  same  way  we  obtain  the  second  condition  from  the  equation  11 
(19): 

(X  4=  m)(«  4"  !)[(*'  4-  4"  (“  4"  l)-^(«+o(«+i)»I 

4”  (^  4"  2m)(«  4"  !)(•  4*  2)B«<»fD,  (22) 
4*  mK**  4"  !)(•'  4"  2)B,,(,+d  4=  (<»  4"  f)(®  4“  2)B(,+d,,1  *  0, 
and  the  third  condition  from  111  (19): 

4*  m)(''  4"  l)l(®  4*  l)-d(«+o»(H-i)  4"  (<  4-  l)B«<#+i)(»+i)] 

4*  (^  4"  2m)  (e  4"  !)(*’  4"  2)C««(h4)  (23) 
4"  mI(«  4-  1)(«  4"  2)C(,+i),,  4*  (*  4"  1)(<  4"  2)C«(,+t)»l  "  0. 

From  comparing  the  formulas  (21)-(23)  we  can  see  that  each  fol¬ 
lowing  one  may  be  obtained  from  the  preceding  by  means  of  the  circular 
permutation  of  the  cqefficients  A,  B,C  and  indices  a,  c,  f. 

The  equations  (21)-(23)  must  be  applied  for  all-possible  combinations 
of  the  integral  positive  indices  a,  c,  f  connected  by  the  condition  (6). 
Thus,  the  total  number  of  the  equations  for  the  displacements  (17), 
according  to  the  formula  (9),  is  equal  to: 

§(«  -h  l)«(w  —  1). 

It  is  seen  from  the  equations  (19)  that  the  own  weight  of  the  body 
has  a  direct  influence  on  the  coeflKcients  of  displacements  only  of  the 
second  order. 
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Applying  integral  pol3momial8  to  the  solution  of  the  equations  (19), 
when  q  0,  we  obtain  the  three  new  relations  instead  of  the  equations 
(21) -(23)  for  the  coefficients  of  displacements  of  the  second  order: 

(^  +  m)(^iw  -H  (^wi)  +  2(X  -)-  +  2it{Am  Ao«) 

+  7  cos  (g,  x)  -  0, 

(X  +  m)(C'ou  +  Aao)  -|-  2(X  -f  2ti)Bm  -|-  2n{Bv»  Bm) 

>  (24) 

-{=  9  cos  (7.  y)  -  0, 

(X  +  m)(Aioi  +  Bni)  -1-  2(X  -J-  2tA)Cm  -j-  2fi(Ctm  +  Cow) 

+  9  cos  (q,  z)  -  0. 

For  the  solution  of  the  equations  (19)  with  the  right-hand  members, 
i.e.  when  the  influence  of  the  own  weight  of  body  is  not  separated,  it  is 
necessary  to  form  according  to  the  conditions  (21)-(23)  a  S3r8tem  of 
equations  for  all  the  coefficients  A,  B,  C  of  the  displacements,  except 
the  coefficients  of  the  second  order,  which  are  deflned  separately  accord¬ 
ing  to  the  system  (24). 

The  system  of  linear  equations  thiis  formed  evidently  cannot  deter¬ 
mine  all  the  coefficients  of  displacements.  In  order  to  define  them 
completely  it  is  necessary  to  add  more  equations  formed  according  to 
the  conditions  for  the  external  siufaces  of  the  body  and  its  points  of 
support. 

Tn  Haxbin  PoLTracBNic  Institutb. 


A  PROOF  OF  A  THEOREM  OF  CARLEMAN 
Bt  Bbn/amin  Epbtkih 


In  thiM  paper  a  proof  is  given  of  a  theorem  of  Carleman  regarding 
the  seros  of  an  analytic  function  in  a  half-plane.  An  extension  is 
made  to  the  case  of  meromorphic  functions  and  the  function /(s)  which 
is  used,  is  assumed  throughout  to  be  meromorphic  everywhere  in  the 
finite  plane.  Essentially  the  theorem  is  proved  by  obtaining  the  map- 
ping-function  of  a  large  half-circle  on  the  unit  circle  and  using  the 
logarithm  of  the  absolute  value  of  this  function  as  the  Green’s  function 
for  the  problem.  As  the  basis  of  the  proof  we  use  a  theorem  from 
potential-theory  which  is  here  put  in  a  form  suitable  for  function- 
theoretic  applications.  If  the  contour  F  is  made  up  of  one  or  several 
arcs  of  sufficient  regularity  and  if  Git,  f)  is  the  Green’s  function  for  the 
region*  and  if  /(f)  is  regular  everywhere  in  a  certain  closed  region  G 
of  the  complex  plane  except  possibly  at  a  finite  number  of  points,  then 
the  formula: 


(1)  log|/(f)| 


If 

2w  Jr 


u(f) 


dGjt,  f) 
dn 


ds  -  Oioi,  s)  +  23  Gibj,  t) 


is  valid.  Here  the  at  are  the  affixes  of  the  seros  and  the  6/  are  the 
affixes  of  the  poles;* 

We  take  as  our  mapping  function  the  function 


(2), 


tr(f) 


f  -  g  P*  + 
p*  -  If  ’  f  -b  J 


which  maps  the  half-circle 

'  -B«(f)  >0,  I  f  I  ^  P 


*  This  ii  part  of  a  thesis  submitted  for  the  degree  of  Master  of  Science  in 
Mathematics  at  the  Massachusetts  Institute  of  Technology. 

>  (7(s,  t)  >■  a  function,  with  t  fixed,  {  varying,  regular  in  the  whole  region  ex¬ 
cept  at  the  point  P.  In  the  neighborhood  of  P  let  the  function  become  infinite 

like  log  ^  where  r  —  I  *  —  f  |  that  is  to  say  0(f,  f)  —  log  ^  is  analytic  at  P.  Fi¬ 
nally,  we  want  G(f,  f)  to  be  sero  on  the  contour  F. 

*  L.  Bieberbach— Lehrbuch  der  Funktionentheorie  II,  1931.  Chapter  I. 
Hection  0.  Pp.  34  and  36. 

P.  Montel— Les  Fonctions  Enti^res  ou  M^romorphes,  1932.  Chapter  I. 
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OD  the  unit  circle,  and  so  the  Green’s  function  becomes 

f-r  p*  +  r«l 
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(3) 


-log 


p*  -  f  1  r  +  i 


Remembering  that  f  «■  pe**  and  x  —  re**  (f  is  our  variable)  we  find  that 


(4) 


4r(p*  —  r*)  cos  6  cos  0 


99 _ 

dn  [p*  +  r*  —  2rp  cos  {d  —  ^)]  (p*  +  r*  -J-  2rp  cos  (tf  -|-  ^)J‘ 


It  should  be  remembered  that  ^  ^  on  the  large  half-circle,  and 

dn  dr 

on  the  boundary  x  -■  0  we  take  our  derivative  normal  to  the  y-axis 
coming  in  from  the  left.  What  we  want,  then,  is: 

(log  (ji  +  in  —  x)  —  log  (p*  —  I(m  +  in)) 

dft 

+  log  (p*  +  U  -b  *n)*)  —  log  (p  -f-  t'n  +  1)1 ,  -  • 


(5) 


-  + 

X  fr  —  tin 


+ 


p*  -H  »n*  in  +  ij 


r  2  Re  z  2p*  Re  z  "j 

L  I*  +  (y  -  n)*  (p*  -  ny)*  +  n*x*J' 

Also  terms  for  poles  and  zeros  (in  our  case  only  zeros)  are  represented  as: 
/o\  V'  1  r  X  —  r,e'*'  p*  -4”  r,e**’z"l 

(6)  -  Z  log  I  ^ J  • 

_1  f*'* _ 4r(p*  —  r*)  cos  g  cos  ^  log  [/(f)  |p  dd _ 

2ir  /_,/t  (p*  +  r*  —  2rp  cos  (9  —  0))  (p*^  r*  -|-  2rp  cos  {9  -|-  0) 

X  2x 


Before  we  proceed  let  us  assume  that  there  are  no  zeros  inside  a  circle 
of  radius  <  |  r  | .  Let  us  first  make  p  — »  «  and  then,  making  obvious 
limit  transformations,  we  find  that : 

_  1  r'**  4x  cos  9  cos  ^  log  |/(f)  I  d9 

2t  J-iiu  P 

®  ^rM’+iyf-h 


i 
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Next  let  us  make  t  approach  sero  along  the  real  axis  in  such  a  way  that 
y  »  0  and  x  — »  0  and  cos  ^  1. 

To  do  this  let  us  divide  through  by  r  (or  x)  and  pass  to  the  limit  as 
r  (or  x)  -»  0. 

We  write 

(z  -  (p*  + 


(6) 


(9) 


log 


(p*  —  r,e^'z)  (z  + 


lo*  (l  +  r/y)  -  log  (l  - 


+  log(f?_’-l)-log(!^  +  l). 
This  in  turn  may  be  expanded  as  a  function 

(10)  logd +•)-.- ....  |«|<1. 


Neglecting  terms  of  order  greater  than  «,  that  is,  in  our  case  terms 


we  easily  find  the  result  which  we  now  derive.  However,  we  must 
still  take  care  of  the  terms  on  the  right  hand  side  of  our  equation. 

To  do  this  best  we  consider  log/(«)  —  J  as  a  single  entity.  We  then 

find  by  an  extremely  simple  calculation  that 


'  +  i;*x*  x*  + 


(11)  limlog/(»)-J_log|/(.,)|[jj^-^ 
is  finite  where* 

(12)  log/(*)  -  1.  j[log  |/(f)|  |[-±i  -  . 

I 

As  a  result  we  get: 

''*  cos  $  log 


2*  L 


(13) 


■  -«[?  ?“'■  *  •■■■>  ■  *  •'’]  *"(?)* 


*  What  we  do  essentially  is  to  express  log  /(t)  as  an  integral  around  the  half- 
circle  from  —  T  — •  r  and  the  short  segment  joining  —  t  — *  r. 


PROOF  OF  THEOREM  OF  CARLEMAN 


211 


In  final  form  we  get: 


(14) 


coe  6, 


1 

‘  “p  /  1  coe  »  rftf 

ra  Jwfi 

I  I  rfy  +  0(1). 


This  is  the  simplest  case  of  the  Carleman  Theorem,  which  reads: 

Given  the  function  f(x)  analytic  for  x  >  0  with  zeroe  rye**’  then  (14) 
holde. 

However,  the  methods  used  in  this  note  could  very  easily  be  extended 
to  give  us  results  when  we  have  poles  and  also  to  angular  regions. 
As  these  results  were  found  by  other  means  originally  and  are  well- 
known,  I  will  only  give  indications  as  to  the  sort  of  results  obtained. 
Again  using  the  half-circle,  we  find,  without  difficulty,  in  the  case 
where  our  functions  have  leros  and  poles,  that  if  yre**’  are  the  affixes 
of  the  poles,  we  get 


(15) 


H  log 

r 


(r  -  r,s^*;)(p*  -I-  r,e'*’z) 
(p*  -  r,e-**’zKz  -H  r.e-*'') 


-  X  log 

t 


(I  -  r.«'*’)(p‘  + 

(o’  -  +  >.«-*') 


instead  of  (6).  In  the  final  result  we  get  two  terms: 

If,  following  the  usual  method  employed  by  Nevanlinna,  we  introduce 
the  step  functions: 

for  the  zeros, 

(17)  Z(p)  -  53  r,coetf.; 


(18) 


for  the  poles, 


Pip)  -  Z)  TrCOS^,; 

ytiy 


it  is  immediately  seen  that 


Zir)dr 

r» 

Pir)dr 

r* 
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Our  result  then  reads: 


(21) 


^  f  log  I  /(^‘*)  I  cos  dtf 

*■/!  J—tli 

^  /  0  "  S*)  *  /(*V)/(-*V)  II  rfy  +  0(0 

■=(fs^4 


Furthermore,  if,  (following  the  procedure  of  Nevanlinna*)  we  let 


(22) 

n(r,0)  —  53  costf,, 

(23) 

n(r,  «  )  “  53  cos  0, 

T»<» 


we  easily  find,  using  the  Stieltjes  integral, 

(M)  /  *»[^  + Si] 

+  same  contour  integral. 


In  closing  it  is  very  easy  to  give  results  analogous  to  Carleman’s 
theorem  in  a  sector  by  simply  making  a  transformation  s  ■*  f*.  I  will 
only  give  the  result,  as  given  by  Nevanlinna:  If  in  the  sector  —  ir/2ik 
<  ♦  ^  »’/2ifc  where  ib  >  J  we  have  a  meromorphic  function  of  *  —  re** 
having  as  seros 

cLn  “  I  On  1 


(25)  and  as  poles 


and  if  we  use  the  notation 

(26)  nk(r,  0)  —  ^  coska,,  n»(r,  «)  —  cmk$, 
letting  n*(r,  0)  -  n*(r,  »)  -  n*(r) 

then  we  get  at  once,  where  S  is  the  boundary  of  that  part  of  the  sector 
between  the  circles  of  radius  r«  and  R 

+  «- ) *  -  h j[ I /W l(?  +  ^) 7  +  "<*>■ 


*  R.  Nevsnlinns,  Eindeutigv  Anslytiache  Funktionen,  1036.  Chapa.  VI,  VII, 
VIII. 
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Also,  there  are  many  known  results  concerning  the  order  of  magnitude 
of  the  function  on  the  boundary  and  the  frequency  of  leros  inside  a 
contour  of  the  above  type.  For  example,  Titchmarsh*  proves  that  if 
/({)  is  analytic  and  bounded  for  xzO  and  has  seros  in  the  right  half¬ 
plane  at  ri**',  •  •  •  then  the  series 

(28)  t—'<^ 

•  —I  % 


The  method  of  proof  used  by  Titchmarsh  is,  essentially,  to  say  that 

(29)  £  (  -  —  ^  )  cos  B,  <  M  under  the  hypothesis  given. 
r-i  \r,  IP/ 

Then  it  is  possible,  by  taking  r,  <  \R  to  prove  that 

(30)  2—  <4^ 

r,<|«  Tr  3 


But  letting  R—*ao  the  result  follows. 

Using  precisely  the  same  argument  for  a  function  analytic  and 
bounded  in  a  sector,  we  can  easily  prove  our  result,  using  the  fact  that: 

^  ~  ■/.  *■'(?)“<'•)* 

-^n.(r)j'%‘£'^rfn.(r). 

The  6rst  term  is  merely  a  constant;  the  second  term  behaves  like 

I  f  ^  cos  kon  cos  kfin\ 

k  / 


For  the  second  part  of  the  integral  we  use  a  Titchmarsh  argument. 
The  integral  on  the  right  is  bounded. 

For  a  sector,  the  theorem  now  reads: 

//  /(s)  it  meromcrphic  for  x  >  0  and  bounded,  if  vae  cut  out  the  poke 
with  email  circlee,  and  if  its  zeros  are  of  |  a,  |  e*“’  and  its  poles  of  |  b,  |  e**’ 
then 


(32) 


cos  kOn 


cos  kfi,\ 


Univebsitt  or  Illinois. 


*  E.  C.  Titchmarsh,  Theory  of  Functions,  1932.  P.  130  f. 


THE  DISTRIBUTION  OF  VALUES  OF  AN  ANALYTIC  ALMOST 
PERIODIC  FUNCTION  IN  EQUALLY  SPACED  CIRCLES 

Bt  R.  H.  Camibok 

The  difltribution  of  values  of  almost  periodic  functions  has  been 
studied  by*  Bohr,  Jessen,  Wintner,  and  others;  and  of  course  the  sfiecial 
case  of  the  Riemann  zeta  function  has  a  very  extensive  literature. 
However,  these  investigations  deal  with  the  average  number  of  times  a 
given  value  is  assumed  in  an  infinite  strip,  and  the  author  is  not  aware 
of  the  existence  of  papers  in  which  further  localization  of  these  values 
is  discu.ssed. 

This  paper  deals  with  a  system  of  equal  circles  equally  spaced  along 
a  boundary  line  of  an  almost  periodic  strip;  and  shows  that  at  least 
one  in  every  so  many  of  these  circles  must  contain  points  where  the 
function  takes  on  specified  values. 

Lemiia  1.  Let  f(z)  be  almost  periodic  in  every  strip  interior  to  the  strip 
a  <  R{z)  <  0;  and  letf(z)  have  the  module  M  and  have  a  singularity  cd 
z  a.  Let  Wi ,  •  •  •  ,W,  be  any  finite  set  of  distinct  complex  numbers, 
and  Q  any  positive  integer,  and  let 

C:  •  •  •  C-t ,  C-i ,  Co ,  Cl ,  Cl ,  •  •  • 

be  a  sequence  of  equal  circles  whose  centers  are  equally  spaced  on  the  line 
R(z)  a  at  the  points  z  =  a  +  (o  -H  nl)i.  Let  ^  be  the  set  of  circles 
C»  «  Q  such  thcU  either  f(z)  has  a  singularity  in  C»  or  f[z)  takes  on  each 
of  the  values  Wi ,  •  •  •  ,W,  in  Cm  or  f{z)  takes  on  all  but  one  of  the  values 
Wi,  •  •  •  ,W,  each  at  least  Q  times  in  Cm  .  Then  there  exists  a  finite  set  of 
elements  Xi ,  •  •  •  ,\'mOf  M  and  a  number  6  >  0  such  that  C,  c  0  whenever 
p  satisfies  , 

1  Xt(o  +  pf)  1  <  i  (mod  2t)  (k  -  1,  . . .  ,  ^). 

Suppose  on  the  contrary  that  there  is  no  such  set  as  the  x| ,  •  •  •  ,  X^ 
and  5  described.  Then  if  Xi ,  Xt ,  >  •  •  are  the  elements  of  Af  arranged 

>  See,  for  instance,  B.  Jessen,  “Ueber  die  Nulistellen  einer  analytischen  fast- 
periodischen  Funktionen.  Eine  Verallgemeinerung  der  Jensenschen  Formel," 
Math.  Ann.  106,  485-516  (1033);  H.  Bohr  and  B.  Jessen,  On  the  distribution  of  the 
values  of  the  Riemann  seta  function,"  Amer.  J.  of  Math.  58,  35-44  (1036);  B. 
Jessen  and  A.  Wintner,  "Distribution  Functions  and  the  Riemann  Zeta  Func¬ 
tion,"  Trans.  Amer.  Math.  Soc.  38,  48-88  (1035). 
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in  some  order,  it  follows  that  to  each  positive  integer  n  there  rorresponds 
a  positive  integer  p.  satisfying 

(1)  I  X*(a  +  p»l)  I  <  -  (mod  2t)  (*-!,•••,  n) 

n 

such  that  in  the  function /(z)  is  regular  and  takes  on  not  more  than 
r  —  1  of  the  values  Wi ,  -  -  •  ,  W,  and  takes  on  not  more  than  r  —  2 
of  the  values  Wi,  ,W,hs  many  as  Q  times  each.  Since  the  sequence 
Pi  ,  Pi  ,  •  •  •  is  infinite  and  Wi ,  •  •  •  ,  W,  iB  finite,  it  follows  that  the  same 
Wf  is  omitted  infinitely  often.  Let  IF  be  a  member  of  the  set  IFi ,  •  •  •  , 
W,  which  is  omitted  infinitely  often.  Since  the  remaining  r  —  1  mem¬ 
bers  of  Wi ,  •  •  •  ,W,  are  again  a  finite  set,  there  is  at  least  one  of  them, 
say  V  ^  W  which  infinitely  often  occurs  less  than  Q  times  for  values 
of  n  for  which  W  is  omitted.  Let  pi ,  pt ,  •  *  •  be  the  subsequence  of 
Pi ,  Pi ,  •  •  •  such  that  in  C,;  the  function  /(z)  is  regular  and  does  not 
assume  the  value  W  and  does  not  assume  the  value  V  more  than  Q  —  I 
times.  Let  u  be  any  fixed  value  of  {V  — 

Now  if  r  is  the  lesser  of  $  —  a  and  the  radius  of  the  circles  C„  ,  and  if 
C  is  the  circle  of  center  a  and  radius  r,  define  in  C; 

(2) 

where  the  2Q  valued  function  is  to  be  made  single  valued  by  choosing  a 
sheet  on  which  we  never  have 

{(/(*  +  (o  +  plDi)  -  »F]^}*  -  u*  in  C. 

This  can  always  be  done  for  each  n,  for  in  the  first  place  all  2Q  sheets 
are  separate  and  distinct  in  C  since  the  function  is  never  equal  to  W ; 
and  in  the  second  place  if  each  of  the  Q  Qth  roots  becomes  equal  to 
u*  in  C,  the  function  would  equal  V  Q  times,  which  is  impossible. 
Thus  the  numerator  of  the  main  fraction  in  (2)  never  equals  d:u,  and 
y»(z)  never  equals  1  or  0.  We  can  therefore  apply  the  Picard-Landau 
theorem  to  the  functions  ji„(z)  if  we  use  a  circle  C'  interior  to  C,  provided 
I^,(z)  is  bounded  in  n  at  the  center  of  C'.  Let  us  therefore  take  C 
as  a  circle  of  radius  r/3  with  center  at  the  point  a  -1-  (r/4);  for  the  fact 
that  /(z)  is  almost  periodic  in  a  -1-  «  <  R{z)  <  /3  —  «  implies  that 
g»{a  +  }r)  is  bounded  in  n.  It  follows  that  the  functions  g»{jt)  are 
uniformly  bounded  in  C'. 

Finally,  we  can  choose  a  .subsequence  Ai(z),  Ai(z),  •  •  •  of  the  functions 
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•  ■  ’  which  convergcfl  uniformly  in  every  cloeed  region  interior 
to  C'.  I^et  pi,pi,  • « •  be  the  correHponding  subsequence  of  pi,  pt,  •  •  •  , 
so  that 

(3)  + 

and 

(4)  A(z)  -  lim  hn(t) 

exists  uniformly  in  every  cloeed  region  interior  to  C'. 
we  have 

lim  X*(o  -H  pU)  “  0  (mod  2t), 

and  since  /(«)  is  almost  periodic, 

lim  fiz  +  (a  +  pU)i)  -  fit) 

uniformly  in  the  strip  a  +  Jr  <  /2(z)  <  a  +  Jr.  Hence 
fiz)  -  l2uMz)  -  u]*^  +  W 

in  the  right  half  of  C';  and  since  the  right  member  is  analytic  throughout 
C',  fiz)  has  an  analytic  continuation  throughout  C\  But  C'  contains 
the  point  z  ^  a  where  by  hypothesis  fiz)  has  a  singularity;  and  this 
contradiction  completes  the  proof  of  our  I^mnrn. 

From  this  Lemma  and  Kronecker’s  theorem  on  diophantine  approx¬ 
imation  we  obtain  immediately 

Theorem  1.  Let  fit)  be  almoat  periodic  in  every  atrip  interior  to  the 
atrip  a  <  Riz)  <  P ;  and  let  fiz)  have  a  aingularity  atz  a.  Let  Wi,  •  •  •  , 
W,  be  any  finUe  aet  of  diatinct  complex  numbera,  and  Q  any  poaitive  in¬ 
teger,  and  let  •  C_i ,  C_i ,  Co  ,  Ci ,  Ct ,  •  •  •  be  a  aequence  of  equal  circlea 
xchoae  centera  are  equally  apaced  on  the  line  Riz)  a  at  the  pointa  z  > 
a  -H  (o  -f  nf)i ;  the  value  of  a  being  0  if  a  multiple  of  2r/l  belonga  to  the 
module  M  of  fiz).  Then  there  exiata  a  poaitive  integer  N  with  the  following 
property: 

If  C*+i ,  C*+j ,  •  •  •  ,  Ck+K  are  N  conaecutive  circlea  throughout  the  in- 
teriora  of  which  fiz)  can  be  continued  analytically  without  aingular  pointa, 
there  ia  at  leaat  one  of  theae  circlea  in  which  fiz)  takea  on  all  or  all  but  one 
of  the  valuea  Wi ,  ■  •  ■  ,W,  ',  and  if  one  of  theae  valuea  ia  actually  omitted, 
the  othera  are  all  taken  on  at  leaat  Q  timea  each. 


Then  from  (1) 
(*-1,2,...); 
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Applying  thu  theorem  to  r(z),  we  obtain  the 

Corollary.  Lei. .  .C_* ,  C_i ,  C*  ,  Ci ,  Ct ,  •  •  •  he  a  eequenee  of  equal 
circles  having  their  centers  at  the  paints  •  •  •  I  +  (a  —  2l)i,  1  -H  (o  —  l)i, 
1  +  ai,  1  -f-  (o  +  l)i,  1  -i-  (a  -h  2l)i,  •  •  •  and  let  Wi ,  ■  •  •  ,  W,  be  any 
finite  set  of  complex  numbers  and  Q  any  positive  integer.  Then  there 
exists  a  positive  integer  N  such  that  among  every  N  consecutive  circles 
,  Ck+t  t  ’  •  •  t  Ck+K  there  is  at  least  one  circle  C  in  which  the  Riemann 
Zeta  function  takes  on  all  of  the  values  Wi ,  >  •  •  ,  W,  with  at  most  one 
exception]  and  furthermore  if  there  is  an  exception,  all  the  other  r  —  1 
values  are  taken  on  at  least  Q  distinct  times  by  the  Zeta  function.  In 
particular,  if  the  Riemann  hypothesis  is  satisfied,  any  finite  set  of  pre¬ 
assigned  non-zero  values  will  without  exception  be  assumed  at  least  Q  times 
each. 

All  the  statements  of  this  corollary  obviously  follow  from  Theorem  I 
if  a  multiple  of  2r/l  is  not  contained  in  the  module  of  C(z)  or  if  a  «  0. 
However,  due  to  the  linear  independence  of  the  exponents  in  the  product 
expansion  of  r(*)  it  is  clear  that  r/l  will  be  independent  of  the  ex¬ 
ponents  that  remain  after  a  single  factor  is  removed.  But  this  factor 
is  a  periodic  function  with  no  zeros  in  the  strip  considered,  and  liCmma  1 
can  be  modified  to  cover  the  case  where  f{z)  is  of  the  form  p{z)-J{z) 
in  which  pit)  is  periodic  and  f{z)  has  the  module  M. 

MAMACHnssTTA  Institctb  or  Tbchnoloot. 


INTERREFLECTIONS  INSIDE  AN  INFINITE  CYLINDER* 

By  WauAM  F.  Wbitmoke 


Introduction 

The  first  application  of  integral  equations  to  the  problem  of  inter- 
reflections  between  luminous  surfaces  seems  to  have  been  made  by 
Yamauti/  though  he  did  not  state  the  integral  equation  itself,  but 
merely  derived  the  Fredholm  solution  for  it.  The  equation  was  ex¬ 
plicitly  stated  by  Buckley*  and  a  solution  derived  for  the  infinite  cylinder 
by  the  use  of  a  numerical  approximation  method.  Perhaps  the  most 
extended  discussion  is  that  by  Buckley,*  in  which  the  fundamental 
integral  equation  is  derived  and  solutions  are  obtained  for  various 
forms  of  uniformly  heated  enclosures— such  as  the  sphere  and  hem¬ 
isphere,  the  infinite  circular  cylinder,  the  finite  circular  cylinder,  and 
two  semi-infinite  parallel  planes.  The  last  three  are  handled  by  numer¬ 
ical  approximation  to  the  kernel  of  the  integral  equation  by  one  and  two 
term  exponential  solutions.  In  neither  of  the  two  papers  here  cited 
does  Buckley  consider  the  possibility  of  specifying  separately  the 
luminosity  and  reflection  factor  of  the  walls  of  the  enclosure  with  which 
he  is  dealing.  He  is  interested  in  suitable  sources  for  black-body  radia¬ 
tion  and  always  expresses  the  reflection  factor  in  terms  of  the  emissivity 
of  his  enclosure— the  latter  he  invariably  supposes  to  be  constant. 
This  possibility  is,  however,  considered  by  Yamauti,*  who  discusses  the 
luminosity  of  certain  types  of  translucent  cylindrical  sources,  illuminated 
from  within,  such  as  are  employed  in  architectural  lighting.  He  com- 

*  This  ia  in  substnnce  a  thesia  accepted  as  partial  fulfillment  of  the  require¬ 

ment  for  the  degree  of  Bachelor  of  Science  by  the  Maaaachuaetta  Inatitute  of 
Technology.  < 

‘  Z.  Yamauti:  Light  Flux  Distribution  of  a  System  of  Interreflecting  Surfaces, 
Journal  of  the  Optical  Society  of  America,  13,  (1926)  p.  561. 

*  H.  Buckley:  On  the  Radiation  from  the  Inside  of  a  Circular  Cylinder,  Phil¬ 
osophical  Magasine,  iv,  (1927),  p.  763. 

*  H.  Buckley:  Some  Problems  of  Interreflection,  International  Congress  on 
Illumination,  Proceedings,  1928,  pp.  888-911. 

*  Z.  Yamauti:  Citude  analytique  des  interr6flexions  dans  un  cylindre  de  lon¬ 
gueur  infinie,  Revue  G^n^rale  de  I’filectricit^,  XLII  SlO,  4  Septembre  1937, 
pp.  293-299. 


218 


INTERREFLECTIONS  INSIDE  CYLINDER 


219 


pares  certain  approximate  solutions  with  exact  solutions,  referring  to 
Buckley*  for  the  derivation  and  statement  of  the  latter. 

In  the  present  discussion  1  propose  to  state  the  integral  equation 
for  the  infinite  circular  cylinder  and  show  that  it  can  be  reduced  to  a 
second  order  differential  equation  of  a  somewhat  simple  type.  I  shall 
then  show  the  solution  for  the  cylinder  with  a  longitudinal  slit  of  differ¬ 
ent  reflection  factor  from  that  of  the  remainder  of  the  cylinder  can  be 
handled  by  using  this  equation  in  conjunction  with  the  original  integral 
equation.  I  shall  finally  give  a  brief  sketch  of  a  possible  method  of 
attack  on  the  problem  of  infinite  cylinders  of  arbitrary  cross-section — 
a  problem  that  does  not  seem  to  admit  of  any  simple  analytic  solution. 
The  particular  novelty  of  this  paper  lies  in  the  fact  that  simple  analytic 
solutions  are  obtained  for  all  the  ca.ses  considered,  in  contrast  to  the 
rather  inelegant  numerical  solutions  previously  given.  In  the  deriva¬ 
tions  I  have  proceeded  from  the  particular  to  the  general,  in  the  belief 
that  this  will  make  the  discussion  easier  to  comprehend  than  if  the  most 
general  solution  had  been  derived  at  the  start  and  the  particular  solu¬ 
tions  found  as  limiting  cases  of  the  general  case. 

The  Fundamental  Integral  Equation  for  Interreflections 

I  shall  not  attempt  to  derive  the  fundamental  integral  equation  for 
interreflections.  A  very  good  discussion  of  the  problem  is  to  be  found 
in  Prof.  Moon's  recent  book,*  on  which  the  terminology  of  this  paper 
is  based.  For  the  case  in  which  symmetry  allows  the  position  of  a 
point  to  be  expressed  in  terms  of  a  single  variable,  the  equation  is: 

L(x)  =  Lo(x) -I- p(i)  j  Liy)-Kiy,  x)-dy  (1) 

where  L(x)  is  the  actual  luminosity  at  a  point  x  after  interreflections 
have  occurred, 

Lo(x)  is  the  initial  luminosity  at  x;  i.e.,  the  luminosity  assuming 
no  interreflections, 

p(x)  is  the  reflection  factor  of  the  surface  at  x;  in  this  discussion 
all  surfaces  are  assumed  to  be  perfectly  diffusing,  obeying 
the  cosine  law  of  emission,^ 

Liy)  is  the  actual  luminosity  at  a  point  y, 

K{y,  x)  is  the  illumination  at  x  produced  by  unit  luminosity  of 
unit  area  at  y,  and  is  known,  from  physical  considerations, 
to  be  symmetric. 

*  P.  H.  Moon:  The  Scientific  Baais  of  Illuminating  Engineering  (McGraw-Hill, 
1936),  especially  p.  327  and  bibliography  on  p.  346. 

*  Ibid,  p.  256. 
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Another  relation  which  is  needed,  and  which  I  shall  also  state  without 
proof,  is  the  illumination  produced  by  a  strip  of  infinite  length  and  of 
width  d*,  which  is  at  unit  luminosity,  at  a  point  P  a  distance  r  from  the 
strip.  The  angle  between  the  direction  of  r  and  the  normal  to  the  strip 
is  denoted  by  9;  that  between  r  and  the  normal  to  the  surface  at  P  is  4. 
The  desired  relation  is:' 

(2). 

2r 

In  the  integral  equation  for  the  infinite  cylinder  of  arbitrary  cross- 
section,  this  factor  dE  will  replace  K(jf,  x) -dy.  The  use  of  this  relation 
permits  the  reduction  of  the  general  integral  equation  for  an  infinite 
cylinder  to  one  involving  a  contour  integral  around  a  cross-section  of 
the  cylinder.  It  allows  the  initial  luminosity  and  the  reflection  factor 
to  vary  along  the  cross-section,  but  requires  uniformity  in  both  length¬ 
wise  of  the  cylinder.  On  the  other  hand,  Buckley  usually  sets  up  a 
relation  for  the  flux  interchanged  between  cross-sectional  elements  and 
integrates  along  the  length  of  the  cylinder.  This  allows  him  to  handle 
cylinders  of  finite  length,  but  gives  a  kernel  which  probably  cannot  be 
handled  analytically. 

The  Complete  Circular  Cylinder 

The  figure  represents  the  cross-section  of  an  infinite  circular  cylinder. 
The  point  P  and  the  quantities  ds,  r,  9,  ^  are  those  defined  in  the  state¬ 


ment  of  equation  (2) ;  R  is  the  radius  of  the  cylinder  and  ^  the  central 
angle  between  P  and  da.  Here  —  0  —  K*"  —  ;  cos  9  cos  ^  *  8inV/2 ; 


•  Ibid,  p.  276. 
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d»  «  r*  —  2/f*(l  —  coh  r  —  2/2 •  sin  Hence  equation  (2) 
becomes: 

dE  *  J  sin  (3) 

and  the  integral  equation  for  the  infinite  circular  cylinder  is: 

L{x)  -  L*(x)  -I-  Jp(x)  jf  L(i/)*8in  h\y  —  x\-dy  (4). 

The  absolute  value  Migns  on  y  —  x  are  to  satisfy  the  physical  require¬ 
ment  that  the  kernel  of  the  equation  should  never  become  negative. 
They  may  be  avoided  by  changing  the  range  of  integration  so  that 
y  —  X  is  always  positive,  and  equation  (4)  then  becomes: 

/»+** 

L(y) -sin  J(y  -  l)-dy  (5). 

A  similar  equation  is  given  by  Yamauti,*  with  the  slight  difference  that 
it  is  expressed  in  terms  of  illumination  and  not  luminosity.  If  p  is 
constant  and  it  is  noted  that  one  must  have  L(x)  »  L(x  +  2t),  the 
differential  equation  equivalent  to  (5)  is  easily  obtained  by  differentiat¬ 
ing  twice  with  respect  to  x  and  eliminating  the  integral  term.  (Primes 
denote  derivatives  with  respect  to  x.) 

L'(x)  »  Li(x)  -  gj  L{y)- cos  J(y  -  x)*dy 

L"(x)  -  Lo(x)  ~  J  Liy) -sin  \(,y  -  x)‘dy  +  JpL(x). 

Multiplying  this  last  result  by  4,  and  adding  it  to  equation  (5),  one 
obtains  as  the  equivalent  differential  equation 

4  L"(x)  +  (1  -  p).L(x)  -  U{x)  -K  4  ^ix)  (6). 

After  I  had  obtained  this  result,  I  discovered  that  Buckley*  had 
stated  a  similar  result,  and  it  was  undoubtedly  to  this  that  Yamauti 
referred  for  his  exact  solutions  previously  mentioned. 

The  integral  equation  (5)  has  now  been  reduced  to  the  differential 
equation  (6),  under  the  supposition  that  p  is  constant  and  that  L«(x) 
has  at  least  its  first  two  derivatives.  Since  p  is  by  its  very  nature  a 
positive  (more  exactly,  non-negative)  quantity  and  always  less  than 
unity,  equation  (6)  is  equivalent  to  the  well-known  equation  for  forced 
vibrations  of  a  stretched  string,  with  the  periodic  boundary  conditions 

*  Ibid,  in  particular  p.  902. 
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L{x)  »  L(x  +  2t).  It  has  a  general  periodic  solution,  plus  a  particular 
integral  depending  on  p  and  L«(x).  However,  the  general  solution  is 
not  of  {leriod  2ir,  so  both  arbitrary  constants  must  vanish  identically 
to  satisfy  the  boundary  conditions  the  particular  integral  depends 
on  functions  of  period  2ir,  and  hence  will  satisfy  these  conditions. 
The  physical  interpretation  of  the  vanishing  of  the  general  solution  in 
this  case  is  that  this  solution  satisfies  the  homogeneou.s  equation  with 
L«  »  0,  and  its  non-vanishing  would  give  a  positive  luminosity  resulting 
from  zero  initial  luminosity  which  is  impossible. 

In  the  very  simplest  case,  with  L«(x)  a  constant,  the  solution  is  L{x)  » 

rr— ^ identical  with  the  solution  of  the  same  case  for  the  sphere.* 
(I  -  p) 

In  connection  with  this  obeerv'ation,  I  should  like  to  draw  attention 
to  the  possibility  of  extending  this  particular  .solution  to  the  case  of  any 
closed  surface  in  three  dimensions.  This  possibility  may  have  been 
noted  before,  but  I  have  not  seen  it  stated  in  print,  and  I  feel  it  is  worth¬ 
while  to  have  an  explicit  statement  and  proof  of  the  possibility.  The 
proof  depends  on  the  “unit-sphere”  principle,'*  which,  briefly  stated, 
says  that  the  illumination  produced  at  a  given  point  by  a  perfectly 
diffusing  surface  of  constant  luminosity  docs  not  depend  on  the  shape 
or  cur\'ature  of  the  surface,  but  solely  on  the  solid  angle  which  it  sub¬ 
tends  at  the  point.  Applying  this  principle  to  interreflections  inside 
any  closed  surface  in  three  dimensions,  having  a  constant  reflection 
factor  p  and  a  constant  initial  luminosity  Lq  ,  it  may  be  stated  that  the 


final  luminosity  L  will  be  given  by  L 


1 


Lo .  This  result  is  per- 


(1-p) 

fectly  general,  and  would  apply,  for  example,  to  a  cube,  as  well  as  to 
any  continuously  cur\'ed  surface. 

To  return  to  the  infinite  circular  cylinder  with  p  constant,  the  next 
Sin 

simplest  case  is  L«(x)  »  K  ^  mx.  To  solve  equation  (6)  for  this  case. 


assume  L(x)  —  A  nix.  Equation  (6)  then  becomes: 

i4(l  —  4m*  —  p)  K(l  —  4m*). 


This  gives  an  actual  luminosity  for  this  case  of 

4m*  —  1  sin 


L(x)  -  K 


4m*  —  1  -f  p  cos 


mx 


»  Ibid,  p.  330. 
>•  Ibid,  p.  294. 


(7). 
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For  m  0,  thifl  rtnlureM  to  the  Holution  for  Lt  constant,  as  it  should. 
The  practical  importance  of  this  solution  is  that  it  holds  for  the  typical 
Fourier  series  term,  and  thus  permits  handling  any  initial  luminosity 
distribution  which  can  be  developed  in  a  convergent  Fourier  expansion. 
Solutions  for  other  types  of  initial  distributions  can  be  obtained  by 
making  such  an  expansion,  or,  in  simple  cases,  by  direct  solution  of 
equation  (6). 

It  may  not  be  amiss  to  verify  the  fact  that  the  solution  for  L«(x)  »  K 
cos  nut  actually  satisfies  the  integral  equation  (5).  This  can  be  done 
by  direct  substitution,  assuming  L(x)  »  A  cos  mx. 


(A  —  K)-cos  mx 


i  P 


f: 


A  cos  my- (sin  Jy-cos  |x  —  cos  Jy-sin  Jx)-dy 


i: 


cos  my-sin  §(y  —  x)-dy 


tcos  (m  +  §)x-cos  \x  -h  sin(m  -f  i)x-sin  \x 
2m  +  1 

r-sin  §xj 


2m  +  1 

coe(m  —  })x-cos  Jx  —  8in(m  —  i)x- 


2m  -  1 


K-  A 


_  r  cos  mx  __  cos  mx  "I  _  4  cos  mx 
L2m  +1  2m  —  ij  4m*  —  1 

pA  .  4m*  -  1 


4m*  -  1  ’ 


4m*  -  1  4-  P 


K  Q.E.D. 


This  verification,  of  course,  includes  a  verification  of  the  solution  for 
Lt(x)  a  constant  (m  «  0). 


Circular  Cylinder  with  Variable  Iq  *uid  Variable  p 

For  the  sake  of  completeness,  I  shall  now  derive  the  equivalent  differ¬ 
ential  equation  for  the  infinite  circular  cylinder  for  the  general  case 
in  which  both  Lo(x)  and  p(x)  are  allowed  to  vary.  Starting  again  with 
equation  (5): 

L(x)  -  L*(x)  4-  }p(x)  /  L(y) -sin  |(y  -  x)-dy 


i 


f 


f 
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and  differentiating  twice,  one  obtains  HUCceMively 
L'(x)  -  L^iz)  -  L(y)*coe  J(j/  -  z)-dy 

L{y)  nn  \{y  ~  x)‘dy 

I"{x)  -  lX(x)  -  j  L(y)-8in  J(y  -  x)-dy 

-  L(y) -coa  |(y  -  x)-dy 

+  y  L(y)-8in  J(y  -  x)-dy  +  J  p(x)-L(x). 

If  the  integral  terma  are  eliminated  between  theae  three  equations,  the 
resulting  differential  ixiuation  is: 

4  t"(ri  -  4  L'U)  +  [,  -  +  4  -  4  m 

-  [*  +  -  'I?  -  “ 

Equation  (8)  is  written  in  a  form  which  shows  at  once  that  it  reduces 
to  equation  (6)  if  p  is  constant.  It  is  a  much  less  pleasant  equation  to 
deal  with  than  equation  (6);  and  so  far  as  I  am  aware  at  present,  it  has 
very  few  practical  applications.  I  am  therefore  confining  myself  to 
stating  the  equation,  and  shall  not  attempt  to  work  out  solutions  for  any 
particular  forms  of  p(x). 

Circular  Cylinder  with  Longitudinal  Slit  on  which  p  *  0 

A  case  of  more  practical  interest  is  that  of  the  infinite  cylinder  with  a 
longitudinal  slit  on  which  p  «■  0.  Such  a  cylinder  has  been  suggested 
as  a  source  of  black-bedy  radiation;*  and  the  problem  also  arises  in 
calculating  the  luminosity  of  a  cylindrical  light  source  fastened  to  a 
longitudinal  support.  This  discussion  forms  a  useful  preliminary  to  the 
case  in  which  the  reflection  factor  has  one  constant  value  over  a  portion 
of  the  cylinder  and  another  constant  value  over  the  remainder  of  the 
cylinder.  In  the  remaining  part  of  this  paper  the  reflection  factor  will 
be  assumed  to  vary  in  this  manner;  i.e.,  it  will  be  assumed  to  be  piece- 
wise  constant. 

The  integral  equation  for  the  infinite  circular  cylinder  with  a  longi- 
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tudinal  slit  is  equation  (4)  with  its  limits  changed  to  a  and  ff;a  <  x  <  fi, 
0  ^  —  a)  ^  2w.  To  take  advantage  of  the  inherent  symmetry  of  the 

problem,  it  is  convenient  to  write  u  "*  ^(0  —  a),  and  integrate  from 
—  w  to  +  w-  With  suitable  regard  for  the  requirement  that  the  kernel 
be  everywhere  positive,  the  equation  is: 

L(x)  -  Io(x)  \  p  j  L(y)-8in  §(x  -  y)-dy 

+  \  P  L{y) -Bin  kiy  -  x)‘dy  (9). 

Since  extra  terms  in  the  differentiation  arise  only  from  variable  limits, 
the  differential  equation  equivalent  to  equation  (9)  is  again  equation 
(6),  as  can  easily  be  verified.  Indee<l,  the  discussion  of  equation  (6) 
could  have  been  carried  through  from  the  start  with  general  limits, 
but  the  boundary  conditions  for  the  complete  cylinder  are  so  simple 
and  obvious  that  it  seemed  advisable  to  give  a  complete  discussion  of 
that  case,  avoiding  any  extra  complications  that  might  obscure  the 
method.  In  this  more  general  case,  the  differential  equation  seems  to 
be  useful  chiefly  in  suggesting  a  suitable  form  for  the  solution,  the 
arbitrary  constants  in  which  must  be  determined  by  substitution  in  the 
integral  equation  (9).  It  may  be  remarked  in  passing  that  equation  (9) 
with  variable  reflection  factor  again  reduces  to  equation  (8),  but  that 
solutions  of  (8)  are  subject  to  the  same  necessity  of  checking  in  (9). 

The  general  solution  of  equation  (6)  is: 

L(x)  “  i4-sin  kx  +  B*coe  kx  -1-  g(x)  k*  ■»  J(1  —  p)  (10) 

where  g(x)  is  the  particular  integral  depending  on  L«(x)  and  is  identical 
with  the  solutions  already  discussed  for  the  case  of  the  complete  cylinder. 
The  constants  A  and  B  are  to  be  determined  by  substitution  in  the 
integral  equation  (9).  In  order  to  save  space  in  carrying  out  this  sub¬ 
stitution,  it  is  convenient  to  introduce  a  special  notation  for  the  integrals 
which  will  be  required.  (The  symbol  denotes  the  indefinite  integral 
of  the  quantity  following  it,  with  the  arbitrary  constant  suitably 
chosen.) 

We  define: 

F*i(x)  —  j  sin  ky-Bin  ^ydy 
Fttix)  ••  j  sin  ky- COB  \ydy 


sin  (k  —  j)x  _  sin  (k  -f  i)x 

2k  -  1  ~W+~i~ 

cos  (k  —  i)x  cos  (k  -j-  i)x 
2k-  1  2ib-f- 1 


5 
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p  /  V  f'  .  •  1  .  COB  (*  —  i)x  COB  (*  +  i)x 

Fttix)  -  /  COB  Ary-Bin  kV‘dy  -  ^  ^ - - 

p  /  X  f'  .  1  .  Bin  (*  -  i)x  ,  sin  (fc  +  |)x 

F*4(x)  -  /  coB*ycoB  Jydy  -  ^  - 1- 

F»(x)  «  j  giy) '  sin  kydy 

F,(x)  -  f  giy)  -  COB  kydy 


It  will  be  obBerved  that  Fu  and  Fkt  are  odd  functions  (/(x)  -  — /(— x)); 
Fu  and  Fi»  are  even  functions  (/(x)  —  /(— x)).  If  one  puts  k*  » 
1(1  —  p),  as  in  equation  (10),  one  may  easily  verify  that 

iAp  (sin  ix-Frt(x)  -  cob  J  x-F*i(x)]  -  \Afi  ”  2k  -  l]  ** 

A  'sin  kx  (11) 

and  similarly  that 

(sin  ix-F*4(x)  —  cos  ix-F«(x)]  «■  B-coakx.  (12) 

Furthermore,  the  assumption  that 

ip  (sin  ix-Ft(x)  —  cos  Jx*F»(x)J  —  gix)  —  Lo(x)  (13) 

yields,  on  differentiating  both  sides  twice  with  respect  to  x  (and  taking 
account  of  the  terms  from  the  variable  upper  limit): 

g'(x)  -  Li(x)  -  Ip  (cos  ix-F»(x)  -  sin  Jx.F|(x)] 

g'\x)  —  L»(x)  -  -  p/8  (sin  Jx-F*(x)  —  cos  ix-Fi(x)  -  2g(x)] 


-  i(L,(x)  -  (1  -  p)g(x)] 


which  last  relation  is  identical  with  the  differential  equation  by  whicih 
g{x)  was  determined  from  L*(x),  and  therefore  justifies  our  assumption. 
As  will  be  evident  in  a  moment,  the  effect  of  these  three  relations  (11, 12, 
13)  is  to  show  that  the  terms  in  x  on  the  righthand  side  of  the  integral 
equation  (9)  will  cancel  out  those  on  the  left  when  one  substitutes 

L(x)  =■  A-sin  ibx  +  B-cob  kx  +  g(x). 

Making  this  substitution  and  writing  out  equation  (9)  in  full  in 
terms  of  the  F-f unctions,  one  obtains: 
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A  •sin  kx  4-  fl-cos  kx  +  g(z)  —  Ltix) 

*  \Ap  sin  \x  [2Fu(x)  —  Fuiw)  —  Fn{—  «)] 

—  ii4p  cos  Jx  (2F*i(x)  —  Fki{u)  —  Fki{—  w)] 
4  \Bp  sin  ix  [2Fm(x)  —  Fh{u)  —  Fm(—  w)) 

—  }  Bp  cos  Jx  [2B*i(x)  —  Fu{u)  —  Fk»{—  «)1 
4  Jp  sin  Jx  (2f’*(x)  —  F|(«)  —  F«(—  w)) 

—  Jp  cos  Jx  [2F»(x)  —  Ftiu)  —  Fi(—  w)]. 

By  reason  of  equations  (11,  12,  13),  the  terms  in  x  on  the  right  of  this 
equation  cancel  all  the  terms  on  the  left;  also  the  fact  that  Fu  and  Fm 
are  odd  can  be  used  to  eliminate  four  more  terms,  and  the  fact  that 
Fu  and  Fu  are  even  can  be  used  to  reduce  four  other  terms  to  two  terms. 
Employing  all  these  simplifications,  one  obtains: 

0  «  [2BFu{u)  4  Ftiu)  4  F|(-  w)J  cos  Jx 

-  [2AFuio>)  4  Ftiu)  4  Fti-  u)]  sin  Jx  (14) 

as  a  relation  which  must  be  satisfied  identically  in  order  to  have  relation 
(10)  satisfy  the  integral  equation  (9).  Since  the  sine  and  cosine  are 
linearly  independent,  the  only  way  in  which  (14)  can  be  satisfied  iden¬ 
tically  is  to  have  the  coefficients  vanish  separately.  We  now  have 
A  and  B  defined  in  terms  of  known  functions  and  their  integrals,  and 
all  that  remains  is  to  evaluate  Ft  and  Ft  in  terms  of  the  correct  gix) 
for  the  given  L«(x). 

In  particular,  suppose  that  Ltix)  «■  L.  sin  mx  4  cos  mx,  then 


4m*  -  1 
4m*  -  1  4  P 


(L,  sin  mx  4  cos  mx)  and 


4m*  -  1 
4m*  -  1  4  P 

4m*  -  1 
4m»  -  1  4  P 


[LJ'M  4  L,FM] 


(L^^(x)  4  L^-.(x)l. 


These  are,  of  course,  the  same  F-f unctions  as  before,  with  m  replacing 
k  as  the  parameter.  Substituting  these  relations  in  (14),  using  the 
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even  and  odd  properties  of  the  f-functions,  and  equating  the  coefficients 
to  aero,  one  obtains: 

A  _ _ 4m*  —  1  Fma(u)  j 

4m*  —  1  +  p  Fu(u) 


B  •  - 


pL,  2m  •  cos  m<>)‘ cos  iw  +  sin  mw- singed 

4m*  —  1  -f  p  2ib'C08  Ikd'coe  ^  +  sin  ku-ian  ^ 

4m*  —  1  Faa((d)  . 

4m*  -  1  +  p  FM 

pLt  cos  mcd'cos  +  2m*sin  mw'sin  ioi 
4m*  —  1  +  p  cos  Jktf'cos  ^  4-  2k-s\n  ku'tan 


(15) 


(16) 


as  the  explicit  form  of  the  constants  A  and  B  for  an  initial  luminosity 
distribution  which  is  a  typical  Fourier  series  term.  Since  m  is  always 
taken  to  be  an  integer,  these  constants  both  vanish  identically  for 
w  »  t;  and  the  solution  reduces  to  g(x),  the  solution  for  the  complete 
cylinder.  The  solution  for  constant  initial  luminosity  is  obtained  by 
putting  m  ~  0,  in  which  case  A  vanishes  identically.  An  interesting 
feature  of  these  equations  is  that  a  sine  or  cosine  term  in  the  actual 
luminosity  arises  only  if  a  sine  or  cosine  term  is  present  in  the  initial 
luminosity,  verifying  the  natural  expectation  that  a  symmetric  original 
distribution  should  lead  to  a  symmetric  actual  distribution.  For  the 
slit  (x  >  w),  both  the  reflection  factor  and  initial  luminosity  are  zero; 
therefore  the  actual  luminosity  of  the  slit  is  lero,  as  it  should  be.  Inci¬ 
dentally,  those  acquainted  with  the  theory  of  differential  equations 
will  realiie  that  the  extreme  simplicity  of  the  solutions  for  sin  mx  or 
cos  mx  is  due  to  the  fact  that  these  are  the  proper  eigenfunctions  for  the 
differential  equation  (6). 

To  recapitulate:  For  an  infinite  circular  cylinder  of  reflection  factor  p, 
with  a  longitudinal  slit  of  width  2u  on  which  the  reflection  factor  is 
lero,  and  having  an  initial  luminosity  given  by  Lo  L,  sin  mx  A-  Le  cos 
mx,  the  final  luminosity  is 

*  1 

L(x)  “  A  -sin  ki  A-  B-cos  kx  -|- ;; — ; — r— ; —  (L,  sin  mx  -|-  L,  cos  mx)  (17) 

4m*  —  1  -h  p 

where  ik*  —  J(1  —  p)  *^nd  A  and  B  are  determined  by  equations  (15) 
and  (16). 


/ 


Circular  Cylinder  with  piecewise  constant  p 

Suppose  that  one  is  given  an  infinite  circular  cylinder  with  p  ~  pi 
over  —u  <  X  <  w,  which  will  be  referred  to  as  interval  (a),  and  that 
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0 


p  —  Pi  over  w  ^  z  ^  2r  —  w  (interval  (b)).  Equation  (9)  is  now  re¬ 
placed  by  two  integral  equations,  one  for  z  in  (a)  and  the  other  for 
z  in  (b). 


L(z)  -  L,(z)  +  ^  Ky)  -sin  \{x  -  y)  dy 
+  j  L(y) -sin  J(y  -  z)  dyj 
+  L(y)-8in  |(y  -  z)*dy 

L(z)  -  Lo(z)  +  I  y  L(y)*8in  i(z  -  y)-dy 

+  2[/  J(x  -  y)  </y 

+  j  L(y)  -8in  i(y  -  z)-dyj 


(18) 


(19). 


Equation  (18)  holds  for  interval  (a);  equation  (19)  for  interval  (b). 
Naturally,  there  are  also  two  different  solutions  for  L(z)  corresponding 
to  these  two  intervals: 


(a)  L(z)  —  il-sin  l;z  -|-  B-cos  kx  +  yi(z)  fc*  —  J(1  —  Pi)  (20) 

(b)  L(z)  —  C-sin  hx  +  D-cos  hx  -f-  yt(a:)  h*  «  i(l  --  Pi)  (21) 


Incidentally,  it  is  obvious  that  if  pi  »  0,  equation  (19)  drops  out,  as 
does  (21);  and  (18)  and  (20)  reduce  to  the  equation  and  solution  con¬ 
sidered  in  the  preceding  section.  It  is  also  evident  that  if  the  correct 
L(z)  for  the  interval  over  which  one  is  integrating  in  (18)  and  (19)  is 
substituted  in  these  equations,  the  terms  in  z  on  the  right  again  cancel 
those  on  the  left,  and  one  is  left  with  two  equations  similar  to  (14), 
but  with  added  terms  from  the  extra  integral  in  each  equation.  We 
consider  as  before  L«(z)  «•  L,  sin  mz  +  cos  mx  and  obtain  yt(z)  « 

r,Z,(i)  with  ».(*)  -  iMx)  with  7.  -  4^117+,, : 

also  let  Fu  be  the  for  yi ,  and  similarly  for  the  functions  Fn  ,  Fu  ,  Fn  . 

By  an  obvious  extension  of  the  methods  of  the  preceding  section  we 
obtain  two  algebraic  equations  from  (18)  and  (19). 

0  «  2  [BFuiu)  +  yiL^F^iu)]  cos  Jz 


—  2  [v4Fm(w)  +  7iB*F,»t(w)]  sin  ^z 


I 
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+  ^  C  IF*i(2t  -  u)  -  F*i(«)l  cos  Jz 
Pi 

—  -  C  (F**(2t  —  «)  —  Fu(w)]  sin  Jz 

Pi 

—  D  [F u(2ir  —  w)  —  F *•(<•>)]  cos  §z 
Pi 


—  -  D  lF*4(2ir  —  «)  —  Fkiiu)]  sin  \x 
Pi 

+  ^  lF»(2r  -  «)  -  F»(w))  cos  §z 
Pi 

.  -  -  IF»(2ir  -  «)  -  Fh(w)1  sin  \x 
Pi 

0  "  ^C(F*i(2t  —  w)  +  F*i(a)))co8  Jz 
Pi 

-  ^C(Fu(2t  -  w)  +  F*,(«)l  sin  \x 
Pi 

+  -  Z)(F*i(2ir  —  «)  +  F*a(«)l  cos  iz 
Pi 

-  -Z)IF*4(2t  -  «)  +  F*4(w)1  sin  \x 
Pi 

+  —  (F*»(2t  —  «)  +  Fm(ci>)]  cos  §z  —  ^  [Fm(2«’  —  w)  4"  Fn(w)]  sin  |z 
Pi  Pi 

-  2[AFti(<tf)  +  Yi^'fFwiCw)]  cos  |z  +  2[fiFM(a))  +  7iL«F«4(w)]  sin  |z 

Using  the  explicit  expressions  for  Fn  and  Fj«  in  terms  of  FM-functions 
(cf.  bottom  of  p.  10)  and  the  fact  that  if  m  is  an  integer  F«i(2t  —  «)  «■ 
4-F«i(w);  F»*(2t  —  w)  *  —Fmiifa)',  F^{2t  —  w)  «  —  F«i(ci»);  Fm* 
(2t  —  w)  >b  +FM4((d)  (if  the  parameter  is  not  an  integer,  there  exists 
no  simple  relation  between  these  functions),  one  obtains  four  simul¬ 
taneous  equations  for  the  four  coefficients  A,  B,  C,  D  on  equating  the 
coefficients  of  cos  ^z  and  sin  ^z  to  zero  in  each  of  the  two  equations. 
These  four  equations  are: 

PiC(Fm(2t  —  w)  -h  F*i(w)]  -1-  p»D  [Fu(2t  —  «)  4-  F«(w)] 

—  2p]4Fti(fa>)  *  2(pi7i  —  ps7t)f^«Fmi(w) 
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PiC(F*i(2»’  —  m)  —  Fu(w)  +  piD[Fu(2t  —  «)  —  Fu(w)] 

+  2piB  F m(w)  "  2(pi  7i  —  Pi  f  miCw) 

RtC[FhM{2w  —  «)  -f-  Fu(w)]  +  piD[Fm(2t  —  «)  +  Fm(w)] 

—  2pi  BF m(w)  ”  2(pi  7i  —  pt  yt)L,  F im(w) 
PiC(F**(2ir  —  <i>)  —  Fu(w)]  +  Pii)IF»4(2ir  —  w)  —  Fm(w)] 

+  2i>iAFia{u)  “  2(pi7i  —  piyi)L,Fma(ia) 

which  can  be  solved  uniquely  for  the  coefficients,  since  the  matrix  of  the 
coefficients  of  A,  B,  C,  D  does  not  vanish.  The  actual  details  of  the 
solution  are  somewhat  tedious  and  the  explicit  expressions  for  A,  B,C,D 
are  of  no  particular  theoretical  interest,  so  I  shall  leave  them  in  the 
implicit  form  of  the  four  simultaneous  equations.  This  method  can,  of 
course,  be  immediately  extended  to  the  case  of  n  sUts  with  different 
reflection  factors,  providing  one  is  willing  to  set  up  and  solve  the  cor¬ 
responding  2n  simultaneous  linear  equations  for  the  2n  coefficients 
of  the  expressions  for  the  actual  luminosity. 

Remarks  on  the  Cylinder  of  Arbitrary  Cross-section 

My  first  idea  on  considering  the  cylinder  of  arbitrary  cross-section 
was  to  try  to  apply  the  theory  of  conformal  mapping  by  means  of  com¬ 
plex  functions,  in  combination  with  some  modification  of  the  unit- 
sphere  principle.”  However,  after  several  fruitless  attempts,  I  was 
forced  to  conclude  that  the  problem  was  not  of  such  a  nature  as  to  per¬ 
mit  this;  and  Profs.  Philip  Franklin  and  W.  T.  Martin  of  the  M.  I.  T. 

.  Department  of  Mathematics,  with  whom  I  discussed  the  matter,  agreed 
with  this  conclusion.  It  may  be  that  the  reasons  for  this  situation  are 
analogous  to  those  which  make  the  application  of  .vector  analysis  to 
illumination  so  unsatisfactory;  if  so,  its  final  solution  will  probably  have 
to  await  the  formulation  of  a  satisfactory  theory  of  the  illumination 
field. 

Another  approach  would  be  to  express  the  cross-section  in  terms  of  its 
intrinsic  or  natural  variables — arc  length  and  curvature" — ,  take  arc 
length  as  the  independent  variable,  and  express  the  quantities  in  equa¬ 
tion  (2)  in  terms  of  a  double  Fourier  series  in  «t  and  «i  taken  as  any  two 
points  on  the  cross-section  (since  the  actual  length  of  the  curve  is  im¬ 
material,  it  may  be  taken  as  2r).  One  could  then  take  the  initial  and 

“  W.  C.  Graufltein:  DifTerential  CSeometry  (Macmiilsn,  1935)  or  any  similar 
work. 
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actual  luminosity  as  sinftle  Fourier  series  in  «i  and  Sj  respectively  and 
approximate  to  the  actual  values  by  a  suitable  number  of  terms.  The 
orthogonality  properties  of  sin  mx  and  cos  mx  could  be  used  to  reduce 
the  integral  equation  to  a  set  of  linear  simultaneous  equations  for  the 
coefficients  of  the  terms  approximating  to  the  actual  luminosity  in  terms 
of  the  approximating  terms  for  the  initial  luminosity  and  the  kernel. 

Finally,  one  could  return  to  Buckley’s  method  of  numerical  ap¬ 
proximation  to  the  kernel  by  means  of  exponential  terms.  Either  of 
these  last  two  methods  would  require  a  fair  amount  of  computing  labor 
and  cannot  be  counted  on  to  furnish  very  general  results;  but  I  cannot 
see  much  hope  of  getting  analytic  results  for  any  cases  of  much  greater 
generality  than  those  I  have  here  considered,  until  further  results  are 
available  from  the  theory  of  integral  equations. 
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Bt  NoBaavr  Wiaaaa  and  AuaaL  WiNraaa 

m 

Let  0  <  a  <  1.  Then  La(tt)  —  JJ  cos  (a*u)  is  convergent  for  —  oo 

<  u  <  +  00 .  It  u  known  that  L,{u)  is  the  Fourier-Stieitjee  transform 
of  a  symmetric  Bernoulli  convolution  o,  —  <r,(x),  —  oo  <  x  <  +  * ; 
that  the  distribution  function  a«(x)  has  no  discontinuities  and  is  con¬ 
stant  for  1 X  I  >  o/(l  —  o),  but  not  for  |  x  |  >  — «  +  o/(l  —  a);  that 
N.(x)  is  either  nowhere  or  almost  everywhere  constant  on  the  interval 
I X  I  ^  a/(l  —  a)  according  as  a  >  ^  or  a  <  It  is  not  known  whether 
<r.(x)  is  absolutely  continuous  for  every  o  >  }.  All  that  is  clear  is  that 
9a(x)  is  absolutely  continuous  for  a  »  (r  »  1,  2,  •  •  •  )>  &nd  that  it 
acquires  derivatives  of  arbitrarily  high  order  as  r  — »  +  « .  This  follows 
from  the  multiplication  rule  of  Fourier-Stieltjes  transforms,  since  L|(u) 
is  Vieta’s  product  for  sin  u/u,  which  is  0(  |  u  [  “')  as  u  — »  d: « . 

Thus  Nj(x)  is  linear  (—  §x  +  i)  on  its  range  |  *  |  <  1  —  o/(l  —  a). 
Let  a  <  i.  Then*  a,(x)  is  of  the  Cantor  type,  cr,(x)  being  constant  on 
a  dense  set  of  subintervals  of  |  x  |  <  a/(l  —  a).  In  particular,  fft(x) 
is  the  classical  Cantor  function  on  |  x  |  <  2.  Kershner*  has  shown  that, 
while  the  Fourier-Stieltjes  transform  L,(u)  does  not  tend  to  0  if  a  « 
1/g,  where  g  »  3,  4,  5,  •  •  •  ,  we  have  L,(u)  -  0([log  |  u  1 1“*),  if  a  is  a 
rational  number  p/g,  not  the  reciprocal  of  an  integer,  while  b  is  a  positive 
function  of  p  and  g.  Nothing  is  known  about  La(u)  if  a  is  irrational. 
On  the  other  hand,  as  a  4  —  0,  the  singular  function  (r.(x)  tends  to  the 
linear  function  ffi(x). 

We  shall  show  in  $1  that,  no  matter  what  the  arithmetical  structure 
of  a  may  be,  we  shall  have  for  every  fixed  a  <  ^ 

^  -  0^1  tt  (tt  -»  «). 

Thus  the  possible  irregularities  are  smoothed  out  by  averaging  with 
respect  to  a. 

Upon  choosing  a  sufficiently  near  to  it  follows  that  there  exists  for 

>  R.  Kershner  and  A.  Wintner,  Amer.  Joum.  Math.  67  (1M6),  641-648. 

*  R.  Kerahner,  Amer.  Joum.  Math.  68  (1086),  460-462. 
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every  «  >  0  a  continuous  distribution  function  which  is  constant  almost 
ever3rwhere  and  has  a  Fourier-Stieitjes  transform  which  is  0(  |  u  | 
on  the  average.  Combining  this  with  a  device  applied  recently  by  the 
authors,'  it  follows  that  there  exists  for  every  «  >  0  a  monotone  function 
/(z),  defined  over  the  range  —w  <  z  ^  of  the  Cantor  type,  and 
with  Fourier-Stieitjes  constants  Cn  such  that  e.  0(n~^.  The 
functions  of  the  previous  paper,  while  singular,  are  not  of  the  Cantor 
tjrpe,  since  they  are  not  almost  everywhere  constant. 

In  |2,  we  shall  apply  the  method  of  |1  to  the  weakly  convergent 
products  J^(l  4-  cos  q»z),  instead  of  to  the  Fourier-Stieitjes  transforms 
J][  cos  (a"u).  We  shall  suppose  for  the  sake  of  simplicity  that  the 
are  positive  integers.  It  is  known'  that  if  q»j^i/q»  >  X  holds  for  a  fixed 
X  >  3, 

v>.(z)  -  -z  -f  /  n  (1  +  cos  7.y)  dy 

tends  as  m  — »  00  to  a  singular  function  ^(z)  «  ^z  +  2ir).  We  shall 
show  that  in  order  to  assure  the  existence  of  a  limit  function  ^(z)  which 
shall  be  continuous,  of  bounded  variation,  but  not  absolutely  continuous, 
we  may  replace  X  >  3  by  X  >  2. 

Corresponding  to  the  fact  that  L,{u)  becomes  absolutely  continuous 
for  a  «  it  is  to  be  expected  that  the  result  X  >  2  is  the  best  possible 
of  its  kind,  so  that  X  —  2  is  not  admissible.  This  is  actually  the  case. 
In  fact,  we  shall  verify  in  {3  that  if  7.  >•  2”,  ^(z)  exists  but  is  discon¬ 
tinuous. 

In  (4,  we  shall  point  out  a  parallelism  between  the  results  of  §$2 
and  3  and  a  celebrated  Oegenbeispiel  of  Bohr.'  Bohr’s  Oegenbeispiel 
is  defined  by  a  recursion  formula  tantamount  to  an  infinite  convolution, 
and  hence  its  Fourier  transform  is  defined  by  an  infinite  product,  of 
which  we  can  give  the  factors  explicitly.  This  will  be  a  weakly  con¬ 
vergent  infinite  product  not  unlike  those  which  we  have  discussed  in  the 
last  two  paragraphs.  , 

(5  is  devoted  to  the  filling  in  of  a  lacuna  in  Wiener’s  general  theory  of 
spectral  functions.*  According  to  this  theory,  every  autocorrelation 
of  a  function  possessed  of  a  spectrum,  upon  suitable  choice  of  units, 

*  N.  Wiener  and  A.  Wintner,  Amer.  Joum.  Math.  60  (1938),  513-683. 

*  Cf.  p.  130  and  p.  294  of  A.  Zygmund’a  Trigonometrical  Series  (1936),  where 
further  references  are  given. 

•  H.  Bohr,  AcU  Math.  46  (1926),  113-117. 

•  N.  Wiener,  Acta  Math.  66  (1981),  117-268,  Chap.  II. 
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is  the  Fourier-Stieltjee  transform  of  a  distribution  function.  It  is  quite 
obvious  that  if  a  distribution  function  is  absolutely  continuous,  or  if  it  is 
purely  discontinuous,  it  may  be  obtained  as  the  function  of  which  some 
autocorrelation  is  the  Fourier-Stieltjes  transform.  Up  to  the  present, 
the  only  published  example  of  an  autocorrelation  with  singular  Fourier- 
Stieltjes  transform  is  one  given  by  Mahler/  We  shall  show  in  this 
paragraph  that  the  problem  has  nothing  to  do  with  the  structure  of 
particular  singular  distribution  functions,  since  every  given  distribution 
function  belongs  to  the  spectrum  analysis  of  the  autocorrelation  of  a 
suitable  chosen  function.  In  this  sense,  the  result  of  (5  is  that  Wiener’s 
theory  of  spectrum  analysis  is  identical  with  the  theory  of  the  Fourier- 
Stieltjes  transforms  of  distribution  functions.  The  proof  will  be  based 
on  a  diagonal  process  which  is  made  possible  by  the  continuity  theorem 
of  P.  L<vy.* 

Finally,  while  the  result  of  |5  makes  the  exhibition  of  specific  singular 
spectra  superfluous  from  the  point  of  view  of  existence  proofs,  we  shall 
nevertheless  devote  |6  to  the  construction  of  one  special  example,  with 
a  theory  simpler  than  that  of  Mahler,  and  closely  allied  to  the  theory  of 
infinite  convolutions. 


$1.  Let  0  <  a  <  }  and  u  >  0.  Then  if  L«(u)  »  JJ  cos  (a*u),  we 
have  for  every  n, 

j["  lL.(p)l*dr  ^  /■[n  cos  (o*p)J*  dv 


Hence 


+  e 


dv. 


(!%(»)]* dp  ^  2  *"  I  ^  exp  {i(±o  ±  a*  db  •  •  •  ±  o")pjl*dp. 

Now  write  the  integrand  |  ^  |  *  “  rr  as  a  linear  combination  of 
terms  e^,  and  count  the  number  of  terms  which  belong  to  the  same 

frequency  6.  Let  us  notice  that  ^  ; -  «  a*  - - >  o*.  On 

*+i  1  —  a  1— a 


’  K.  Mahler,  Joum.  Math.  Phys.  Mass.  Inst.  Technology  6  (1937), 
•  P.  Uvy.  C.  R.  175  (1922).  854-866. 
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integrating  between  v  0  and  a  »  it,  we  obtain  from  t*’  the  divisor  h 
or  the  factor  u  according  as  b  ^  0  or  b  »  0.  Thus  it  is  clear  that 

This  may  be  written  ae 

Now  let  ufl  again  make  use  of  the  assumption  that  a  <  ).  We  have 

m 

2^  (2a)*  <  -f  00 ,  and  thus 


dp  <  const. 


for  every  u  >  1  and  n  >  1.  Choose  n 
if  we  let  M  — »  00,  it  follows  that 


for  every  u. 


Then 


/"  /  /  »o««o\ 

lL,(v)J*dv  -  Ofu^j  + 

for  every  fixed  o  <  However,  L,(u)  —  L.(— u),  so  that 

i  -  o(usnr.y 

as  we  have  stated  in  the  introduction. 

Apparently  O  cannot  be  replaced  by  o.  Actually  ^  precisely* 

the  Lipschits  exponent  of  the  distribution  function  <r.(x)  whose  Fourier- 
Stieltjes  transform  is  La(u). 


{2.  Let  9i ,  *  ■  *  ,  9i> ,  ■  *  *  be  a  sequence  of  positive  integers.  Put 

ifinix)  -  -X  +  /  n  (1  +  cos  dy, 

J» 

so  that  ^.(x)  is  a  trigonometrical  polynomial  and  ^.(x)  +  x  a  strictly 
increasing  function  for  —  oo  <  x  <  «.  Clearly, 

^*+i(x)  -  ifinix)  »  /  icosqn+ty)  n  (1  +  cos  9*1/)  dy. 

Jo  t-1 

*  F.  Hsuadorff,  Math.  Annalen  79  (1918),  1S7-179;  cf.  R.  Kershner  and  A.  Wint* 
nrr,  loc.  cit.  1. 


ON  SINGULAR  DISTRIBUTIONS 


237 


Now  Buppofle  that  q%+i/q»  >  X  for  some  fixed  X  >  2.  Then 


n  (1  +  co«  qhV)  ~  T.  Pi  COB  r^y, 

k-t  i-\ 


where  m  and  ry  are  non-negative  integers  and  the  py  are  non-negative 
numbers  which  depend  on  n  in  such  a  way  that 

1 

„  7*  s  q»*i  - 

•I 


Z  -  2"  and  ry  ^  ^  q^^i  - - 

i-i  X  —  1 


1/(X  —  1)  being  obtained  by  using  the  geometrical  progression  as  major- 
ant.  Thus, 

I  iPn+lix)  -  iPnix)  I  <  const.  ^  - , 

i-l  q»+l  —  fy 

where  const,  is  independent  of  x  and  n.  Furthermore,  it  is  clear  that 

Z  <  conrt  Z  Pi  <  con.t 

i-l  qm+l  —  ry  *-1  q^i  \X/ 

It  follows,  therefore,  from  X  >  2  that  21  ]  ^n+i{x)  —  ^„(x)  |  is  majorised 
by  a  fixed  convergent  geometrical  progression;  so  that,  as  n  — »  » ,  ^.(x) 
tends  uniformly  to  a  limit  function  ^(x). 

This  continuous  ^(x)  has  the  period  2t  and  is  of  bounded  variation. 
In  fact,  since  every  ^.(x)  -f  x  is  continuous  and  monotone,  while  every 
<Pn(.x)  has  the  period  2r,  these  properties  carry  over  in  the  limit.  Finally, 
^(x)  cannot  be  absolutely  continuous  over  —  r  <  x  <  t.  If  it  were, 
by  the  Riemann-I.cbesgue  lemma,  its  Fourier-Stieltjes  coefficients 
would  tend  to  0.  Actually, 


lim  /  ( 

n^m  /— • 


’difinix) 


for  every  k,  while  obviously 

^  d^,(x)  >  1- 

whenever  k  is  &  q/ ,  for  all  large  enough  values  of  n. 


(3.  The  assumption  that  the  X  of  the  inequality  q^i/q,  >  X  is  greater 
than  2  can  not  be  replaced  by  the  milder  assumption  X  >  2  —  nor 
even  by  X  >  2.  As  a  Gegenbeispiel,  let  9,  —  2"“‘.  Then,  by  complete 
induction,  we  may  show  that 


! 
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Thus,  since  /  dy  —  it  may  be  proved  (as  in  the  Fej^r  theorem 

Jo  ir  2 

of  which,  in  fact,  this  is  a  special  case)  that 

4(x)  -  Iim^.(x)  -  -X  +  lim  /  fl  (1  +  coeg*y)dy 

n—m  n—m  JO  *-I 

-  -*  +  i™  i  dy.-x+„^z  (mod  M. 

The  function  ^(x)  -f  x  is  monotone,  but  is  not  continuous. 

(4.  Bohr”  defines  a  ‘'periodenartig”  function  as  one  which  is  con¬ 
nected  with  a  positive  absolute  constant  c  in  such  a  way  that  if  •  is  any 
positive  number,  there  exists  a  translation  number  r(«)  pertaining  to  « 
and  exceeding  e.  He  gives  an  example  to  show  that  such  a  function 
need  not  be  almost  periodic  in  bis  uniform  sense.  We  shall  show  that 
his  example  is  the  Fourier-Stieltjes  transform  of  a  continuous  but  not 
absolutely  continuous  monotone  fimction. 

Bohr  defines  his  example  by  the  following  recursion  process:  let 
ri ,  rt ,  •  •  •  be  a  sequence  of  numbers  such  that 


T,  >  2((n  —  -f'(n  —  2)r,_i  +•••*+•  2ti  -f-  1);  rt  >  2. 


Put 


/l  -  |x|  for  -1  X  ^  1; 
for|x|>l; 

fn-lix  -f  mrn)  +  /— l(x) 


/.(X)  -  Z  ”  - 


im-ii-l  n 


-f  Z  - -fn-\ix  -  mrn). 

z:rin 


Then  the  desired  function  is 

fix)  -  lim/«(x), 

which  exi.sts  uniformly  on  every  finite  interval. 


**  H.  Bohr,  loc.  cit.  5. 
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For  simplicity,  we  shall  assume  that  the  numbers  ri ,  u,  •  •  •  are  in¬ 
tegers.  I>et  us  notice  that  if  ^.(u)  is  the  Fourier  transform  of  /.(x), 


f  \  ,  /2  1  —  cos  M 


^(tt)  -  ^,-1(11) 


.  t  wnr. 
-2 

nsint’^J- 


Thus 


.  I  dbr* 
sin 

—  cos  tt  tt  2 


ur* 


^  S 


it  sin* 


The  sum  of  the  Fourier  coefficients  of  A/  ^  which  are  all  real 

y  2 1  -  cos  11 ' 

and  non-negative,  will  be 


n(i 

*-*  \ 


,  ^  2(fc  -  1)  ^  2(t  -  2)  ^  ,2 

\  k  ^  k 


)  - 


On  the  other  hand,  the  coefficient  of  e’*""*  (Jfc  <  n)  will  be  (n  —  m)/n. 
I^et  us  put 


cos  V 


dv. 


We  shall  then  have 


*..,(u)  -  *.(u)  -  r  */l  ."’‘’'il'.Cii 

Jn  f  2  1  —  COP  V  \n— 1  n  / 


The  recursive  inequality  between  the  t.'s  makes  it  clear  that  no  term 
of  this  expression  has  a  frequency  less  in  absolute  value  than  t,/2. 
Since 

r.  >  2-'(n  -  l)f 

it  follows  that 


1 4>n+i{u)  -  ^,(u)  I  <  const.  <  const.  n*2  " 


240  NORBERT  WIENER  AND  AUREL  WINTNER 

This  establiflheti  the  exietence  of 

^(u)  -  lim  ^,(u) 

as  a  uniform  limit  over  —  «  <  u  <  «.  The  relations  between  the 
r.’s  also  imply  that  over  the  range  of  frequencies  between  —  r.  and  r.  , 
the  Fourier  coefficients  of  ^.(u)  are  the  same  as  those  of  ^(u).  Thus  the 
average  of  the  coefficients  of  ^(u)  over  this  range  is  not  greater  than 

n!  n 

2-(n  -  1)1  “ 

and  the  average  of  the  coefficients  over  the  infinite  range  can  readily  be 
shown  to  be  0.  Consequently  f  (u)  is  a  continuous  monotone  function. 
Finally,  this  function  cannot  be  absolutely  continuous,  since  its  Fourier 
coefficients  are  not  o(l/n).  This  reasoning  follows  the  lines  laid  down 
in  (2. 

By  the  definition  of 

/,(z)  -  J  du. 

Hence,  by  the  definition  of  ^i»(u), 

/  /  \  ^  f  ^  "  COfl  14  —in#  1 1  /  \ 

■  2 }-.  u»  * 

It  follows  from  the  continuity  theorem  of  L^vy  that 

/W  -  5  jT  * 

If  then  we  put 

♦*'!>  ■  /. ' 

it  Lb  easy  to  show  that  <fr(u)  is  monotone  and  continuous,  but  not  abso¬ 
lutely  continuous.  We  shall  have 

as  stated  in  the  introduction. 


ON  SINGULAR  DISTRIBUTIONS 


241 


|5.  One  of  the  authora"  hae  introduced  the  following  theory  of  the 
spectrum  as  it  occurs  in  optics:  let  f{t)  be  a  measurable  fimction  dehned 
over  the  interval  —  «  <  <  <  « ,  and  let 

Fit)  -  hm^J^  fit  +  x)fi*)  dx 

exist  for  every  t,  and  be  a  continuous  function  of  t.  Then  we  shall  have 
Fit)  -  J"e'‘-da(u), 

where  ff(u)  is  a  monotone  bounded  function.  This  function  ^(u)  is 
called  the  spectrum  of  /(I).  The  question  at  issue  is:  what  functions 
#(u)  are  spectra  of  suitable  functions  fit)?  We  shall  prove  that  every 
bounded  non-increasing  function  is  such  a  (r(u). 

First,  if  ff(u)  is  the  step-function  increasing  by  at  the  N  points  u.  , 
respectively,  we  can  put 

/(I)  -  ZoU'-. 

1 

If  r(u)  is  any  bounded  non-increasing  function,  which  can  be  thought 
of  as  normalised  by  putting  a  (—  w)  >■  0,  «(<»)  1,  let  us  write 

ff.U)  -  -  (n<r(u)l. 

e  n 

This  function  Oniu)  is  again  monotone,  lies  between  0  and  1,  and  is  in 
addition  a  step-function.  Thus  there  exists  a  function  /.(I)  which  has 
ff»(u)  as  its  spectrum.  Since  /.(I)  is  almost  periodic,  there  will  then 
exist  a  quantity  A.  >  0  such  that  if  fi.  >  An ,  for  all  t 

2^  ~  ^  0/»(x)  dx  <  2“". 

Now  let 

fit)  -  fnit)  for  n  U*  +  i)  ^  |<|  <  fl  U*  -b  k) 

1  1 

and  let 

Fnit)  “  ^ 

“  Cf.,  e.g.,  Gdttinger  Nschrirhten,  1025,  151-158;  loc.  cit.  0. 
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It  is  then  an  elementary  result  that 

Fit)  -  Urn  ^  f  0/(x)</x 

exists  for  every  value  of  i,  and  is  equal  to 

lim  F,it)  ai  Urn  f  e**'‘d9n{u). 

Since,  by  the  deBnition  of  a,  ,  a,  — »  a  as  n  — ♦  » ,  we  have 
F{t)  - 

by  the  L4vy  continuity  theorem.  This  implies  that  F{t)  is  continuous. 
This  completes  the  proof. 

|6.  In  this  section,  we  shall  give  an  example  of  a  function  /(<)  with  a 
spectrum  of  the  Cantor  type.  From  the  point  of  view  of  existence, 
this  adds  nothing  to  what  has  been  proved  in  the  last  section,  but  the 
example  is  interesting  on  its  own  merits.  In  this  example,  we  shall 
give  in  the  first  instance  an  array  a,  with  a  spectrum  of  this  sort.  From 
the  array  theory,  it  is  easy  to  derive  a  function  /(<)  with  a  spectrum  of 
the  desired  type,  by  putting 

/(O  -  0(0  . 

An  array  a,(— »  <n<  oo)i8  said”  to  have  a  spectrum  if 

1  " 

bn  -  lim  sTrn-f 

exists  for  every  integer  n,  positive,  negative,  or  *ero.  The  spectrum 
will  be  given  by  the  function 

'  a(u)  -  60U  +  S'  — » 

— •  tn 

which  will  be  of  limited  total  variation  over  every  finite  interval.  In 
our  case,  we  shall  put 


**  N.  Wiener,  Journ.  Math.  Phys.  Maw.  Inat.  Technology  6  (1927),  146-157. 
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We  shall  show  that  (a.)  has  a  spectrum  ^(u)  which  is  continuous,  and 
increases  only  over  the  set  of  points  S  given  by  the  values  of 

where  oi  »  :kl,  oi  »  ±1,  •  •  • ,  a,  »  ±1,  •  •  • . 

As  this  set  is  of  the  Cantor  type  and  of  sero  measure,  the  desired  result 
follows. 

Not  only  does  the  product  by  which  a.  is  defined  converge,  but  since 
y/2  sin  -f  -  1  +  O(n/i»0, 

we  have 

|a,l  ^  n  2*  n  (1  +  O(n/r0)  -  0(1)  11  2*  -  expo(;^t^Y 

»!<»  »l<i»  \lOg  log  n/ 

Let  US  put 


The  frequencies  of  this  expression  are  the  numbers 


where  each  a,  is  ±1,  and  the  ooeflScient  of  exp  in)  is 


2^2  ’ 

if  Ml  corresponds  to  the  sequence  at ,  •  •  •  ,  a m-i  ,  am  ,  and  mi  to  the 
sequence  at ,  •  •  •  ,  a  m-i  ,  —am  ,  while  mi  corresponds  to  the  sequence 
<*1 1  •  •  •  »  a  m-\ ,  we  have 

Attn  +  Attn  “  Att-i^f 

Furthermore,  the  interval  contains  no  other  .  Thus 

the  sum  of  the  Auti  corresponding  to  the  Bm^’s  in  the  interval  (  — z) 


I 
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contaiiM  not  more  than  one  term  of  absolute  value  2  \  not  more  than 
one  of  absolute  value  2~*,  and  so  on;  or  in  other  words  can  not  exceed 
(1  -  a-*)-‘  in  modulus.  An  argument  of  exactly  the  same  type  will 
show  that  if  we  consider  the  interval  (x,  y),  where 


I*-"'  + 


the  sum  of  the  Amu’s  corresponding  to  the  in  this  interval  can 
not  exceed 


2* 

2rzi 


in  modulus. 

Let  it  be  noted  that  this  bound  does  not  depend  on  M.  Let  it  also 
be  noted  that  for  all  points  x  in  any  interval  between  intervals  of  the 
form 


+  —  ±  E  - 

^  Afl  hipV 


the  sum  of  the  corresponding  to  Bm^b  in  the  interval  x) 
is  independent  of  AT  for  JV  >  M.  If  we  write  pk(x)  for  this  sum,  we 
thus  see  that  it  converges  uniformly  to  a  limit  ^(x)  as  AT  — »  «o .  Thus 
for  fixed  «,  but  uniformly  in  x, 

lim  1  /  I  +  r)  -  v»jr(y  -  •)  |*dy 
M-m  I*  J-\ 

^  ht  j  +  •)  —  ^(y  —  *)  |*dx. 

Now  let 

-  -  2  E  i  >  2.  >  > _ L_  -  2  E  1 

N\  -  (N  -  1)!  ^Vr!' 

If  we  notice  that 


1  -  »•  1  -H  »• 

2  2  “ 


1; 


we  shall  see  that  except  over  a  set  of  points  not  exceeding 


2'''^  E  A  -  Oi2"^{N  +  2)"''"^ 

j»+i  rl 


I 


1 
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in  measiy^,  we  ehAll  have 

I  fpix  +  •)  —  ip(x  —  «)  I  *  “  I  <PMiAK^  +  0)  —  -  0)  I  *, 

the  sum  being,  taken  over  all  discontinuities  of  in  (x  —  t,  x  +  <)• 
Elsewhere  our  estimate  of  the  sums  of  the  Am^^  may  be  used  to  give 
an  upper  estimate  of  |  ^x  +  •)  —  —  *)  I  •  Let  us  notice  that 

I  iPM(AM0  +  0)  —  iph{Ak0  —  0)  I  *  *  2  " . 

From  this  it  follows  that  if  2vx  lies  in  one  of  the  intervals  belonging  to 
5,  then  the  double  limiti 

lim  ^  /  !«>»(]/  +  f)  -  ^mi]/  “  «)  l*dy 

ir^«i 

exists.  It  is  now  not  hard  to  prove  that  it  will  also  exist  for  every  x  in 
(—1,  }).  Here  we  use  the  fact  of  the  monotoneness  of  the  approxima¬ 
tions,  and  the  fact  that  their  maximum  jumps  tend  to  sero. 

Now  let  us  put 


r(u)  a  2v 


Bm' r 
2«  ]-\ 


«)  \* dy 


and  let  us  take  ^m(u)  to  be  2  times  the  number  of  Ait^'a  in  (— }, 
ti/2v).  We  shall  have 

*  v(u)  aa  lim  V«(u). 

y—m 

We  shall  easily  be  able  to  establish  that 

2*’ lim  f  I  + «)  —  —  «)  |*cos  2mirxdx  —  f  cosmudv(u). 

2t  J-\  J-w 


Thus 

e*"~(f|^ir(x  +  .)  -  y>Mix  -  0}  - 
if  we  define  fp(z)  to  be  of  period  1.  Hence,  on  integrating  by  parts, 


(^v(x  +  «)  —  ^m(x  —  •))e***'*dx  —  aw. 


sin  2rrM 


n» 
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It  follows  that 


/: 


C08  fnudc(u)  ■»  lim  -  53  om — j-s — 

M—m*  -m  Trr 

*-•0 


T  ^  -  sin*  2nrt 

-  lim  -  2-  . 

€  -•  n*ir  , 

By  a  Tauberian  theorem/*  it  follows  that 


/: 


cos  mu  dff(u)  >  2r  lim 


M—m  2N  4"  1  -AT 
and  the  array  {a,}  has  a  spectrum.  We  have 

btx  +  S'  ^*T-  -  btx  +  2  —  ain  nx 

-It  tn  1  n 


1  " 

^Om+ndn  —  2vbm  , 


1  f’ 

+  -  /  ff(l)  S  sio  nxd^. 
r  J-w  i 


|ff(r)  — 


The  first  part  of  this  converges  to  0,  and  the  second  part  converges 
in  the  mean  to  ff(u),  which  we  have  already  seen  to  be  a  singular  function. 

Mamachobbtts  Institcti  or  Tcchnoloot, 

Tbb  Johns  Hopkins  Unitbmitt. 


••  N.  Wiener,  loc.  cit.  9,  {6. 
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1.  Suppose  that  «(y)  is  measurable,  «(y)  >  —K,  and  that 
is  integrable  in  (0,  « )  for  any  positive  9.  Let  u  •  9  +  it, 

(1.1)  SM  -  r  e-^>(y)dy. 

Let  £  >  0.  If  0  <  a  ^  1,  we  denote  by  Cm  the  curve 

(1.2)  \t\~B9\  9>0, 

and  denote  the  y-axis  by  C« . 

One  of  the  conditions  in  our  main  theorem  in  that  £(«#)  is  integrable 
along  Cm-  We  first  explain  what  this  involves.  If  0  <  a  ^  1,  we 
suppose  that  S(w)  is  absolutely  integrable  on  Cm  and  that  we  have  the 
usual  relation 

(1.3)  SM  -±[ 

Zrt  Jcm  *  —  « 

for  points  u  inside  Cm-  If  a  1-  0,  we  suppose  that  5(w)  can  be  defined 
for  9  ■■  0  in  such  a  way  that  for  any  positive  A 

(1.4)  SM  -  A  r 

2irt  Jc'  *  —  « 

where  C'  consists  of  the  three  lines  t  ±A,  (r  >  0  and  |  f  |  <  A,  v  »  0. 
Our  nuun  object  is  to  prove  the  following  result. 

Thiorkii  1.  Suppote  that 

(1.5)  A  >  0,  0  <  a  <  1, 

(1.6)  Biy)  >  -K, 

and  that  S(u),  defined  ae  above,  u  integrable  on  Cm  •  Then 

/m+Am* 

«(y)  dy  «  0. 

347 
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We  prove  the  theorem  first  in  the  extreme  cases  a  —  0,  a  1,  and 
then  show  how  these  are  related  to  known  results.  In  particular,  we 
deduce  Ikehara’s  theorem*  from  the  case  a  —  0. 

We  may  plainly  suppose  that  $(y)  »  0  for  y  <  1.  ,  Then 

,  _  \s(.  +  il)\i  r  .(v)  I dy  i  «-*•.  r  «-**.(») dy 

(1.7)  h  h 

—  0(e~*0  M  9  -*  Vi. 

This  is  enough  to  ensure  that  (1.3)  and  (1.4)  are  true,  by  Cauchy’s 
theorem,  when  Sifa)  is  continuous  on  C«  at  the  origin. 

2.  Lemma  1.  If  tiy)  >  —K  and  S{u)  it  inUgrabU  on  Ci ,  then 

lim  x“‘  /  «(y)  dy  «  0. 


[Since  t{y)  >  0  for  y  <  0,  this  is  plainly  equivalent  to  the  case  a  —  1 
of  the  theorem.] 

We  have,  using  (1.3), 


S(ju)  dti) 

"  t 

Sifii)  du 

U  —  9 


0(1) 


(ff  -♦  0), 


since  v  |  w  —  ff  j  ~*  is  bounded  on  C\  and  tends  to  0  as  ^  »  0  at  each 
point  of  Cl  except  the  origin.  Since  s(y)  >  ^K,  the  conclusion  follows 
from  a  well  known  theorem*  of  Hardy  and  Littlewood. 

Lemma  2.  If  A  >  0,  «(y)  >  —K  and  8{u)  it  integrabk  on  Co ,  then 


r.+A 

lim  /  t(y)dy  »  0. 
J*—A 

If  X  >  0,  we  can  write* 


I  -y)dy.(\-  e-‘“ 

-«  0 


(Ml  ^x), 
(Ml  >x), 


*  8.  Ikehars,  Journal  of  Math,  and  Phya.,  M.  I.  T.  (1931),  1-12.  S.  Bochner, 
"Xin  SaU  von  Landau  und  Ikekara."  Math.  Zeitachrift  37  (1933),  1-9. 

*  Q.  H.  Hardy  and  J.  E.  Littlewood,  "Tauberian  Theorem*  concerning  power 
terie*  and  Dirichlet  teriet  who**  coefieient*  are  potitive.**  Proc.  London  Math. 
8oc.,  13  (1913),  174-198.  We  uae  an  extenaion  of  Theorem  8  with  L(x)  ~  1,  a  ■■  1. 

*  Integrala  in  which  the  limita  are  omitted  are  over  the  range  (—  •,  «). 
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where 


Also 


hx(x) 


sin  Xx 
~r)^' 


/■ 


and  it  follows  from  the  Fourier  transform  analogue  of  Parseval’s  theorem 
that 

(2.1)  j  hxix  —  y)e~^$(y)dy  -  +  it)di. 

We  take  C'  to  be  the  three  lines  I  ±2k,  <r  >  0,  and  |  ( |  <  2X,  v  ■■  0. 
Then  it  follows  from  (1.4)  and  the  fact  that  S(u)  is  absolutely  integrable 
on  C  that 

Jl_  f  iS(i)<is  _  ^ 

2*1  Je>  z  —  u  " 

if  s  is  outside  C'.  Hence,  if  |  <  |  ^  X, 

s(.  +  <,) _  >  /■  -M*  ,  o-±f  .■*«* 

2*1  Jc’  z  —  9  —  U  2*1  jc  z 

and  we  obtain  by  subtraction 


Sic  +  ii)  »  -L  f  2*5(iV)  dy  .  , 

Sic  +  d)  2,  (y  -  0*  +  **  ^  ’ 


where 


It  is  easy  to  deduce  from  this  that 

lim  f  I  Sic  +  t/)  —  5(il)  I  dl  -  0, 
and  therefore,  using  the  fact  that  s(y)  +  ^  >  0  in  (2.1),  we  have 
j  hx(x  -  y)#(y)  "  j(^  ”  ^^«~*‘'5(*<)  <*• 

By  the  Riemann-Lebesgue  theorem,  it  follows  that 
(2.2)  lim  /  hx(]/)zix  —  y)dy  ^  0. 


l| 

V 

4:^ 


260 


N.  WIENER  AND  H.  R.  PITT 


Now  let 


.  >  0,  g,{x)  - 


Since  (2.2)  holds  for  any  positive  X,  and  since  hx(x)  >  X/r*  for  |  z  |  <  1/X, 
it  follows  that  g,(x)  is  bounded  and 

(2.3)  lim  |(i.(x)|  <  i»(€),  limir(c)  —  0. 

On  integrating  (2.2)  between  x  —  A  and  x  -i-  A,we  have 

lim  /  hx(y)gAi»  -  y)  dp  -  0.  ' 

J  .  . 

Now  yj(z)  is  bounded  for  fixed  A,  and 

lim  I  gA{x  -  y)  -  gA{x)  |  ^  2i»(y). 

Hence 

lim  gAix)  —  I  hx(y)gAix  —  y)  dy  ^  Um  /  hx(y)  |  gA^x  -  y)  -  gAix)  |dy 
J  I  J 

^2  j  Ax(y)n(y)  dy  -  2  ^  *i(y)i»(y/X)  dy. 

On  letting  oo ,  it  follows  from  (2.3)  that  the  left  hand  side  is  lero, 
and  hence 

lim  yii(z)  ■>  0. 

Ikehara's  theorem  can  be  stated  as  follows. 

Theorem  2.  Suppote  that  k(y)  i$  non-decreasing  in  (0,  «>)  and  that 


M .  r*"”' 


converges  absolutely  for  A  >  1.  Suppose  that  f(u>)  —  (w  —  1)~^  is  con- 
tinuous  to  the  right  of  a  ^  Then 

lim  e~*k{y)  mi  1. 

Let  *(y)  “  e“*k(y)  —  1,  so  that  s(y)  >  —1.  We  have,  by  partial 
integration, 

Te— 's(y)dy  -  f  e-^^’kiy)dy  -  f  e—dy  - 
Jt  Jt  Jt  «T  «  • 
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and  this  is  continuous  to  the  right  of  the  i^axis.  Therefore,  by  I>emma  2, 
lim  f  e~*k{y)  dy  »  2A 

J»-A 

for  any  positive  A.  But  since  k(y)  is  monotone, 

e'^kix  4-  A)e-^*^  >  >  e-**k{x  -  A)e-^‘-^^ 

for  1  X  —  y  I  <  2A.  Therefore,  as  x  — »  « , 

lim  kix)e~’  >  1  >  lim  k(x)e~*, 

and  we  obtain  the  required  conclusion  by  letting  i4  — »  0. 

3.  Proof  of  TKeorem  1  for  0  <  a  <  1. 

We  write  C  instead  of  C,  and  put  o“‘  *  o.  Our  hypothesis  implies 
that  S(  1  <  I  *  4-  if)  is  absolutely  integrable  in  (  —  *,  «).  We  first 
show  that 


(3.1)  lim  j  e“‘5(€  4-  |  f  I"  4-  ti)  df  -  j  e’*Si\  1 1"  4=  tf)  dt. 
We  have,  by  (1.3) 

a). 

Q  ^  f  S(«)dw _ 

2»t  ycw4“«~|fl*~if’ 

and  on  subtracting  we  get 

Let  If  be  positive  and  independent  of  c.  Then 

+ 1  <  I-  +  a)  ^  -  f><u  jf 


(3.2) 


Since  a  <  1,  we  can  choose  n  >  0  so  that 

(3.3)  (3n)*-‘a*^i.  . 

Then  if  «  *  |  r  |*  4-  if,  |  t  |  <  2ij,  we  have 

1 1  r  r  -  1  f  r  I  <  1 1  r  I  -  I  <  1 1  (3,)-'  o  ^  I  r  -  f  I  (3,)-*  a. 
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by  the  second  mean-value  theorem,  and  it  follows  that 

I  («  -  I  I  r  -  it)*  -  1  -  I  1(1  r  r  -  I  <  D  +  *(r  -  <)]*  -  •*  I 

>  (r  -  0*  +  «*  -  a*(3,)--*(r  -  <)*  >  i(r  -  0*  -f  «*• 
Hence,  if  |  t  |  <  2n, 


(3.4) 


r _ ^  2.  /■ _ 

*/4-2<» 


If  I  T  1  >  2i|,  we  liave  |  t  -  I  |  >  n,  I  |  r  |*  -  |  <  j*  |  >  ij*,  and 

I  („  _  I  I  1  >  2  I  r  -  I  I  I  1  r  r  -  I  <  r  I  >  2i,‘^ 

For  such  values  of  r, 


(3.5) 


7-,  (w  -  1 1 1*  -»<)*-  «* 


^  €1,^  -  0(1)  («  -»  0). 


Combining  (3.2),  (3.4)  and  (3.5),  we  obtain 


(3.6)  iim 

•—t 


Now 


lim 


j  e’'‘S(|  I  r  +  if)  df  -  j  e’''S(«  +  1 1 1*  -f  d)  dl 


(3.7) 


^  lim 


5(iir  +  i*)-s(. +  i<r  +  d) 


dt 


+  lim  re"'S(. +  |<r  +  i0d<|+  r|S(|<r  +  i<)|dI. 
•-*  j-n  1  y-» 


It  follows  from  (1.7)  that'  S{t  +  |  f  I*  +  ^)  ia  majoriied  in  the  range 
I  f  I  ^  n  by  an  integrable  function  which  is  independent  of «,  and  since 
S{u)  is  uniformly  continuous  for  #  >  if*,  the  first  term  on  the  right  of 
(3.7)  vanishes.  Using  (3.6),  it  is  plain  that  the  sum  of  the  remaining 
terms  does  not  exceed 


(i  +•?)  ris(|(r  +  i0|(a. 

Since  this  is  arbitrarily  small  by  choice  of  if,  we  have  established  (3.1). 
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(3.8) 


Now  lining  (3.1),  we  have 

j  e*'‘5(|<r  +  ti)rf<  -  lim  J  «“*S(«  +  |ir  +  ^)rf< 

-  lim  J  e*‘‘dt  j  «(y)e"‘*^“'*^'’'dy 

-  Um  J  »iy)e-**dy  j 

-  lim  «(y)e"*''y"*Fl(x  -  y)y“*]dy, 


where 

(3.9) 


Fiu)  -  -  2  jf* 


We  now  consider  two  canes,  according  an  a  in  not  an  even  integer,  or 
is  an  even  integer.  In  the  first  cane,  if  we  put  r  [a]  the  function 

has  r  +  2  successive  derivatives  belonging  to  L  over  (—  «,  *).  We 
shall  have 

(3.10)  y*  («-'“•  +  1 1  re"'")e‘"‘dl  -  0(u-'-*)  -  oiu-'), 
and 

(3.11)  ./-•  ./«  ./• 

-  2r(o  +  1)R[{1  +  *tt)“-'l. 

Accordingly,  unless  a  is  an  even  integer, 

(3.12)  Fiu)  -  0(«— *)  -  0(u— *), 

and  Fiu)  is  free  from  xeros  for  u  >  some  u« .  Moreover,  F(u)  is  con¬ 
tinuous  and  0(u~*)  for  large  values  of  u,  and  is  therefore  integrable 
in  (—  00  ,  00 ). 

Since  «(y)  +  K  >  0  and  e”*”  increases  as  «  — »  0,  it  follows  that 
*(y)y~*^(*  —  y)y  "]  is  integrable,  and  by  (3.8) 

y  •iy)y~^F[ix  -  y)y~‘]dy  •  j  «(y)e~*''y“*^’((x  -  y)y"^dy 

e“‘5(|<r + 


/ 
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Therefore,  by  the  Rieinann-I>ebe8gue  theorem, 


lim  j  »iy)y~* 


FI(x  -  y)y  *\dy  -  0. 


In  the  case  in  which  a  is  an  even  integer,  it  is  a  known  fact*  that  there 
exiatH  a  9  >  0,  such  that 


F{u)  "•  2  j  e  **  cos 


utdt  »  O  ^exp  ^  — tf  I  M  • 


It  follows  that  for  each  x, 

F[{x  -  y)y--]  -  0(  exp  (-i>y)), 
and  hence,  by  dominated  convergence,  that 


j 


Fiix  -  y)y~^]dy 


»{y)e~** y~^F lix  -  y)y~*]dy 


Thus  (3.13)  Is  again  valid,  and  if  we  put  7  —  (1  —  a)~‘  «  a/(o  —  1),  we 
can  change  our  variables  x  and  y,  and  establish 


lim  f 

•—m  Jt 


«(l/’)F((x’  -  y^y^-^]dy  -  0. 


liet  us  notice  that  since  y  >  1,  if  x  >  0,  y  >  0,  we  have 

i(x’  -  vV’i  -  ii/i|(?y  - 1|  >  - 1|  - 1*  - 


Furthermore, 

F[(x^  -  y’)y‘-’l  -  F{(y’  +  yy'-\x  -  y)  +  0(x  -  -  y] 

-f[7(x-»)  +  2<5^’]. 

Thus  there  exists  a  function  F*(jx,  y),  defined  over  (—  «,  «)  in  both 
arguments;  with  the  properties 

F*ix,  y)  ^  lim  sup  F(u), 

and  for  all  B,  we  have  uniformly  in  u  over  —B<x<B, 
lim  F*{x  -1-  u,  u)  «  F(x); 


‘  Titchmarih,  "Theory  of  Functions,"  8-47. 
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and  such  that 

y)  dy  »  0. 

In  the  case  in  which  a  is  not  an  even  integer,  we  have 
F*{x,  y)  -  0(1  X  -  y  r-') 
and  in  the  even  integer  case, 

F*(x,  y)  -  0(exp(-d  \  z  -  y  \^. 

In  the  first  case, 

p  I  F*(x,  y)  I  +  I X  -  z  |-^‘)-‘dz  -  0(1  *  -  y  I—*), 
and  in  the  second  case, 

j  I  y)  I  exp  (-ij! X  -  z  p) dz  =  O (exp \x-y 

(0  <  1,  <  7). 

In  either  case,  we  shall  thus  have 

«(y‘0<?(x,  y)  dy  «  0, 
where  Q(x,  y)  is  defined  in  the  first  case  by 

<?(x,  y)  J  F*{z,  y)(i4  +  I X  -  z  r^')"'dz, 

and  in  the  second  case  by 

Q(x.  y)  •  j  ^*(*,  y)  exp  (-ifl  X  -  z  n  dz. 

We  shall  now  show  that  if  ^4  is  large  enough,  or  small  enough,  Q(x,  y) 
will  be  positive,  will  have  an  integral  with  respect  to  y  which  is  bounded 
in  X,  and  over  the  range  —  «  <  y  <  <*>,  will  exceed  a  fixed  positive 
constant  for  large  enough  values  of  x. 

Q(x,  y)  -  Qi(x,  y)  +  (?»(x,  y)  +  Q,(x,  y) 


(3.16) 


lim  f 

*-»m  Jt 
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->-r 

/•*+» 

C,  v)  -  / 

yr-» 


Qi(x,  y)  -  f  y)(A  +  I X  -  * 

yr+» 

Afl  X  becomes  positively  infinite,  we  shall  have  uniformly  in  y, 

Qt{z,  y)  ~  R{z  -  y), 

where 

A(x)  -  jf]  F(rr)(A  +  |  x  -  r  r^‘)-'dr 
-M  +  |xr*)-‘jf^|F(7z)rf* 

^  ixr‘-ix-zr‘ 

U  (ii  +  ixh+‘)U  +  |x-*i^*)' 

-  M  +|xrvjf%’(7*)rfr 


+  ^  (A  4-  I X  (I  I  <  const.). 


On  the  other  hand, 


I  Qi(x,  y)  I  ^  const,  j  |  z  p  ‘(A  +  |  (x  -  y)  -  *  r^')"‘dz. 

If  we  take  the  part  of  this  integral  corresponding  to  |  x  —  y  —  z  P*  >  A, 
it  can  not  exceed 

const.(A  +  1  X  -  y 

If  on  the  other  hand,  we  take  the  part  for  which  ]  x  —  y  —  z  |*^'  <  A, 
it  can  not  exceed 

const.  i4'*"“"^'’“-min  -  |x  -  y|)^“‘), 

where  min(u,  v)  signifies  the  smaller  of  the  two  quantities,  u  and  r, 

1 

or  their  common  value  if  they  coincide.  If  now  B  ■»  we  see  that' 
1  Q.(x,  y)  I  <  const.(A  +  1  x  -  y 
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Similarly 

I  Q*ix,  y)  I  <  con8t.(X  +  I  X  -  y 
Let  UH  notice  that  as  A  and  consequently  B  tends  to  infinity, 
BT/ A  -  -»  0, 

and 

j  F{yt)  dz—*j  F{yz)  dx  •m  —  >  0. 


Hence,  if  we  combine  Qi ,  Qt,  and  Qt ,  we  see  that  for  large  enough  A 
independent  of  x,  for  all  sufficiently  large  x,  we  have  for  all  y  , 

g(*,i,)>(^-.)(-4  +  ur‘)-’. 

We  also  can  prove  at  once  that 

[  Q(x,  y)  dy  <  const. 


In  the  case  in  which  a  is  an  even  integer,  we  can  give  a  similar  proof 
that  n  may  be  selected  once  for  all,  so  that  Q{x,  y)  will  be  positive  for 
all  y's,  for  sufficiently  large  values  of  x,  and  that  the  last  formula  will 
hold  good.  As  in  the  first  case,  for  large  enough  x,  the  lower  bound 
of  the  value  of  Q(x,  y)  over  x  <  y  <  x  +  1  will  be  positive.  Remem¬ 
bering  that  s(y)  is  bounded  below,  we  shall  have  by  (3.15),  for  some 
constant  H, 

(3.16)  iiy'^dy 

It  is  now  easy  to  show  that 

lim  I  53  Bd  \  Fix'  -  y‘*')y‘~‘^J  —  F(y{x  -  y))  ||  «  0. 
and  combining  this  with  (3.14)  and  (3.16),  we  obtain 
*(y’)^(7(x  -  y))  dy  - 


0. 
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It  follows  now  from  a  known  extension*  of  Wiener’s  general  Tauberian 
theorem,  since  the  Fourier  transform  of  F{z)  is  never  lero,  that 

r^A 

(3.17)  lim  /  s(y^dy  »  0. 

*—m  Jm—A 

Finally,  we  have 

/r+ii*-  r**-"+A-mu 

${y)  dy  »  lim  yz~*  I  *(y^y‘'~^dy 

-Am^  M—m  y»*-«-4+«<U 

rm^-^+A 

>  lim  7  /  sCy'O  dy  »  lim  7  /  •(y'O  dy 

g-m  y*'-«-i»+0<l)  Jgi-^-A 

since  —*  1  uniformly  in  the  range  of  integration,  and  «(y)  >  —K. 

The  conclusion  now  follows  from  (3.17). 

Massacrdhbtth  Irstitotb  or  Tbchnoloot  and  Habvabd  Univbbsitt. 


*  H.  R.  Pitt,  "A  Remark  on  Wiener’e  Oeneral  Tauberian  Theorem.”  Duke 
Mathematicml  Journal,  4  (1938). 
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